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1. ALGEBRA OF MATRICES

STRUCTURE

Introduction

Definition of a Matrix
Order of a Matrix

General Form of a Matrix
Types of Matrices
Operations on Matrices
Multiplication of Matrices
Transpose of a Matrix
Summary

1.1.. INTRODUQTION

In this chapter we shall describe matrices, some special type of arrangement of
numbers. The use of matrices helps a lot in‘mathematic-al investigations and has become
an integral part of mathematics. Contribution of matrices in the fields of business,
physics, engineering ete., is indispensable.

1.2.. DEI_'-'IN[_TION OF A MATRIX

‘A rectangular arrangement of numbers in a finite number of rows and columns,

enclosed in a pair of brackets € I or ( ) is called a matrix eg., A = [; g ?:I is a

rectangular arrangement of numbers which' has two rows (horizontal lines) ‘1 § &,
6

‘3 2 1’ and thiee columns (vertical lines) ;z’

[ ]
Observe that the element 5 lies in [st row and second column. Similarly, we can
tell the position of every entry or element of the matrix A.
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4.3. ORDER OF A MATRIX

If & matrix has ‘m’ rows and ‘n’ célﬁmns: then the order of the matrixis ‘m x '
(read as m by n), e.g., the order of the matrix ‘A’ above is 2 x 3.

Note. A matrix of order “n x n’ has ‘mn’ elements.

1.4. GENERAL FORM OF A MATRIX

-

An arrangement

a3 13 43 Q1a
A= g Qo a_:za Qypn
aml am2 NP / S, mxn

is a matrix having 9n’ rows and ‘@’ columns. The matrix may be ‘written as
A =la.], .- The representation is called general form of a matrix.

Observe that the element @, lies in the Ist row and Ist column. The element a,,

lies i in IInd row and IIlrd colimn. The element ay; lies in i-th row and j-th column The

first suffix of every entry indicates the row and IInd suffix indicates the
column in which the element lies.
Remark: A matrix is merely an’arrangement and has no numerical value,

4.5. TYPES OF MATRICES

ilm 18 called a square matrlx ifthe number
of rows and columns in the'matrix are equal ie.,if m = n.

I. Square Matrix : A matrix A ={a, ]

A square matrix having ‘n’ rows is called a matrix of order ‘#’ or ‘n’ square

_ . 14 Gz O3 :
matrix e.g., the matrix A =[agj @39 dog is a_square matrix of order 3.
: Q31 Q32 Q33 [3,5 _
* L1

II. Diagonal Elements of a Matrix : An element-a, of a sqﬁare matrix

= [aUJn . » 18 said Lo be a diagonal element if i = ji.e, thé elements @)y, Qyy, .. ATE

. dlagonal elements.

II1. Pnnclpal Diagonal : The places along Whlch the diagonal elements lie is
called the principal diagonal of a square matrix.

IV. Row Matrix : A matrix having only one row is called a row matrix e.g., the
matrix A = (1 3 7], , , has one row and three columns is a row matrix. -

V. Column Matrix : If a matrix has only one column, then it is calleda cu]urpn ’

g
matrix e.g., |5 is a column matrix,

8:].xl
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VL Zero Matrix or Null Matrix : Amatrix A = [a,], , -is called a zero matrix
or null matrix ifa; =0 Vi and ji.e, all the entries of the matrix A are zeroe.g.,

0 0 0], .
A= [0. 0 0] is a zero matrix.

VII. Diagonal Matrix : A square matrix A =la. 1ﬂ «n 15 called a diagonal

matrix if a;=0Vi#jie, all the non-diagonal entries are zeroe.g,,
100 70 0 ‘
=(0 3 0|,B=]0 0 0farediagonal matrices.
0 0 7! 0 0 6

VIIL. Scalar Matrix : A diagonal matrix in which all the diagonal entries are

- same, is called a scalar matrix e.g., ‘

A 00
A=[0 & 0]isascalar matrix.
00 A

IX. Identity or Unit Matrix : A diagonal matrix in which all the diagonal
entries are 1, is called an identity or a unit matrix. An identity matrix of order ‘n’ is

denoted by 1 e.g.,
L= [0 1], ;=10 1 0]etc

0 01

X. Upper Triangular Matrlx A square matrix A = [a ] is called an upper
triangular matrix ifa; = 0 Vi > i.e, all the elements below the prmclpal diagonal are
zero e.g.,

10 56
A= !0 2 3]‘is an upper triangular matrix.
0 0 5

XI. Lower Triangular Matrix : A square matrix A = [a u] is called a lower

triangular matrix ifa; ;i = OVi<jie, all the elements above the principal diagonal are.

Zero 2.g.,

5 &5 24

XII. Comparable Matrices. Two matrices A and B are said to be comparable
if they are of the same order e.g.,

100
A= |:2 3 0} is a lower triangular matrix.

. 10656
The matrices A= [a b C] and B = [2 3 6] are comparable.
& f 233 5 Ixy

XIIL. Equal Matrices. Two matrices A = [al,, , , and B = [bu]ﬂ x ¢ are equal if
they are of the same order and their respectwe entriés are equal f.e., if m = p and
n=gq and a, -—b VzandJ

- e.g., the two matrices A = [2 2 4] and B = [0 3 .4] areequal ifa =0,5=3,c =6,

6 6 7 6

x=17.
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4 Self-Instructional Material

Example 1. What is the order of the matrix given below ?
[ 7 1 9 - 11J
A=l 2 3 8 15
-1 -7 -12 8
Write the elements a,,, a,,;, @y, Qg;, @y, for the matrix A.
Sol. The given matrix A has three rows and four columns.
.. The order of Ais 3 x 4.
a,, = element lying in Ist row and IInd column = 1
' a,, =element lying in IInd row and Ist colimn = 2
a,, = element lying in IInd row and IVth column = 15
ag = element lying in IIlrd row and Ist column = - 1
a,, = element lying in IfIrd row and IVth column = 6.

. 2
Example 2, Construct a matrix A = [aly , o where ;= ﬁiéz-'i)—
‘ . G +2)?
Sol. A=lal,, ,= |:a“ 012:1, ena; = ——
] [ 12w 2 Qgy “Oogp _g’lV i )
(1+2.%2 9 (1+22)°% 25
=TT Ty e T Ty
2+2.0% 16 (2+22° 36
n="3 g -otm=T g g =1

o1 a3 |_[9/2 25/2
A= (a1 Qo | 8 18

Example 3. Find x and y if the two matrices A = [2x0+1 23y 5] and
' o Yooy -

B_[x+3 y2+2

0 _8 :I are equal.

" ) 2x+1 3 2,

Sol. Since ) [ 0 ¥ '—y5y]=|zx83 yh-g2:|

so their respective entries must bé equal. _

ie., 2 +1=x+3 | 8)

. ' y=y*+2 LG

¥ -by=-6 i)

From (i), x=2 '

From (i1}, ¥2-3y+2=0 : L)

and from (iii), »2-5y+6=0 ' ()

On subtracting (iv) from (v), we get '

2y +4=0 |
= 2y=4 = y=2
80 . x=2 and y=2.




EXERCISE 1.1
What is the order.of the matrix A given below :
-7 8 6 b6
A= 2 7 11 17 .
39 -6 14

Write the elements ay,, ag3, @4, @y, @19

1.

2. Write the type and order of the following matrices :

N EE: 2;
{fy[o 8 7 @) e
1 2 5 2
- [7 0 0
(iu}gggg} @0 7 0
- 0 0 7
[1 0 0 r
wi|o 1 0 wiii) | ) ?]
0 0 1 2
8. Construct a 2 x 2 matrix A =[a ij] whose element @ is given by :
. ;a3
(i) a, = (i +2JJ (id) a = -5
4, If [a;b a2b] = [g g] ,ﬁn?i the values of ¢ and 5.

5. Find the values of a, b, ¢, d from the following matrix equations :

.o |2a+8 b+7 |1 2 . |2a+d a-2b 4 -3
@ 3c-8 3d+9)=|1 8] @ |sc-d 4c+3d|=[11 24
Answers
1. 3x4;2,11,5,14,8
2. (i) Sguare matrix, 3 x 3 (ii) Column matrix, 4

(i) Row matrix, 1 x 3
(v) Scalar matrix, 3 x 3
(vii) Unit matrix, 3 x 3
" {ix) Lower triangular matrix, 3 x 3

{iv} Zero matrix, 2 x 4

(viii} Unit matrix; 2 x 2

D3 4 7

{vi) {g g]
5

0 0
(ix)| 6 18 O]
10 0 11

. 3
Gii) a = S22

x1

(vi} Diagonal matrix, 2 x 2

Gii) [”2 9’2].

0 2

[ 2 92 [0 12
4, a=2,b=4dora=4,b=2
5. la=—-2,b=-5,¢=3,d=~2 (iiYa=1,b=2,c=8,d=4,

-

‘Algebra of Marrices
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'1.6. OPERATIONS ON MATRICES

1.6.1. Scalar MuRtiptication

Multiplication of a matrix by a scalar
Let A = [a,]

Yy 'mxn

be a matrix and let A be a scalar we define

i.e., if we multiply a matrix by some constant ‘A’ say, then every entry of the

M=2xle)

matrix is multiplied by A e.g.,

M AR

= [Aa,)

mxn

Self-Instructional Material
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2 5 _ol2 5].[9x2 9x5] [18 45
Let A-=[2' 3]”}“3‘“ 9A‘9[2 3]_[9x-2 9x3]=[18 27]-

Note that common term is also taken from every entry of the matrix.

1.6.2. Negative of a Matrix

The negative of a matrix A = [, ] mxn @and is denoted by = Ai.e,; —ve

gmxn 15 [_ ai,r']

of a_matrix is obtained by multiplying every entry by *~1’ or changing the sign of every
entry,

For example :

' _ _ |81 g a3
I‘et = A= [a{f]zx:{_ [a a a N
21 gz Qg3

We define —A=(-1A= [_' ay —ad - d13:|
g =GOz —ag

1.6.3. Addition of Matrices

We can add two matrices only if they are of the same order. Sum of two matrices |
A = [aU] .
matrices i.e, A+ B= [al._,.]m wnt [bﬁ]m xn = [ag + b&]

;and B = '[bg-] is obtained by adding the respective entries of the two

mxn mxn

mun”

2 3 6 o s &
For example, ifA=[4 0 9] andBé[7 0 8],theh ’

Avp_|? 3 6],[0 6 8] _[2+0 346 6+8] [2 9 14
*P=14 0 9|77 0.8{F|4+7 0+0. 9+8|7[11 0 17|

IfC= [é g], then neither A + C nor B + C is defined.

1.6.4. Properties of Matrix Addition and Scalar Multiplication ~

(YMA+B)=2AA + AB ie, scalar multiplication is distributive. -

(i) (DA = AA). '

({ii) LA = A,

(iv} If A and B are matrices of the same order, then A + B = B + A i.e,, matrix
addition is commutative,

(v) If A, B, C'are matrices of the same order, then (A+B}+ C=A+(B+C)i.e.,

matrix addition is associative, .
(vi) If A is any matrixthen A+ O = A =0 + A, where ‘0" is a zero matrix of order

same as that of A.

3 8 11 1 -6 15 ’
Emmple4.IfA_=[6 _3 8]and8=[3 3 17],ﬁnd7A+5B.

3 8 11 1 -6 15 ”
S__()l. TA+5B=17 [6 -3 8’:| + 5[3 8 17]

7x3 Tx8 Tx11] |5x1 5x~6 5x15
Tx6 7Tx-3 Tx8 6x3 bHx8 5x17




-"

21 56 7;7 5 —-30 I75 - ' Algebra of Matrices
= [42 -21 56] * [15 40 - 85}
[ 21+5 56-30 77 +_75] [26 26 -152]

42+15 -21+40 56+85 .57 19 141} NOTES.

‘ T4 7 3 81 _ [8 11
. ‘Example 5, IfA = 5B=l7 9] C=|g 1| then show that:

(()A+B=B+A - DA+ (A)=(-A)+A=0.

aon 4 7). [3 8]_[4+3 748] [ 7 15
S“"{‘)A‘“B‘[s 5]*[7 2]‘[6_+__7 5+2}"[13 7]

| | Ao [3.8] [ T]_T3+4 847 _[7 15
_ B+A=l79|+|6 5|=|7+6 245|=|13 7

| . A+B=B+A )

. 47 _4 -7)
(‘”-A=[6 5] = *A=[-6 —5].

L 4 7 [-4 -T] {4+4 7+(-7] [0 ©
o, A*'!—@=[s 5]*[-6 —-5:|={6+{-6) 5+_('—5)]=[0 0]=0'

|
|
|
: oo [-4 -7 [4 7 -4+4 -7+7] [0 O
(‘A“A’*[—-e —5]+[6 5] =|;—6+6 -5+_5]_=[0 o]=0
4 4
|
|

A+(-A) =(-A)+A=0. ..
- - 7 -3 2 1]
Exampleﬁ.FdeandYLf2X_+Y=[?ﬁ3 4]andX_—2.Y=[ 1 —1 2].

4 4 7
] 1D

Sol. We have 2X+Y= [7 3 4

-3 2 1
I @

: ' : / L
4 '4-7 8§ 8 14 ’
| -3 2 1] {88 14] [5 10 15]
@+@) = 5X=[ 1 -1 2]*[14 6 8]=[15 5 10] ’ ’
xAf5 1015 12 3]
=sl15 5 1078 1 2]
Putting the value of X in (1), we get
4

i Nk

EXERCISE 1.2 .

1. Find the sum of the following matrices :

-3 5 0 77 02 3 9 3
@ [-9 11]a“d[18- -19, @ [6 SJand [6, 5]

[V IS N o I Y
[N
[ |
|
| |
=2
TS
[N
7
il
[
-
o= -

s 0 _ ..
(iif) [4] and [_ 2} (iv) [2 5].and [7 3).
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11.

3 7]
Does the sum |6 6+ 2 37 make sense ? If not give the reason,
8 5 5 11 8

_Find A + B if defined, for the following matrices ;

1 6 87 -12 5 9 7
(iYA=|5 7 110[B=]17 8 5 (ii)A=[6
10 12 9 4 3 17

2 -3 -3 4
Solve for X : [4 _2]-3{—1:5 _]

-11 7 16
o o=l 7]

‘Verify commutative law of addition for the matrices ;

6 8 12
A=[3 7]andB—[3 7]. _

1 -3 & 2
IfA=[2 0 2]andB=[1 0

zero matrix.

B ﬂ’ then find the matrix C such that A+ B+ Cisa

15 12 3 7 .
For the matricesA:ﬁ g g],B:[g 8‘7il andC=[0 8 7}. Show that

(A+B)+C=A+(B+Q)

2 3 6 '
IfA= [1 8 Q:I, find 2A and - 7A.
For the matrices A = [; 3] ,B= [_; _ g], C= [g g] Find (;)2A + 3B {ii)A + 5B -4C.
Solve the equation 2 [i Z] + 3]:3 - ;] = 3[2 g}

i 2 -3 3 -1 2 '
GivenA=(5 0 2|andB=|4 2 5|, find the matrix C such that A +2C = B.
1 -1 1 2 03

IfX+Y=[g g] andX—Y:[ﬁ _ﬂ‘,finanndY.
Answers

-3 12 1 6 1 .
@] g _7} (i) [12 131 yon) 2] (iv) [0 8)
No, as the orders of the matrices are not same.

-11 11 17] . e g
Gy| 22 18 15/ .G not defined 4.l 1]

14 15 26 !
-3 4 -1 4 6 12 [~ 14 -21 -42

-3 0 - 8.28=15 16 18~ TA=| -7 -36 -63f

[-13 4
(“}[—2 —40]

4 4 1 -2
'12.X= 0 4,Y= 0 5

10.x=3,y=6,z=9,u=8. -




Algébra of Matrices

{ 1.7. MULTIPLICATION OF MATRICES

The multiplication AB of two matrices A and B is only possible if the number of
columns of the premultiplier matrix A equals to the number of rows of the matrix B, NOTES
the post multiplier. )

Similarly, the product BA is defined only if the number of columns of B equals
to the number of rows of A,

Let m, n, p be three different numbers.

Let A=la], .., and B=1[6,),,,
the preduct AB i8 possible as the number of columns of A are n’ and equals to the
number of rows of B. The order:of AB will be m x p. But the product BA is not

defined as the number of columns of B are p and dees not equal to the number of rows
of A, which are m in number. '

Let AB =C=lcyl,,  Le,

Gy @iz - G1n b b0 ... B
) 11 12 1p 1-311 Clz vaa Clp
< b, Coy Loy ... €
AB =|%zn O a3, A b2 b2 ) RGN 2p
" , ’ . €y € . €
al’ﬂl" amz P amn bnl bﬂg . bnp ml . m2 mp

then . Cy=ayby +apby + . +ab
Crp=ayibi + @ oboy + o+ b,

Cy = Qbyi 4 apby + .+ b

Observe that ¢, the Ist element of the product ‘C’ is obtained by adding the
multiples of the elements of Ist row with the respective entries of Ist column. The
element ¢, is obtained by adding the multiples of the elements of Ist row with the

respective entries of IInd column of the matrix B. -

~ Note that if we multiply by the Ist row of the matrix A, the columns of the
matrix B, we get only the elements of Ist row of the product matrix AB. Similarly,
when we multiply by IInd row of the matrix A the columns of the matrix B, we get only |
the elements of IInd row of the product matrix AB and so on. I

In general

[
C\U, = Za,kb,d i.e.,
k=1

The element ¢, lying in the i-th row and j-th column of the product AB is obtained
. by adding the multipies of the elements of i-th row of the matrix A with the j-th column
of the matrix B. '

For illustration : + . . |

' by by b
_|eun e _ [ 1L G2 13] .
Let A= [am_ 022]2x2’ B= bay bzz boz 2x3 ) |
Since the number of columns of the matrix A are 2 and the number of rows of B |

are also 2 50 the product AB is possible and the order of the matrix AB is 2 x 3. But BA
is not possible.

Self-Instructional Material 9
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The product AB is ’ o

an a1 by by b3
AB = [‘121 322][ by, bay byg
NOTES
[an Byt argbyy @by Faby aqrbi+ alz-bza]
@g1-buy + 0gp. by @guibig + @gg.byy gy brg + a9y By |
1.7.1. Properties of Matrix Muitiplication
1. Matrix multiplication is not commutative in general, i.e., for matnces
- A and B, we need not have AB = BA.

type

al} s

10 Self-Instruciional Material

R A mat e gl wmaa— a =

For example, if

(i) Aand B are 2 x 3 and 3 x 4 matrices respectively, then ABisa 2 x 4 matrix
whereas BA is not defined. :

(i1) A and B are 2 x 3 and 3 x 2 matrices respectively, then AB is a 2 x 2 matrix
and'BA is a 3 x 3 matrix. .

(#ii) A and B are 2 x 2 matrices, then both AB and BA are 2 x 2 matrices. Even in
this case, we may not have AB = BA,

(iv) I A is a square matrix, then for a natural number ‘n’ wé define A® = A.A.A..A.
_ {n-times).

%

2. Matrix multiplication is associafive i.e., if A, B and C be matrices of the
m x n,n x p and p x g respectively, then (AB)C = A(BC).

3. Matrix multiplieation is distributive with respect to addition
(@) If A, B and C are matrices of the type m x n, n x p andn x p respectively, then
AB+C)=AB + AC.

(bYIfA, Band C are matrices of the type m x n, mx n and.n x p respectively,
then

(A+B)C=AC +BC,
4. The product of non-zero matrices may be a zero matrix. For matrices A

and B, it may be possible that AB = O and neither A nor B is a zero’ matﬁx.

For example, letA:I:g é:l andB=[“_21 —2] .
AB - ,_) 1l 2x1+1%x(-2) 2x2+1x{(-4)
_4 T0x1+0x(~2) O0x2+0x(-4)
2 2 4-4 00
0-0 0-0 [o 0] 0.

4 3 7 3 2
Example 7, IfB = !1 5 3] and C = [I 5:] andA=BC, find a,, 021, a, where
: 2 6 0 6 8

the element of A placed at i-th row and j-th column.
Sol. Since G(B) = 3 x 3 and O(C) = 3 x 2 and the number of columns of

B = 3 = number of rows of C so BC is defined.




‘ A=BC=

DI e

3 7§13 2}

5 311 5

6 06 8

‘@, = (First row of the matrix B} (Second column of the matrix C)

(2
-4 3 7)[3 =4x2+3%54Tx8=8+15+56=79

a,, = {Second row of the matrix B) (Ist column of the matrix C)
=1x3+5%x1+3x6=3+5+18=26

Qg = (Third row of the matrix B) (Ist column of the matrix C)
=2x83+6x1+0x6=6+6=12.

4 7 1 8
Example 8. IfA = [6 2], B= [3 7],ﬁndA?.

=12 73]

) 4 TY1 8] [4x1+7Tx3 4xB+Tx7
Sol. AB_{G 2][3 ?]'[6x1+2x3 6><8.+2x7]
‘ . [25 81

=12 62
Example 9.IfA-[3 2],8‘_ [_ 1 7],ﬁnd3A - 2B,

2 -1 ;

: 2| - 4-3 -2-2
Sol. Az“ﬂ!ﬁ]‘[ﬂ 2]=[6+6 -3+4}

Example 10, If A = [§ ,ﬂ B= [g. 3], C= [§ g] , verify that (AB)C = A(BC).

x

Sol. AB =

3 4|(3 4

-

514 6
LHS. = (ABIC= 35 ;2] [3 4

| 5x4+16x%x3 Bx6+16x5
T115x4+34x3 15x6+34x5b

68 110

= [162 260]

[ 20+48 30480
=|60+102 90+170

[2 13[1 6] _[2x1+1x3 2x6+1x4]_[5 16
T18x1+4x38 3x6+4x4] |15 34

Boo |l 8 [4 6]__ 1x4+6x3 1x6+6x5 _'[22 ‘36]
=13 4]|8 5]T|3x4+4x3 3xB6+4x5|"[24 38

'Algebra of Matrices

NOTES
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2 1122 36
RH.S. = A(BC) = [3. 4] [24 38]

2x22+1x24 2x36+1x38
T[8x22+4x24 3x36+4x38

44 + 24 72+38) [ 68 110
=|166+96 108+ 152|=|162 260
(AB)C = A(BC). 5
2 1 3 4] :
Example 11. IfA=[134],B=1|3 7|.C={5 6|, verify that
6 8 1 0] -
AB+C}=AB + AC.
I2 171 [3 4] [5 &
Sol. B+C=|3 7|{+(b 6|=|8 13
68 |10 {; g

5 5
LHS. =AB+C)=[1 3 4] [g 183]

=[5+24 +28 5+ 39+ 32]=[57 76]

6 8

= [1(2) + 3(3) + 4(6) 1(1) + 3(7) + 4(8)]
=[2+9+24 1+21+32]=[35 54]

2 1
AB=[1 3 4][3 7]

3 4
AC=[1 3 4]i5 6
10
=[3+15+4 4+18+0]=[22 22]
R.H.S. = AB + AC = {35 54] + [22 22] = [57 76].
AB+C)=AB + AC.

2 0 1
Example 12. Let fix) = x2 - 5x + 6. Find flA), ifA = [? : i g] .

2 01
Sol. We have A=12 1 3.
1 -190
fix) = x% — 5x + 6 implies flA) = A% - 5A + 61,
2 01y 01
Z_A M| .
A—A.A_2 1 3 ZIl _ig
1 -120

4+2+3 04+1-3 2+3+0 g -2

4+0+1 0+0-1 2+0+0 5 -1
“l2-2+0 0-1-0 1-3+0|

2
5

0 -1 -2

!



Now, ~ flA) = A2 - 5A + 61,

5 -1 2 2 01 100
={9 -2 5|-5(2 1 3|+6|0 10
0 -1 -2 _l -1 0 001

[6-10+6 =1-0+0 2—5+0]- [ 1 -1 -3}
=|9-10+0 -2-5+6 5-15+0|=j-1 -1 -10|,
| 0-5+0 -1+5+0 -2-0+6] [-5 4 4
Eiample 13. Three shopkeepers, Ashok, Ramesh and Ravi, go to a store to buy
stationery. Ashok purchases 12 dozen notebooks, 5 dozen pens, 6 dozen pencils. Ramesh
purchases 10 dozen-notebooks, 6 dozen pens and'7 dozen pencils. Ravi purchases 11
dozen notebooks 13 dozen pens and 8 dozen pencils. A notehook costs 40 paise, a pen
costs T 1.25 and a pencil costs 35 paise. Use matrix multiplication to calculate their
individual’s bill.

Sol. Let A be the matrix of purchases of Ashok, Ramesh and Ravi.

Notebooks Pens Pencils
4 ! l7

Ashok 12x12 &5x12 6x12 144 60 72
A= Ramesh |10x12 6x12 7x12|=|120 . 72 84].
Ravi 11x12 13x12 8x12 132 156 96
Let B be the matrix of prices in rupees.

Notebook [0-40]
5

B = Pen 1.2
Pencil 0.35

The matrix of individual’s bill is given by :
144 60 727/0.40
AB=|120 72 84(/1.25
132 156 96]|0.35
{144(0.40) +60(1.25) + 72(0.35) ] {57.60 +75 + 25.20 ] [157.80}

120(0.40) + 72(1.25) + 84(0.35) 48.00 + 90 + 29.40 167.40
132(0.40) + 156(1.25) + 96(0.35) 52.80 + 195 + 33.60 281.40

Bill of Ashok = T 157.80, Bill of Ramesh = ¥ 167.40, Bill of Ravi = ¥ 281.40.

Example 14. A trust fund has-T 30,000 that must be invested in two different
types of bonds. The first bond pays 5% interest per year and the second bond pays 7%
interest per year. Using matrix multiplication, determine how to divide ¥ 30,000 among
the tio types of bonds if the trust fund must bbtain an annual total interest of :

() ¥ 1,800 (i1} X 2,000 (iiz) T 1,600.
Sol. T'otal amount = T 30,000
Let amount invested in first bond = ¥ x

Amount invested in second bond = ¥ (30,000 — x)

. 5
Annual interest on first bond = 5% = 100 Per rupee

7
100 per rupee
Matrix of investment = [x 30,000 — x]

_ ) 5/100
Matrix of annual interest per rupee = [7 !100]

Annual interest on second bond = 7% =

Algebra of Matrices

NOTES
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Matrix of total annual interest

5100 S5x 730000 - x)
=[x 30,000 -] [moo] = [wq T 100 ]
_ [5x + 210000 — Tx] N [210000 -2x
“1 100 - 100 :

210000 - 2x
100 )
(i¥ In this case, total annual interest = ¥ 1800
. 210000 —2x
= 100

Total annual interest = ¥

=1800 = x=15000.

Investments are. 15000 and 2 30000 — T 15000 =.Z 15000,

(7) In this cage, total annual interest = Z 2000.

210000 - 2x
*‘“—'ib?—'—* =2000 = x=5000.

Investments are ¥ 5000 and ¥ 30000 - ¥ 5000 = ¥ 25000,

(ii2) In this ease, total annual interest =¥ 1600.

210000 - 2x
100 ~ 1600 = x = 25000

‘Investments are ¥ 25000 and T 30000 - T 25000 = T 5000.

=

EXERCISE 1.3

Find the order of AB if the orders of A and B are respectively :
()2%x2and2x3 (ifY4x1and1x.3
Find AB where : :

. 12 4 -3 1
oncfs a1 ]

Compute AB.if A = [4 P 6] z?nd B= [

. [2 41,39
{”)A=[1 7}’3‘[1 5]'

25 3
3 6 4}.
4.7 5

-1 3 5
IfA=]| 1 -3 -5]|,then show that A2 = A,
-1 3 5 ' '
Evaluate the following :
_ﬂ
: ¢ b 7
(s)[ab][d]+[abcd] . (GH (1 -2 31| o
= d "'7

2 -3 -5 -1 38 5
GiventhatA=|-1 4 5|landB=| 1 -3 -5|, showthatAB=0,

1 -3 -4 -1 3 b5

. Compute AB — BA, where A = [2 9:’, B= [1' ‘5] .

4 3 7 2

(iii)4d x4and 4 x 1.

-15
2 4(-[2 -5 7}
5 0




2 -1 1 Algebra of Matrices
9. IfA= lo 1 2|, find A2 and A3,

1 ¢ 1
. 1 2
10. Express the following as a single matrix : [3 _ i g] 2 -1j- [; - g] . NOTES
3 5 -

11. IfA=|:; g],ﬁndxandysuchthatA2—x'Ai|-yI=0.

12) ()IfA= [_ 2 - i] ,find — A2 + 6A. (i) MA= [_ 2 - ﬂ find - A% + 6A.
.. ' 123 -1 10
13. Showthat AB-BA,where:A=|0 1.0|.B=| 0 -3 1
110 2 3 4
2 0 1 -
14. IfA=|2 1 3|, find the value A% - 5A + 61, -
110
15. A factory produces three'items A, B and C. Annual sales of products are as given below:
City & Products Ba ' "
Delhi 5,000 1,000 20,000
Bombay 6,000 10,000 8,000

if the unit sale price of the productsare ¥ 2.50, ¥ 1.25 and ¥ 1.50 respectively, find the
total revenue in each city, with the help of matrices.

16. There are three families. Family A consists of 2 men, 3 women and 1 child, Family B has
"2.men, 1 women and 3 children. Family C has 4 men, 2 women and 6 children. Daily

Using matrix multiplication, calculate daily income of each family.

| income of men and women are T 20 and 7 15.50 respectively and children have no income.
Answers '
1. (H2x3 (FiYd4x3 (i) ax1
| 2 22 [0 38 [20 38 26
i z @ [0 17] @) [10‘ 44 3 a7 92 62 41y
. 6. ()(ac+bd +a? + b2 + ¢ + d?] (t) [- 16 15 - 10)
5 -3 1][11 -8 0
8.. [43 _43] 9.2 14|,0]8 -18
> . 3 -1 2|18 -4 3
15 37
10, [_11 _1] 1l.x=9,y=14
2 0 2 0] t-1 3
: o -1 -1 -10 :
15. 243,750 ;% 39,500 16. £ 86.50, T 55.50, 7 111.

41.8. TRANSPOSE OF A MATRIX

- Let A be a matrix of order m x n. The n x m matrix obtained from A by
interchanging its rows into columns and columns into rows is called the transpose of
A and is denoted by A’ or by AT. For example,

Self-Instructional Mareriat 15
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2 3 6 8
letA=|5 -3 -7 4],

9 8 21

The transpose of A is the 4 x 3 matrix A’ =

The rows (respectively columns) of A’ are the columns (respectively rows) of the

matrix A.

e - b
|
-3

1.8.1. Propertieé of Transpose of A Matrix

1. (A’) = A, where A is any matrix.

2. (A + B)Y = A’ + B’, where A and B are matrices of the same order,
3. (kAY = kA, where A is any matrix and k is any number.
4. (AB)’ = B'A’, where A and B are matrices for which AB is defined.

Remark. Property 4 is known as the reversal law for the transpose of the product,

1.8.2. Symmetric Matrix

A square matrix A = [a,:,-]rl « o 18 @ symmetric matrix if A’ = A i.e., a;=ga;V { and

Jjeg,
35 9] .
Let Az!:f) 8 T7/|. '
9 7 11
35 9] 3
Then A'=|5 8 7| =[5
g 7 11 |9

© So A is a symmetric matrix,

1.8.3. Skew Symmetric Matrix

=y s =)

1

A square A = la;], « , i8 @ skew symmetric matrix if A’ =

every i and j e.g., consider

{0 1 -2]
A=|-1 ) 3
2 -8 0]
o 1 -2 0 -1 2
We see A="1 0 3= 1 0 -3
2 <3 0] [-2 3 o0
0 1 -2
=—--1 0 3|=-A
2 -3 0

So A is a skew symmetric matrix.

Note. In a skew symmetric matrix, the diagonal entries must be zero,

16 Self-Instructional Materiol
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Example 15. For the matrices

1 3 1 0 -1
A=_[ :] and B=[2 2 3].

2 4
Verify that (AB) = B'A".

Sol.

* {7 10
L.H.S.=(AB)'=|:10 8 10] =6 8

El

Also,

13][10-11[76 8
AB‘[z 4][2_4 3]‘[10 8 10]

76 8]

12
34

}

8 10

12
0 2
13

Algebra of Matrices

NOTES

R.H.S. =E’A' =

-1 3
(ABY = B'A".
. 13
Example 16. For ¢ square matrix A = [2 1

(i) A + A’ is a symmetric and

’

Sol. (i) _A+A’=:; 31*'[5 ?] =[21 3{]"[;
aenr=[2 3 -[2 Peaen

s0 A + A’ is symmetric.

@ a=x=ly 3 )

Now (A_m»{_‘i ;H‘i _3]=-[h2 0

A shows that (A — A’) is skew symmetric.

Example i7. Find é (A+A) and é (A—A") when A = [
- 1
A as sum of 3 (A+A’)and 2 (A -A’)

0 a b
Sol. We have A=|-a 0 ¢f.
-b - 0

’ 1 2 1 2 7 10
. o 2 [3 4]= 6 8ij=LH.S.
so -

8 10

], prove that ;

(ii) A — A’ is a skew symmetric matrix,

-1z 2]

¢ a b
-a 0 ¢
-b —-c O

]=—(A‘-A')

] .Also write

S(.'U'—.hr.\‘l_mch'om:! Material 17
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and Statistics [ 0 a b] [0 -a —b}
. A=|-a 0 e¢|l=la 0 -c
(-6 -¢c O 5 ¢ 0
NOTES [ 0 @ 0" -a -b] [0 0 0O
A+A=|-a 0 +[a 0 —c}— 00 0
| -b -¢c 0] [ ¢ 0] [0 0 0 y

0 a b| |0 -a -b 0 20 2b
Also, A-A={-a 0 ¢|- 0 —-¢|l=|~2a 0 2¢
-b -c 0| [ ¢ O] |~26 ~2¢ 0
1 0 2a 2b 0 a b
l(A_A')=——2a 0 2c|=|-a 0 cf
2 2l-25 -2« 0| |-b -c 0
) L 0001 [0 ab
. R A= E(A+A’)+ —2*(A—A’)= 0 0 O|+i-a O ef.
- 0 00 -b -¢c 0
EXERCISE 1.4
1. Fird the transpose of the following matrice.s : |
|5 3] (i) [1689)
4 _ '
) . 3 8 8¢9
(iii) !:3] . (o) | 5 6 10 4:1 . ~
7 - E
. 2. Verify that (A'Y = A whére A is
12
@[3 47] @ 1
1 3
(2 & 8 . e
Gi)| 5 3 8 @i 288
(11 9 7 L :
3. Show that the following matrices are symmetric matrices :
] ' -3 5 -6]
(i) g 13] ()] 5 11 15].
: -6 15 12,
4. Show that the following matrices are skew symmetric : -
- Fo -7 -15
(0. -3 : y
{i) [3 '0] Gl 7 ¢ 6.
(15 -6 0
5. IfA= B i] , show that A + A’ is a symmeiric matrix.
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6. Verify that (RAY = EA” where ;
X 03 7 13
ti}A=[ ‘ ] Gi)A=| 6 8],
1 5 6 - 11 '5
-3 6 0
7. FormatrixA=| 4 -5 8 ﬁnd2 (A-A""
0 -7 -2 ;
-7 -8, 6] . 8 9 11
8. Verify (A + BY =A’ + B for the matrices A= 8 5 9|andB=|1 2 3;.
. 4 6 7 6 8 2
- 3 4
2 4 =1
9. IfA=|_ and B=|~1 2} find (AB).
10 2
21
10. If‘A:I:?i ﬂandB:I:g g],verifythat(5A+SB)'=5A'+8B'.
Answers
1 3 -5
4 6], .16 |8 8
1. (i) [3 9] Gidig (£id) {4.3 7] (v} | g 10
9 9 4
0 1 " .0
7. -1 o 1s/2 9.[12 21]
0 -15/2 0 =T
1.9. SUMMARY

The negative of a matrix A = [a, il

A rectangular arrangement of numbers in a finite number of rows and columns,
enclosed in a pair of brackets ‘[ ] or /( }'is called a matrix.

If a matrix has ‘m’ rows and ‘n’ columns, then the order of the matrix is ‘m x n’
(read as m by n}.
An arrangement

@11 Gy Qi3 ... Oy
A - 0:21 3:22 a-:za .;. a?“
Cpr Iyo Gm{! X n

is a matrix having ‘m’ rows and 'n’ columns. The matrix may be written as

A=lagl, . The representation is called general form of a matrix.

mxni8l=agl, , andis denotedby —Ale., —ve

of a matrix is obtained by multlplymg every entry by ‘-1’ or changing the sign

of every entry.

We can add two matrices only if they are of the same order. Sum of two matrices
=la,l,, ,andB=1b1] is obtained by adding the respective entries of the

im % fimxn
two matrices i.e.,, A+ B =[a.] + [b,] = [bg + bi.i]

imaan mxn mxn

‘The multiplication AB of two matrices A and B is only possible if the number of

columns of the premultiplier matrix A equals to the number of rows of the matrix
B, the post multiplier.

Let A be a matrix of order m x n. The n x m matrix obtained from A by
interchanging its rows into columns and columns into rows is called the
transpose of A and is denoted by A”or by AT.

Self-Instructional Material

Algebra of Matrices

NOTES

19



Business Mathematics
and Statistics

NOTES )
2. DETERMINANTS
STRUCTURE.
2.1. Introduction
2.2, Computation of Determinants
2.3. Minors and Cofactors
2.4. Properties of Determinants
. 2.5. Applications of Determinants in Selving a System of Linear Equations

2.6. Summary

2.1. INTRODUCTION

A matrix is merely an arrangement and has no numerical value. We in the
previous chapter learned some operations (addition, scalar multiplication,
multiplication of matrices etc.)'on matrices. In this chapter we shall assign a numerical
value to a square matrix. We shall describe the way, how to assign values to square
matrices ? The value which we associate to a square matrix ‘A’ is called the determinant
of A denoted by det Aor Aor | A I. It is to note that we can assign value only to square

matrices. :
[011 12 . Uy
a,, v @y

be a matrix of order n. The determinant associated with the matrix A is denoted by

a'u &ya ... Q,

- Qa1 82 ... U,
detA=1A|= ' ' : :

2, . EETR

2.2. COMPUTATION OF DETERMINANTS

2.2.1. Determinant of a Square Matrix of Order 1

LetA=lay ], then lAl=la, | =a) - i.e., the value of the determinant of
order 1 is the entry of the determinant itself e.z2.,
if A=]-6),thenl Al=1-61=-6.
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2.2.2. Determinants of Order 2

+

a5
Let A= . a22 be a determinant.of order 2. The value of A is
“11_\l vz
A= Vg =0y Uy — Qg8 4.
1212
gy Ugp

Explanation : Multiply the elements of Principal diagonal e,; and a,, and
subtract from it the product of the elements of the diagonal from right to left i.e.,
@y,6, The value of the determinant is a,,a,, — a,,0,,.

1 5|

o ol=1%x2-8x5=2-15=-13.
3 2

Example : A=

2.2.3. Determinant of Order 3

Determinants may be expandéd by any row or ¢olumn. Let A = 1 &,

i laxabea
determinant of order 3 and we expand it by Ist row.

a1 g O3
a1 Qg G |=aq (-1
gy flgg Ogg

Qgy gy |
Q39 33

1)i+t dg) Cgg
31 @33

A= +a, (1)1

Gz1 G2
Qg; Qg |

Explanation. Take element a,, of the Ist row, multiply it by the determinant
obtained by deleting Ist row and Ist column {i.e., the row and column in which the
element a,, lies) of the determinant A. Also multlply the product by (- 1)1*!, the power
of (= 1) which is sum of the suffixes of a,,. Thus the constiluent corresponding to @), s

+ a, (— )1+3

lo3 Gy

{ 1)1+i
1 039 gy

The constituent corresponding to the element a , is

a32) Qo3
3

a, (- D and corresponding te third element of the row «a,, is

2
)
o

gy Qog

v (2 ('- 1)1+3 .
13 G3; Qg

The value of the determinant is obtained by adding these constituents.
Example 1. Evaluate the following determinants:

|4 3 Ll-3 -5 | 2x+83 x+2

Wis 12 W) ¢ -7 W |ox+1 x+1|

Sol. (i) i A=‘.g 132’=4x12—5x3=48=15=33.

y -3 5

(i) A=| ¢ = (=3} x{-T)- 6x(—5) =21 + 30 =51
2x+3 x+2

Giid) A=|oit] ail=@eBErD-@+DE+2)

=(2x2 +3x+ 2+ )~ (22 4+ x +4x + 2)
=(2x2 + 52+ 3) (22 +Bx+2)=83-2=1.
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and Statistics ot
' x 3| |5 -4
5 27|13 2]
NOTES Sol x 3] |5 -4
o 5 2/ 13 2
= 2x—15=10 + 12
= 2x=22+15=37
= x—ﬂ
=3
] 123
Example 3. Find the valueof A= |4 & 61
7 8 8

Sol. We expand the determinant by Ist row.

5 6 4 6

A=(-D¥1 g g|+(-DM2. 2 | 7 9
= 1.(45 — 48) — 2.(36 — 42) + 3.(32 - 35)
=1(-3)-2(-6)+3.(-3)==83+12-9=0.

+ (— 1)1+3.»3 7 8

45!

EXERCISE 2.1
1. Evaluate the following determinants : ‘
50 v | =18 9 . |4 -5
2. Solveforx:
. 4 x
W% g'=7 G)|_3 5|=8 ]
3. Evaluate: )
5 2 1 200 6 1 -3
(3 0 2 F)|5 9 3 (fiiy| 1 3 -2|.
a1 3 16 7 21 4
Answers .
1. ()18 (i) 35 (fify — 513 (iv) 24
. (Dx=12, Glx=-4,
3. @7 Gi) 90 (iif) 91.
2.3. MINORS AND COFACTORS
2.3.1. Minors -

- Miner of an element a;; in a square matrix A = [a,], , , -is the determinant
obtained by deleting the i-th row and j-th column of the determinant of the matrix A.
We denote the minor of an element lying at (i, /)th position by MU

22 Self-Instructional Material
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Thus, we see that, minor is obtained by removing the row and column in which

as well as of a determinant.

oy

, then

1 4 3 8
6 7 5

3 12

For example: Let | A | =

7
Minor of. an(=4);M11=|1 g|=14-—5=9

Minor of” am(=3);M12_=’g g‘ =12-15=-3 and so on.

2.3.2.‘ Cofactors

| Minors with proper sign are called cofactors. IfM ;718 the minor of (7, )th position
‘ of a square matrix, then the. cofactor Au is given by
|
|

-~

A, =(-1¥*/M; eg, inthe example above,

A =E=D"M, =9 .

A,=(-D"2M,=—(-3)=3. )
Note. It is clear that the value of A= | a; l4 , in terms of cofactors is

Ay tap A tapdg

2.4. PROPERTIES OF DETERMINANTS

~ L If we interchange the rows into columns and columns into rows of a
determinant, the value of the determinant remains unchanged e.g.,

13
2 4
. A=1x4-2%x83=4-6=-2

Now interchange rows into columns and columns into rows, new determinant is
12 |
3 4
We see that A, = A

IL If we interchange any two rows {or columns) of a determinant, the value of
the determinant is multiplied by (- 1) e.g.,

! Let A=

Al‘z‘ ’:4—6:—2

12

Let A= 3 4
and let A’ be the determinant obtained by interchanging the rows i.e.,

. 13 4

112

N=6-4=2, {

But A= =4-86=-2

1 2
3 4
So A= —A,

- the element lies from the determinant. We can talk of the minor of element of a matrix’

Determinants

NOTES
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II1, If two rows or columns of a determinant are identical, then the value of the
determinant is zéroe.g., .

Business Mathematics
and Siatistics

1 2 1 .
Let _ A=|3 1 3|, here 1st and IIIrd column are identical.
NOTES . 2 0 2 - :

Expand it by Ist column _
A=1(2-0)-2(6-6)+1{0~-2)=2-0-2=0. .
IV. If we multiply any row {or column) of a determinant by a scalar A(say) then
the value of the new determinant is A times of the value of the original determinant
eg.,

121
Let =8 1 5(=1(1-0)-2A3-10)+1(0-2)=1+14-2=13.
2 01

Let us multiply IInd column of the determinant by 5, and denote the new
determinant by A’, then :

1 2x5 1 1 10 1
=|3 1x5 5|=!38 5 5|=16-00-3(10-0)+2(50-5)
2 0x5 1 2 0 1
=5-30+90=65
So . A'=65=5x13 = 5.A.

V. If we add a multiple of a row (or column) to any other row (or column), the .
value of the determinant remains unchanged e.g.,

157
Let =6 7 2|
12 3
|7 2 6 2 6 7
Yz 3| 5l1 311 2‘
=(21-4)-5(18 =2) + 7(12~7) = 17 - 80 + 35 = = 28,
Let A’ be obtained by operating R, - R, - 3R, + 4R,
' 1 5 7
AN=16-3D+4(1y T-35)+4(2) 2-3D+413)
1 2 3
15 7 i
0 —7| ‘7 -7 70
=7 0 -7|=1 -5 A+7
12 3 2 3 1 3 12
=(0+14)-5(21+7) + 714 - 0)= 14 - 140 + 98 = — 28.
A=A, '

VL If each element of any row (or column) of a determinant is the sum
of two numbers, then the determinant is expressible as the sum of two

determinants of the same order.
2+4 6+5
3 9

6 11
3 9

IMustration. {{) A=

LHS. = |

24 Self-Instructional Material
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3

2 6
i3 9

9 ‘ (Rowwise addition)

| = 6(9) - 8(11) = 54 — 33 = 21



2 6 4 5 . '
RHS. = | 28 | +13 : 9‘ = [2(9) - 3(6)] + [4(9) — 3(5)]

-

=(18-18)+ (36 -15)=21

2+4 6+5| |2 6+4 5|
3 g | |3 9] |3 9|
fv ek 2+4 3
Similarly, | <t
(i8) Similarly 6i5 9
LHS =8 3|-6x9-11x3=54-33=21
S F 141 9

RHS =[2x9-6x3]1+[4x92-5x31=[{18-18]+[36-15)=0+ 21 =21,

Example 4. Find all the minors and cofactors of the elements in

Sol. Let a,, =4, =3,
ay =1, dgy = 3,
ay =2, ag, =1,

a

= 23 + 43 (Columnwise additibn)
6 9 5 9

3=1

Qgq = 2
Qg = 5.

3 2
M,, =minorofa, (=4} = ‘1' 5| =15-2=13

M,, = minor of a,, (= 3) =
M,; = minor of a5 (= 1) =
M,, = minor of a,, (= I} =
M,, = minor of a,, (= 3) =
M,, = minor of ay; (= 2) -
M;, = minor of ag, (= 2) =
M,, = minor of a,, (= 1) =

M,, = minor'of g, (= 5) =

The following are the cofactors :

. A,, =cofactorof a, (=4) = (- DM, =1x13=13
A= cofactor of a , (=8) = (- D!** M, =~ 1x1=-1
A, = cofactor of a g (=)= (- DM ;=1 x(~5)=~5
A, = cofactor of @y, (= D= (- D' M, =~1x 14 =14
A,, = cofactor of @y, (= 3) = (- 1)>*2M,, =1 x 18 = 18
A,, = cofactor of ay; (= 2) = (- D**EM,,=-1x(-2)=2

by =

- e B 0 WD RO R BD o R LD R —

2

5 =bHh-4=1
3

1 =1—§=-—-5
1

5 =16-1=14
1

5 =20-2=18
3

1 =4-6==-2
1

9 I:6—3=3
.1‘ =8-1=7
2

3

3 =12-3=9.

3 2

Determinants

NOTES

I

5

—

-

Self-Instructional Maverial 25

, :




Business Mathematics

and Statistics
‘NOTES -
t
r

26 Self-Instructional Material |

1 a be L xox
@1 b cal G|y ¥
1 ¢ ab . 1z 2 .
1 a be
Sol. (i) A=|1 b ca )
. 1 ¢ ab '
. OperateR, > R,-R;,R; > R;-R; i i
. e
11 a be 1 a he |
A=|0 b-a ca-5bci={0 b-a cla-5)
0 c—a ab-be 0 ¢c-a bla-c)

A, = cofactor of gy, (=2)= (- 1)**M, =1x3=3

Aag = pofactor of @z, (= 1) = (—'1)*2 M, =- 1x7=-7

Ay, = cofactor of ay; (= 5) = (- 1P¥3M,, =1x9=09.
Example 5. Evaluate the following determinants :

[
il

3

Taking (b — @) and-(c — &) common from R, and R, respectively, we get

1l a be
A=b-a)ic-a)|0 1 -c¢
01 -b%

=(b-a)e~a)[1x (=B -Lx (-}
(. expanding_ by C))
=(b-a)lc-a)~b+)=(a-B)b-)(c-a) '

. i 1 x _x3
Gi) a=|1 y %
1z 23 .
}
Operate R, —» R, -R,, R; 5 R; - R,
1 «x x8 1 x x° :
A=|0 y—x y3—x3 =|0 y-=x (y—x)(y2+yx+x2)'
0 Fx 2 -x 0 z-x (z-x) (2% + zx + x%)

1 x P
=(y-x)z-x)]0 1 y%+yx+x°

0 1 Z%+zx+x*
=(y—x)(g—x)[zz+zx+x2—(yz+yx+x2)]
=(y-x)z-x) @2 +ax +x* -y —yx —x%)
= (y-x)(z —x) (2% + zx — y% — yx)

=@-x)(z-x) 22—y +2x - yx)
=y~x)(z-x)[z-y)(z +y) + x(z — ¥)]
=(y-x)(z-x)[z-y)+y+x)]
=ly-x)(z-x)(z-y)(x+y +2)
=x-My-2)(z-x)lx+y+2).



a+b bitc c+a
b+c c+a a+d

Example 6. Show that
o c+a a+b b+e

.
a+b b+ec c+a
b+c e+a a+b
c+a a+d b+e

‘Sol. Let A=

2a+b+c) b+c c+a
2a+b+c) c+a a+d
2Ae+b+¢c) a+b b+c

Taking 2 common from C;, we get

A=

a+b+e b+e c+a
a+b+c c+a a+b
atb+c a+b b+e

Applying C, — C,~ C,, C, = C, - C,, we get
b

—-C

A=2

a+b+ec —-a
at+b+e -b
a+b+e -¢
Applyiri‘g'C1 = C, -G, ~C,, we get

: | b
cl=-2
a

A=2

-a

o oo R

c

S R O R o
= R R~ L T~ ]

al-

: b

Example 7. Show that
a+b+2c a . b

¢ b+c+2a b
¢ S oa c+a+2b

%

) a+b+2¢ a
Sel. L.H.S. A=/ ¢
! ¢ a
Qperate C, - C, + C, + C;
2a +2b+ 2¢ a

2a0+2b+2c b+c+
2a+2b+2¢ a

1 a

A=

=2a+b+c)

1l . a
Operate B, - R,-R,R; 5 R, - R,

1 @

A=2a+b+c)[0. a+b

=2(a+b+¢;)(a-¢-b+c)2

=2a+b+cP=RHS.

-

=2

, Applying C, — C, + C, + C,, we get

=2-1X-1)

o R o
[~ T T

=2+ b+ ch

b+c+2a b

1 b+c+2a b

0 b+c-a c+a+b

a b @ R Determinants

b ¢ a
c.a b

NOTES

a+b+c a b
a+btec b ¢
a+b+ec ¢ a

(C, & Cy)

(€, o Cy |

b

e+a+2b

b
2a b
c+a+2b

b

c+a+2b

b
+c 0

(Expanding by C))

FI
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Example 8, Prove that

a a+b a+b+e s
20 3a+2b da+3b+ 2¢ = g%
3a 6a+3b 10a+6b+ 3¢

a a+b a+b+e

2¢ 32+2b 4a+3b+2

3a 6a+3b 102 +6b+3c

Operating R, - Ry - 2R, 'and R;— R,-3R,

a a+b a+b+e

a=]0 @ 28451 414(7a + 3b) - 3a(2a + b))
0 3¢ Ta+3b

= a{7a? + 3ab — 6a% — 3ab] = ala?) = a® = R.H.S.

-a® ab ac

Example 9. Show that | ba -5 be | = 4a?b?cl.
. 2

Sol. LH.S. A=

" ae be -c¢

r

-a® ab ac

Sol. Let A=| ba -b* b
.ac be -¢?

Taking a, &, ¢ common from R,, R,. R, respectively, we get

-a & ¢ -1 1 1
A=abe| a -b  c|=(abe)abe)| 1 -1 1
a b -¢ 1 1 -1
(Taking a, b, ¢ commeon from C,, Gy, C, respectively)
-100
=a2b202 1 0 2 (Cz _}C2+CIEC3 —-)Ca +Cl)
120
202 .2 [ 0 2 2322 -
=a?hc?{-1 5 0 ~0+0]| = a?b%? x4 = 4a%b3c2.
| a’ Zab b
Example 10. Show that | b2 a® 2ab| = (a® + bR
2ab b o
a® 2ab b2
Sol. Let A=|b> a® 2ab| -
2ab b* o°
(@+ b (a+5? (a+b)?
Operating R, > R, + R, + R;, we get A= b® a* Zab
2ab b* a®
1 1 1
A={(a+b)?|b% a® 2ab
2ub b% a?

— e —-—— [ .. . - . oL e




Operating C; - €,-C,, C;— C; - C,, we get
1 .0 0
A=(a+b?| b* a*-b? 2ab-a°
2ab b%-2ab a®-b%

a?-b% 2ab-a?

~0+0
b* —2ab a®-b* +]

= (a + b)Y [{a? — b%) = (2ab — a®)}(b? - 2ab)]

Expanding along R, we get A = (a + b)* [1.

= (a + b2 [a% + bl 2a%B% — 2ub® + aZb? + 4a?h? ~ 2a5b)

={a + b)Y [a* + b* + a2h? — 2ab3 — 203 + 2a%H?)

. ={a + b2 (a®-ab + b2 = (a® + b3)2,

| EXERCISE 2.2

Without expanding, show that eaéh of the following determinants is equal Llo'zero :

3 8 6 110 11 5 9 18
(B)|6 15 12 (€)1 12 13 Gii) |1 -3 -2].
T 17 14 1 9 10 1 9 10
Without expanding, show that each of the following determinants is equal to zero ;
1 a abe 1 e b+e x+y y+z z+2x
O11 b abe |1 b c+a ()| 2 x y L
1 ¢ -abe 1 ¢ a+b 1 1 1,
Write the minors and co-factors of the second row of the following determinants and
hence evaluate them:
1 23 1 a be
s1{—-4 3 6 |1 b ca
(i) (i) ;
2 -79 1 ¢ ab
Show that :
x a a a®+2 2a+1 1
(e x alsx—aPix+2a) (id] 2a+1 a+2 1|=la-1)8
a a .x 3 3 1
Show that : '
x+9 x x x+4 2x 2x
(i3]  x+9 x [=243(x+3} )| 2¢x x+4 2x | =(Bx+4H4 —x)3
: x x x+9 2x 2 x+4
Show that :
b+c a-b « .
iYje+a b-¢ b|=8abc-a*-b*-c*
a+h c-a ¢
a-b b-¢ c-a
(iY|b+e c+a a+bl=a+bY+ Y- 3abe.
o [ ¢
Show that :
|1 a &? x oy oz
Bl1r b B2 =b-cle—aXa=-5) Uiy | #? y"' 22 = xyz{x —yNy — 20z - x).
1 ¢ o x® y3 2

Determinanty

NOTES
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8. Show that: _
) 1 a & ~be
{1 5 b2-ca|=0 " _ Y

1 ¢ -ab

1 b+e b%+¢? .

GiY|1 e+a c®+a?|=(a-b)b~-c)e-a)
1 at+b a®+b°

9. Show that: _
x+y x x ; 3x+y 2x x
)| Bx+dy 4dx 2x| =28 (i) | 4x+ 3y 3x 3x|=x3
, 10x+8y Bx 3x _ Sx+6y, 4x Bx
10, Solve the equations :
1> 0 3 : e+x a-x a-x
Gy 1 ~4{=11 {i)|e-x a+x a-x|=0.
' 1-2 0 a~-x ¢a-x a+x
Answers

3. () My =39, My, =3, My = — 11, Ay =— 39, A,y = 3, Ay =11, A= 231,
(i) M, —-(azb be?), My, ={ab —be), My, =c—a, Ay, = - (a%b - be?), A, wb(a—c)
Aza a-¢, &=be?- a2b +ab2 b% '+ a% — ac®.

0. (- Z ) ' {ii) 0, 3a.

2.5. APPLICATIONS OF DETERMINANTS IN SOLVING A
SYSTEM OF LINEAR EQUATIONS

2.5.1. Consistency
A system of linear equations

ax+by+ez=d,
ax+by+ez=d, we{d)
azx + by + cgz = d, -

18 consistent if it has a solution ie., if v:re can find x, »z such that the equations in

system ({) are satisfied. Otherwise the system is called inconsistent e.g.,.th?' system

x+y=3

x—2y = 0havex=2,y=1 as a solution so is consistent. -

2.5.2. Cramer’s Rule (Solution of Equations Using Determinants)
Let ' ax+by+ez=4d
ax+ by +cz=d,
agx + bgy + egz = dg

be a system of linear equations in three variables, x, y; 2. -
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a b o
Take A = | ag b, ¢, |, the determinant of coefficients of the linear equations
a; by ¢ / _
The system has a unique solution if and only if A # 0. If A = 0, then the system
has either infinitely many solutions or is inconsistent.

Now replhace Ist column of the determinant A, by the constant terms of the R.H.S.
and call the determinant A, i.e., i

i dy b . 0
8, =|dy by ¢
dy b3" ¢
-aq dl Ct ’ . h
Also write A, = | a2 dp ¢ ie.  replace [Ind column by d,, d,, d,
ag dy ¢3
a b d; -
and A3 =|lay by dy].
as , bS d:‘i
A A A
The = —1—, =2 7 =2
n x=— y. 2 5
Example 11. Solve the system of equations by Cramer’s rule.
H2x+3y=5 : (f)3x+4y-7=0
3x-2y=1 6x+8y-2=0.
Sol. (i) The determinant of coefficient of the system is
2 . .
p A=|4 __g’=-4—9=—13_:&0thesysternisconsistent
" ,5 3 ’
B = | 1 -2 i

the determinant obtained by replacing Ist column with the constant.
. ¥
: N =—10-3<5-13

Ay = g t'1'!=2-15=—13.

* Ay -13 Ay =13
| il b bl s
So x= 1,y = 11is a solution.
(ii} The equations are
3x+4y=17 ' (1)
Gx+8y=2 - (2)
A:‘g g|=24—24-=0

so the system either have no solution or infinitely many solutions. On multiplying

eq. (1) by 2, we get
: ' 6x + 8y = 14, also from 2)
6x+8y=2

it shows that 14 = 2, which is not possible so the system is inconsistent.

Deferminanis
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Example 12. Solve the system of equations by means of determinants

x+2y+32=6
2x+4dy+2=7
3x+2v+9z=14.
12 3

=12 4 1
3209

=34-30-24=-20%0
so the system is consistent and has unique solution.

6 2 3
7 4 1
14 2 9

=6x34—7x 12 + 14(- 10)
= 204 - 84 — 140 = 204 — 224 = - 20

1 6 3
B,=12 7 1)=163-14)-2(54-42) +3(6-2D)
3 149
49-24-45=49-69=-20
12 86

Ag=|2 4 7 |=1(56~14)—2(28 — 12) + 3(14 — 24)
3 2 14

=42-32-30==20

Sol. =136 —2)—-2(18 - 3) + 3(4 - 12)

= 6(36 — 2) - 7(18 — 6} + 14(2 - 12)

o Ntk A

A =20
A

X

=1

¥

ol

-2

B3 ~20_,
A =20

Example 13. The sum of three numbers is 20. If we multiply the first number by

2 and add the second number to the result and subtract the third number, we get 23. By

adding second and the third numbers fo three times the first number, we get 46. Find

the numbers by using determinants.

W
=

Sol. Let the numbers be x, ¥, 2
By the given conditions,
x+y +2z=20
2¢+y—2=23
3x +v +2=486,
Using Cramer’s rule, we have

11 1
=2 1 -1
31 1

=2-5-1=—-4=z0.

=11+ D- U2 +3)+ 1{(2-3)
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Determinants

20 1 1
A, ={23 1 —1|=20(1+1)- 1(23 + 46) + 1(23 — 46)
46 1 1
=40 - 69— 23 =—52. ' NOTES
12 1
A, =2 23 —1|=1(23+46)— 202 + 3) + 1(92 — 69)
3 46 1

=69-100+23=-8,
11 20
Ag=|2 1 23|=1(46-23)- 1(92 - 69) + 202 - 3)
3 1 46
=23-23-20=-20,
A] - 52 '_A2="8 _ _‘.Si - 20

The numbers are 13, 2, 5.

-

'EXERCISE 2.3
Solve the following simultaneous linear equations using determinants, if consistent,
{5}2'{—5)':5 (if)x—2y=4
3r+2y==3 -3 +by=-17.

Solve the following linear equations using determinants :
2¢ -3y +dz=-9,~3v+4y+ 22 =~ 12, 4x -2y —32=-3.
Solve the system of equations by Cramer’s rule :

Wax+y+z=9 () x+3y +52-22=0 (i) 6x+y—32=5
2x + By + 72 = 52 5x~3y+22-5=0 x+3y-22=5
2x+y—2=0 C9x+8-3:-16=0 2v+y +4z =8

The equilibrium conditions for three related markets are given by the following equations:

2 2
p1=§p2—p3+-3- N
5,1
. Py = 6 2y 6P3 3
and pPa=py—-p,— 4

Find equilibrium price for each market by using determinants method.

The sum of three Aiumbers is 6. If we multiply the third number by 2 and add the first
number to the result, we get 7. By adding second and third numbers to three times the
first number, we get 12. Use determinants to find the numbers.

To control a certain crop disease it is necessary to use 7 units of chemical A, 10 units of
chemical B, and 6 unitls of chemical C, one barrel of spray P contains 1, 4, 2 units of the
chemical, one barrel of spray Q contains 3, 2; 2 units and one barrel of spray R contains
4, 3, 2 units of Lthese chemicals respectively. How much of each type of spray he used to -
control diseases.
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Answers

L (ae= o2 5o 22 (i)x=—-6,y=-5
19°7 " 19
684 321 189
2 x=-—— y=-22 =2
53 53 53
3. (lx=1%y=8,:=5 (f)x=1y=2 2=3
fid)x=1,y=2,2=1.
. 29 ) -
4, pl,.=8f3,p2=14,p3=?. 5.x=3y=2z=1

6. P=3/2,Q=12,R=1

2.4. SUMMARY

A matrix is merely an arrangement and has no numerical value.

The value which we assocciate to a square matrix ‘A’ is called the determinant of
Adenoted bydet AcrAor | Al

Determinants may be expanded by any row or column. .
Minor of an element a; in a square matrix A = [a,] ,  is the determinant
obtained by deleting the i-th row and j-th column of the determinant of the
matrix A. We denote the minor of an element lying at (i, /)th position by M,.

+ Minors with proper sign are called cofactors.
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NOTES

3. ADJOINT AND INVERSE OF
MATRICES

3.1. Adjoint of a Matrix
3.2. Inverse of a Matrix

3.3. Singular and Non-singular Matrices P
3.4. Solution of System of Linear Equations by Matrix Method -l
3.5. Inverse of a Matrix by Elementary Operations-
3.6. Elementary Column Operations

3.7, Summary

3.1. ADJOINT OF A MATRIX

Adjoint of square matrix is defined as the transpose of the matrix obtained by
replacing the elements of the matrix by their respective cofactors. We denote the adjoint
of a square matrix ‘A’ by adj A.

Qi Bz o e Gy

. . a?l 0.22 cvr e gy
Let A= [aa}']nxh = .

py  oer e e Oy,

be a square matrix, then

Au_ A12 P e AL’: 4 {
Ad]A: A;21 A2‘2 A2n.

Ay .. ... .. A

Note. Adjeint for non-square matrices is not defined.

, Where Av’s are the cofactors of a;

1 nn

3.1.1. Theorem ) _ .
_ For a square matrix A of order ‘n’, A (adj A) = (adj A) A= Al I , where | is
the identity matrix of order ‘n’."We use this théorem without proof. '
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Example 1. Find the adjoint of the matrix A = [2 ’].

' 4 -1
: 2 1
Sol. A =,|:4 _ 1]. We find all cofactors :
A, =cofactorofe,, =2)=(-1)" | -1 1=-1
A, = cofactor of @), (= 1) = (=12 1 4 | == 4
A, = cofactor of gy, (=4} =(-1* i1 1 | =1

A,y = cofactor of ao (=~ )= (- 12 1 2 | =2.

i Ay Ayl [-1 -4] -1 -1
1

-2

-

-1 2
Example 2. Find adjoint of A, where A = [ 2 3 5] .
0 1

‘Sol.

We know that adj A is the transpose of the matrix obtained by replacing the

1 -1 2
A=] 2 3 5
-2 01

elements of A by their corresponding cofactors.

M Self-Instructional Material

3
A, = cofactor of @, (= 1) = (— 1)I*! 0

B
1| =3-0=3

2 5
A, = cofactor of g, (=~ 1) = (- 1)*2 | _ 2 1’ =-{2+10)=-12

: ' 2 3
A = cofactor of a5 (= 2)= (- 1M*3 | o 0‘=0+6:6 _

-1 2
Ay = cofactor of ay) (=2) = (- P! 1‘_=—(—1-0)=1

. 1 2
A, = cofactor of a,, (= 3) = (— 1)2+2 ~9 1|=1+4=5

A,y = cofactor of a,, (= 5) = (- 1)%+3 -9 OI =—{0-2)=2

-1 2|
A, = cofactor of ay, (= — 2) = (— 1)3! 3 5’:-—5-—6 =-11

A,, = cofactor of @y, (= 0) = (- 1)*2

12
> 5}:-(5-4) =-1

1 -1
A, = cofactor ofa33 (= 1) = (- 1)+ 9 3| =3+2=5.

F

3 -12 6] [ 31 -1
adjiA={ 1 5 2|=]-125 -1,

-11 -1 5 6 2 5



2 13
Example 3. IfA=13
1 2 3

21 3
Sol. Wehave A=1{3 1 2].
1 2 3

A;, = cofactor ofan;f= 2) = (- 1)1+
A, = cofactor of a ,(= 1) —(—])l2
A,; = cofactor of g ,(= 8) = (= 1)1+3
A, = cofactor of ay, (= 3) = (- 1)**
Ay, = cofactor of agy(= 1) = (- 1)**2
A, = cofactor of ayy(= 2) = (— 1)*3
A, = cofactor of ay,(= 1) = (= 1)3+1

A, = cofactor of a,(= 2) = (— 1)™*2

A, = cofactor of agg(= 3) = (- 1343

-1 -7 5] [-1
ade= 3 8 -3| = -7

[ -2-7+15 6+3-9
=] -3-7+10 9+3-6
-1-14+15 3+6-9

e ——- T LR R - - ST AT .

WO LN i R b N 00 00 N

2 1 31[-1 3 -1
AladjA)=[3 1 -2]]-7 5
12

1 2] , verify that Afadj A) = (adj AJA =1 A | I

5 .
2
3l=-(0-2)=-7
1
2 =6—1=5
3 e e
3
g|=6-3=3
1 ¢ _

9 =—(4-1)=-3
3 .

2 =2—'3=—'1

3 .

2 =—(.4—'9)=5
1

1 =2-3=-1

3 -1

3 B
-3 -

-1 3 -1][21 3
: (adj A)YA=[-7 38 5 |[3 1 2§
| 5 -3 -1]|1 2 3
; [ -2+49-1 -1+3-2 -3+6-3
! =[=-144+9+5 -T7+3+410 -21+6+15
| 10-9-1 5-3-2 15-6-3
6 0 O]
=(0 6 0
0 0 6]
213
TAT=13 1 2|=2(83-4)~1(9-2)+3(6-1)
12 8|
=-2-7+15=86.

Adjoint and Inverse ;f
Matrices

NOTES
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and Statistics lA1L=6(0 10 ¢ 6 0},
001 0 06

Business Mathematics . [_1 0 0] |:6 0 0]
Aadi A) = (adj A)A = [ A | L,

NOTES'

EXERCISE 3.1

1. Find the adjoint of the foliowin'g square matrices :

ot w2 3

2, TFind the adjoint of the following square matrices

@) [; _g]- | i) [‘; 3].

3 4

4 7] and verify that (adj A)A=1A 1L °

3. Compute the adjoirt of the matrix A = [

4

4, IfA= ‘;’ :g],verifyt.hatA(ade)=(ade)A= 1A L,
A 2 07
‘8. IfA= 3 5] _andB:[l 5]:‘,then verify that adj (AB) = (adj B)adj A).
: [ 3 6 -7 8 . . vy A o .
6. IfA= and B = , then verify that adj (BA) = (adj A)(adj B).
-5 11 9 11
fa b] -
7. IfA= ¢ d , find det (A (adj A)).
8. Find the adjoint of the following square matrices :
12 8) ' ' 1 -12
@jo 5 0 ’ @l 20 3 5.
2 4 3 -2 01
- -1 -2 -2] .
9. IfA=| 2 1 -2|,showthatadjA=238A"
2 -2 1 r
11 ¢
10. ‘Forthe matrix A=] 2 3 0, show that A(adj A)=0.
18 2 10

3 3 4

1273
11, Find the adjoint of the matrix [2 3 2]- . Also verify that
A(adj A) = (adj A)A = | A | I, where A is the given matrix.

1 2 3 y :
12. IfA= [b 5 0-1 , verify that Aladj Ay =1 A | I, = (adj A)A.

2 4 3
Answers
. 00 |4 0 -6 -4 .. d ~bf
1. [_5 1] (id) [0 2] | 2. (i) [_3 7] _ (if) I:_c _a]
7 -4 a2 '
3. [~5 3] 7. (ad — be)
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15 6 -15 3 1 -11

8 (| 0 -3 0 ¢ (@iy|-12 5 -

-10 0 5 6 2 5
6 1 -5
11 2 -5 4
-3 38 -1

3.2. INVERSE OF A MATRIX

Let A be a square matrix of order n. If there exists a square matrix B of order n
such that AB = BA =1 ; then B-is called the inverse of A.

) Itis cl.ear fr})m the definition that if B is inverse of A, then A is inverse of B. The
concept of inverse of matrix is defined only for square matrices.

If inverse of a matrix A exists, then A is called an invertible matrix.

3.2.1. Theorem 7

The inverse of a square matrix, if it exists, is unique.
Proof. Let A be a square matrix of order n such that inverse of A exists.
Let B and C be any two inverses of A.
. By definition, AB=BA=1 and AC=CA=1.
'We have B=BI =B(AC)=(BAC=1C=C.
: B=C.
.. Any two inverses of A are equal matrices.

. The inverse of A is unique.
Notation, The inverse of an mvertlble matrix A is denoted by A"‘

-

3.2.2. Theorem

If A and B are invertible matrices of order n, then show that AB is also invertible
and (AB)~ = B-1A-1 |

Proof. The matrices A and B are invertible.
T and Blexistand AA = ATA=1 ,BB1=B1B=1_.

A and B are square matrices of order n ‘therefore AB is defined.

Also | AB I =| Al Bl =0, because A and B are invertible and so | A | #0,
1B =0 .J
- ». AB is invertible, i.e., (AB)! exists.
Now (AB](wB‘lA‘l) = A(BBHA 1= A(IH)A“1 = AATT =1
and (B-1A1XAB) = B-1(A-1A)B = B‘l(In)B =B'B= L.

We have  (AB}B'A!) =(B-A-1)AB) =1,
By definition,  (AB)? = B-A", ’

Adjoint and Inverse of
Matrices

NOTES
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wasaisics  3.3. SINGULAR AND NON-SINGULAR MATRICES

L}

A square matrix ‘A’ is called a singular matrix if |Al = 0.
NOTES Ifand only if | A | # 0, then the matrix A is called non-singular matrix.

= 10 -3 = 7 # 0 so A is a non-singular

5 3 5 3
eg., Let A:[l 2],sincelAI=!1 9

matrix.

'-3.3.1. Theorem

A square matrix is invertible if and only if it is non-singular,
Proof. Let A be a square matrix of order n. Suppose A is non-singular. Then

I Al =0
We know Aladj. A)=1AI1.] =(adjA). A
Take 1st part AAdjA) =t AIT. I
Since | Al=20 sodividingby.l Al, we get
. (aldif” =1 D)
Take 2nd part

lAIL =(adj. A). A
Again dividing by | A |, we get

_ (adj. A) oy
N . I, = A LA LB
Combining (i) and (i), we get
‘ {adj.A)  {adj.A)
A e b= Tar A
(adj. A)

-1 _ M

AT = N

Conversely, suppose that A is invertible i.e., inverse of A exists, Let B be the
inverse of A. Then

AB=1=BA (by deﬁn'it.ionlofinverse)-
o lABI=11]I
= FAl.1Bi=1 >
= lA1=0
= A is non-gingular.

WORKING RULES FOR FINDING THE INVERSE OF SQUARE MATRIX A
Stepl. Findthevalueof | A |,
StepIl. If1 Al =0, then A does not have its inverse.

Step IIL. If | A | #0, then-A has its inverse A~ = %‘1 .

Step IV. Find cofactors of all elements of A and compute ‘adj A’ Then find A~ by

.

e . | . 1
‘adj A’ with —. ie, A= —(adj
multiplying ‘adj A’ with Ay e IAl-_(adJ A}_
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. . 3 6 . Adjoint and Inverse of
Example 4. Find the inverse of [7 2] . Also verify the answer. Matrices
Sol. Let A= [3 g] , |
' NOTES

3 6
IAI=[7 2]_:6-—42_:—36#0.

. Ais non-singular.

adjA
- A exists and A7l = Al
We find adj A :
Cofactors, Ap=CEDM1210=2, Ap,=-D*171==-7

Ay =% 181=-6, Ap=(-1»2131=3.

. 2 -7] [ 2 -6
adJA=[_6 3] =|:—_7 3]

1 [2 —6]_-1;13 Ve
1Al T-36 (-7 3]% 786 -12f

Verification :

L [36] 1 [2-6 17]6-42-18+18
M‘=[7 2]-" [ _]=‘§[14-14 —42+e]

Similarly, AlA =T,

'.Example 5.IfA = [r: 3] such that ad — be = 0, then ﬁrid the inverse of A.

a b '
Sol. We have A-_-[c d]' . .
B ~ | A | = ad = be, which is given to be non-zero.
. A is non-singular and so A is invertible and A~ = adjf
Cofactors, A,=(-121dI=d, Ap,=-1P8icl=-g¢,

A, =(-1¥1bl==b, Ap=-1'lal=a.

. d -¢] [d -b

ade:[_b a] =[_c ‘azl

A'_l = ﬂdJA = — l - d -b
Al ad-be |-

c a}

|
1Al - .
We find adj A : ,

»

1 -1 2
Example 6. Find the inverse of the matrix {0 2 - 3] .
: 3 -2 4

1 -1 2
Sol, Let A=|0 2 -3}
3 -2 4
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’
1 -1 2

lA1=|0 2 -3|=18-6)+10+9)+20-6)
13 -2 4 _ '
=2+9-12=-120. - ’
i A
A is invertible and A™! = adj .
- Al
Weﬁndad__iA:
" Cofactors,
Ay=G12| 2 "2‘_8—6=2 A=) Y 0+9)=-9
o 2 -1 2 :
A13=(_.1)4 3 -_2':9—6:—6 A21=(—1)3 _9 4 =.—(-*4+4‘):0
1 2 - 1 -1 :
A= 4‘=4_ =-2  Ay=C1P . e (2+3)=-1 .
aymct| 7y B|esmsect an-crp]) 3le-ca-0-3
- 1 -1
—f— 136 — —
Ag=(-1F|, 2|_2.+0_2.
2'-9 -¢] [ 2 0 ~1
adiA=| 0 -2 -1|=|-9 -2 3
-1 3 2 -6 -1 .2
. 2 0 -1 T-2 6 1
A“1=_ad3-A=—1 -9 -2 3|=| 9 2 -3,
AL 71 _g —1 7 6 1 -2

3 1 4 0 .
Example 7. If A= [4 0] ,B= [2 5] , verify that (AB)! = B-1A-1

_ 3 1] 4 0
Sol. We have A=[ 0], B=[2 5].

Inverse of A

A=

adj A

A=l e Pk’ St
-~ A7' exists and eqluals TR

A =(-12101=0,

Ay =(-18111==-1,

’

Ap=(18141=-4

S

A_l_ade_i_I: 0 -1} o w4
T JAl T -4 -4 3171 -34

4 0 .
IBI={2 5l=20‘-0=20¢0

. . adjB
B! exists and equals 1Bl

Now,

o

.

_
Il

Inverse of B




Now cofactors

B, =(-1251=5,

a

B,=(-1®121=-2,

- 12._

Adjoint and Inverse of

By =(1°101=0, By=(-1t41=4 Matrices /
5 -2] T 5 0 '
adiB=|g 4| =|-2 4 NOTES
, adiB 1[50 V4 0
B =B 20 -2 4]=|-110 15 )
Inverse of AB .
3 14l0- 12+2 0+5] [14 5
AB=|"—2|l2 | 5|=[16+0 0+0]=]16 0"
4 0
14 5
; 1AB|= 16 0‘:0—80:—80#0
| . dj (AB)
- (AB)™! exists and equals 2200
- (AB)! exists and equals B
Now’ (AB),, =(-12101=0, (AB),=(~1® 1161 =-16
(AB),; =(-1P 15| =-5, (AB)p, =(-1* | 14 | = 14.
; 0 .-16' - 0 =51
ad_](AB}=[r_5 14}=[_16 14}
adj(AB) 1 0 -5 0 16
1 . - . =
: (ABF = "TART = "8 [—'16 14]‘[115 -7140]
daa [ V4 0 Q[0 174
Also BoA"=|-1/10 1/5)[1-38/4
I A 1
0+0 16+0 0 E
0+1 _i_i 1 i . * -
L5 40 20] [5 a0
(AB)! = B-1AL,
0 I 1] ,
Example 8.IfA=|1 0 1|, thenshow that A®-3A-2I,=0 and hence find A~
1.1 0
0 1 1] 011
Sol. Wehave A=|1 0 1/,1Al=|1 0 1|2-1(«-D+1(H=1+1=220
. 11 1 o] 110 . .
so Al exists
’ _ 0.1 1|10 1 1 21 1
Now © A?=AA=[1 0 1111 0 1l=]|1 2 1|
- 1 10jl110] |T 12
2 1 1[0 1 1][2 3 8
and A?=A% A=(1 2 1((1 0 1||3 2.3
11 2J|1 1..0/|8 3 2]
| 2 3 3 0 11 100 )
A*_3A-21={3 2 3{-3|1 0 1|-2{0 1 O
3 3 2 110 001
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and Statistics 2-0-2 3-3-0 3-3-0 .0 00
=13-3-0 2-0-2 3-3-0|=!0 0 0(=0
3-3-0 3-3-0 2-0-2| (o 0 o

To find inverse,

Since | A | #0 so A™! exists

Now A3-3A-21=0

. AMA-3A-2)=A0=0
= AIAS - 3ATA —2A11 =0

A?-31-2A1=0

=
= 2A7 = A% - 31
(211 1 0 0]
a_d =[l1 2 1|-3(0 1 0O
Al=Z(AZ-3D) =
= 2! )=2 112 |oo1
- -1 1 1] [-v2 v2 o 2]
== 1 -1 1|=| vz -v2 12
211, 1 -1 | v2 w2 -v2

EXERCISE 3.2

R 2
1. For what value of k, the matrix [3 4] has no inverse 7’

2, Find the inverse of the following matrices :

2 5 2 -3 3 2
@) [_3 1] | ! [4 5] 7 (i) [2 1].

2
3. Find the gum of [5 _ 7] and its multiplicative inverse.
. . 3 5p - . ol Aol
4. Findthe inverse of A=|, _,|and verify that AA 1=AA =1,

2 3 1
5. IfA= [5 _ 2] , show that A~ = To A.

6. IfA =[,31 g] and B = [g g] . find (AB).,

7 IfA-l:[‘; _21],}3:[_2 g],ﬁnd(ABrl.

8. Verify that (ABYy! = B1A-!, where :

. 2 -1 4 3
(‘}A=[4 'fa]*B:[-z 1]
. 2 1 - [4 5

9. IfA= [_ i N g] , compute A~! and show that 2A~" = 91 - A
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10.

11,

12.

130

14.

10.

11.

12,

14.

Find the inverse of the following matrices :

13 3 2 -3 3 F 0 0
@1 4 3 (i) |2 2 3 i) 3 4
13 4 13 -2 2 -2 -4
Find the inverse of the following matrices and verify your result :
T4 3 3 2 0 -1 ?i g
(ixf-1 0 -1 ()| 1 0O (iit)
-4 -4 -3 01 3 8 5 1
3 0 2 .
IfFA=|1 5 9|and AB=BA'=1], find B.
6 4 7 _
(1 -1 1
IfA=|2 -1 0|, find A! and show that A~ = A%,
1 00
; -
Q) IfA= [_ 2 - g] , show that A% — 5A — 141 = O and hence find A
.. -8 5
(fiy IfA = [ 9 4] , show that A2 + 4A —42 I = O and hence find A-1.
Answers
3
2
A T11T -51T [ &2 3me]- -
@lanz 2117] -2 1!11] (“”[ 2
[-rs o] 4.'1]4'68 5/68
| o -5 ‘| 88 - 3568
[~47 39/2 : (- 20/6 136
41 -17 ] -v3 23
RS 11 g [
)|~ iy = | — 11 -
! -1 0 4 (i) 5 2 1 -9 ity A g
[ 4 3 -3] [ 3 -1 1 [ 8 -10
(-1 0 -1 i |-16 6 -5 = 14 -.18
i) 4 -4 -3 (i) e _o o (m}s IRt
(-1 8 -10 *+ Jo 01 .
-=| 47 9 -125 13. |0 -1 2
55| 26 -12 15 1 -11
- L[2 8 4 (..}l[ux 5}
Y=15l4 3 a2 8

-1

H
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and Statistics 3.4. SOLUTION OF SYSTEM OF LINEAR EQUATIONS BY
MATRIX METHOD

Fs
NOTES In thls section, we shall use 1nverse of matrices in solving systems of-linear’
equations.
Let us consider the system

apx by +cz=d,
agx + byy +cpz =d,
ax + bay + Cg2 = dg

of thiee linear equations in three variables x, v, z. : .

Thls system can be expressed in the form of matrices as
ax+by+ciz] [d;]
ox +bpy + ez l=|dj |.
[aax + b3y +c32 | | d3

a; & o l|[x] |4,

i = as by ef|y|=ld;
. lay b3 cy|lz] |ds] ‘
" ey b & " ix d,; '
= AX =B, whereA=|ay b ¢ || X=|y[|B=|d;|:
as by ey z ds |
If | Al #0,then A exists. )
. .  Multiplying AX = B by A™!, we get )
: A(AX) = A'B.
= (AAX = AB = IX=A'B = X=AlB

The system'has umque solutmn given by X = A"'B.

Remark 1. | A} = 0is the necessary and sufficient condition for the above system of
linear equatmns to have unigue solution. )

Remark 2. The above method of solving three equatiofis__ in three variables is general
" and is applicable to systems containing n {z 2) linear equations in n variables, .

WORKING RULES
Step I.  Express the given system in the standard form :

ax+by+cz=d,
ax+by+cz=d,

ax + bs}'_ +ez=d,

. a; bf Cr a x d}
WriteA=|dy by c; | X=|y|B=|dy
a; by ¢ L2 d3 '

Find the value of the determinant | A |, : . :

StepIl. If 1Al # 0, then the given system has unique solution. If | A | =0,
then the system has either no solution or infinitely many solutions.

Step IIL In case | A | # 0 evaluate A~~~
Step IV. Find x, y, z by using the equa._éiqn X=AB.
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Example 9. Solve the equations :

x+2y=4,2x + 5y =9.

Sol. The given equations are: Matrices
x+2y=4
2+ 5y =9 NOTES
11 2 _|=x |4 ' }
‘LetAﬂ.[Q 5},)(_[}’],3::[9].
The system is AX = B. :
1 2
| = = — = .
i A 5 5 5-4=1#0
The system has unique solution, X = A™'B.
For A = [2 ﬂ we have AL,=5 A,=-2 Ay,=-2, A,=
an-[ 535 Y
Al adJA iy 5 -2t 8 -2
1AL 1~ -2 1] (=2 1
The solution is X = A-1B. .
Te] [ 5 -2[4]_[20-18]_[2
vl 1-2 19| |=8+9 ] [1
! x=2,y=1. _
Example 10. Solve the equations: 2x+y+z=1,x-2y-2z=153y-5z=9.
Sol. The given :'aquations are : 4
?i 2 t+ry+z=1
x-2y-2=15
Ox + 3y - 52 = 9.
. 2 1 1 x T 1
Let ] A=|1-2 -1{,X=|y|,B=|15].
0 3--5 z 9
The given system is AX'= B.
2 1 1|
Now lAlT=]1 -2 -1
0 3 -5|.
=210+ 3)-1(-5-0)+13-0)=26+5+3=34=0.
The system has unique solution, X = A-1B.
For:A, we have
-2 - 1 -1 1 -2
A11=I 3 —5‘:13’ A12=_‘0*_5|=5’ A= 0 3|='3’
1 {1] 2 1 2 1
A21=_|3 5 28’ Z 0‘ —5|__10‘ A23=_|0 3|=_6’
1§t 2 1 T2 1 .
A31=‘_2 =gl =1, A _‘1 _1]_3' A33_|1 _2I_ 5.
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and Stutistics ' L 13 5 3 13 8 1
adjA=|8 -10 -6|=[ 5 -10 3
1 3 =5 [3 -6 -5
‘NOTES oadjA 1 i3 8 1
A']‘=m*=§z 5 =10 3
3 -6 =
The unigue solution X =A-! Bis;
x] (18 & I 1] ,[18+12+9] [ 34] [ 1
dyl=2l5 =10 3l|l1sl=—:|5-15427|==] 17|=| 05
z{ 4| 3 -6 -5|| 9 3=9-45| 34 |_51| |-15

. x=1,y=05,2=-15.

Example 11. Gaurav purchases 3 pens, 2 bags and 1 instrument box and pays
T 41. From the same shop, Dheeraj purchases 2 pens, 1 bag and 2 instrument boxes and
pays X 29, while Ankur purchases 2 pens, 2 bags and 2 instrument boxes and pays T 44.
Translate the problem into a system of equations. Solve the system of equations by
matrix method and hence find the cost of 1 pen, 1 bag and 1 instrument box.
Sol. Let priceof 1 pen=%x, priceof 1bag=2%y
and ' price of 1 instrument box =% z.
By the given conditions, '
Jx+2y+z=41
2x+y+22=29

Ix + 2y + 22 = 44. ' : - _ -

mea) [ [4 -
Let A=12 1 2,X= ,B: 29(. .. AX =B,
|_2 2 2] z 44
321 -
. 1 2 2 2 21
Now TAl=]2 12 =3|2 2’.—212 2’+1|2}2|
12 2 2

b =3(2-—.4)—2(4—4)'+1(4«—‘2}=-6—0+2=—--4#0.
The system AX = B has unique solution.

1 2 2 2 21
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FOI‘A,' _A”=\2 2’:—2, A12='“_|2 2'=0, A13=|2 2|=2,’
- |2 1 31 3 2
1&21=—|2 2‘:-—2, A22=|2 -2|=4, }X23=—|2 2;:-—2

. . 2.1 N 3 1 . 3 2
' A3'1=‘1.2'=3’ 'A”:_‘z 2’?4’ Aa3-=|2 1*”"'1_

—2 ¢ 2] [-2 -2 3]
adjA=|-2 4 -2i{=| 0 4 -4
' 3 -4 - 2 -2 -1

: . -2 -2 37 .f2 2 =3

A—1=adJA-_=—-1_ 0 4 =4 _—;l 0 -4 4

COTAL =y 4.9 9 1



|

The unique solutions X = A1 B is
o ' 82 + 58 — 132 8
x| {[2 2 -84 |77 | |4 2
yl==| 0 -4 4 ||28]|= 15 - |=|15|= |15
2| 4l-2 92 11laa ~-82+58+44| |20 5
| | 4
i x=2,y=15z2=5 '
Price of one pen, =%2
Price of one bag_*l =15
Price of one instf;ument box =1%5.
! :
H EXERCISE 3.3

Solve the following sys.ems of linear equatwns using matrix method (@. No. 1-6) :

1. Dx+2y=1 Uidbe +Ty=-2 ({ii)3x -2y =6
3x+y=4 F dx+6y=—3 5¢+3y=1

2, (bx+2y=4 | (fi)3x—4y =5 (fil)bx-Ty =2
Tx+3y=5 Il dx+2y=3 Tx—by=3

3. O5x+2y=3 . (ii) 8x +dy = -1 (ii) Bx+dy =5
3x+2y=5 2 + 5y = 4 x-y=~3

4 D2+3y+3z= 5 (@)x+2y-32=6 ijx+y—-z=1
X 2y+z=—4 x+2y-2:=3 3x+y-2z=3
3x-y-2:=3 2x-y+z=12 x—-y—z=-=1

B, {()2x+3y+4z=8 EHlu-2v+w=1 Gillx+y+2=1
Ic+y-—2=-2 2u+v+w=1 -2 +32=2
dx=-y-bz=-9. ut+v—2w=-—2 x-3y+5z=3

8. (.i)3x+_4y+7z=lil'4 G)—x+2y+5z=2 (i) 4x+2y+32=2
2x—y+32=4: 2¢-3y+z=15 x+y+z=1
x+2y— SZ—Oﬁ —x+y+z=-3 3x+y—22=5

7. A salesman has the following record of sales during the past three monthas for three

items A, B and C whlch have the different rates of commission :

Months i -Sale of Units Total Commission
7 A B c (in)

January 90 100 20 800

February- | 130 T 50 40 900

March d 60 100 30 850

Find out the ratesa of commission on items A, B and C, by matrix method.

1 2 -3
8. Find A7), by adj. Iiaethnd where A = [2 3 2_]
: 13 -3 -4
Hence, solve the system of linear equations :
x+2 ~32=—-4" Zx+3y+22=2, and Sxr—3y—4dz=11
9. Solve the follow"ir:g get of simultaneous equations by matrix inverse method :
- 2x+4y-2=9 :
T 3x+y + 2:0=T7
!‘ x+3y-~-3z=4

!
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7 Stasisti ) .
and Stasistics 1 (Dx=16y=-1/5 () x=9/2y==T2
(iliyx = 20/19,y = -27119
2. Hx=2,y=-3 i)x=1,y=—1/2 ’ |
NOTES . D=2,y - =Ly |
(£ii) x = 11/24, y = 1/24 o : . ‘
3. Wx=-1ly=4 ()x=-3,y=2 fiiDx==1,y=2
4, (x=1l,y=2,z=-1 _ {iiy)x=1,y=-5,z=-5 ({ilx=2,y=1,2=2
5 (x=1y=-2,z=3 (ix=0,y=0,z=1 :
({i)x=12,y=0,z=1/2 ' _
6 {a=ly=lLz=1 i x=2,y=-3,z=2
' 1 3
. ‘(iii)x:a,y=§.2=—1 | |
7. ¥2,24,211 8.x=3,y=-2,2=1 9.x=1,y=22=1.

3.5. INVERSE OF A MATRIX BY-ELEMENTARY
OPERATIONS

3.5.1. Elementary Row Operation

There are three types of elementéry row operati'm}s :

(i) The interchange of any two rows.

The interchange of ith and jth rows isan elementary row operatwn to be denoted -
by R, o R,

v i) The multlpheatlon ‘of the elements of.a row by a non-zero number.

If the elements of ith row of 2 matrix are multiplied by non-zero number A, then
this elementary row operation is denoted by R, — AR,.

(iii) The addition of multiple-of the elements of one row to the
corresponding elements of another row. '

If A times the elements of jth row are added to the corresponding elements of
{ the ith row, then this elementary row operation is denoted by R, - R, + ARJ-.
Ilustration :

: v 13 3 4
Let A=lg o 1]
The matrix B obtained by applymg R,>R,+2R,is
3.3 4
B=|is g 9]
The matrix after applying elementary operation R — R,is
: [8 2 1
3 3 4]

' | 6 6 8
and the matrix obtained by applying R, — 2R, is [8 9 1]

3.5.2. Theorem

An elementary row operation on the product of two matrices is equwalent to the
same eiementary row operation on the pre-factor.

Note. Proof of this theorem is beyond the scope of this book. .
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3.5.3. Theorem . «

IfA is dn mvert;ble square matrix such that ‘BA = I, then prove that B is the
inverse of A.

Proof. Let C be the inverse of A.

. AC = CAt . AlsoBA =1

We have B=BI'= B(AC) -(BAC=IC=C. ~B=C.
B is the inve:ise of A.

3.5.4. Method to Fi}ad Inverse of a Square Matrix by Using Elementary
Row Operations

Let A be a non-singular square matrix.
A =1A, where I is the identity matrix of the same order as A.

By Theorem 3. 5 2 an elementary row operation on Aontheleft side of ‘A=1A" |
is equivalent to.the same elementary row operation on the pre-factor (= I) on the right _

side of A =IA. By applymg elementary row operations, the matrix A on the left side is
reduced to I and the same elementary row operations, in the same sequence are applied
on the identity matrix on the right side.

Let I on the nght side be changed to B, when A on the left side is changed to L

We have I = BA.

By Theorem 3. 5.3 ‘B is the required inverse of the matrix A.

Remark. (i) If the matrix A is singular then we cannot reduce A to I by applying
elementary row operatmns

{ii) To find inverse by elementary row Operatmns, first make the matrix an upper
triangular matrix.

! . 1 -2 3
i :
Example 12. Find the inverse of the matrix | 0 —1 4|, using elementary
' ' -2 21
row operations.
1 -2 3]
Sol. Let f A= 0 -1 4[.
—2 2 1
1 -2 3
|l Al=1 0 -1 4|=1-1-8)+2(0+8)+3(0-2)
-2 2 1
=-94+16-6=1=z0;
Al exists. |
Write A=A,
1 ;‘—2 100
0 =1 =t0 1 0! A.
-2 12 1 00 1

To find inverse *ﬁrst we make L. H.S. matrix an upper triangular matrix. Since
the top entry of the ﬁrst column of A is already 1, to make other entries of the Ist
column zero we add sultable multiples of first row

' Self-instructional Material
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Operating:R, — R; + 2R, we get

1 -2 3]
0 -1 4=

0 -2 7
Operating R, — (- 1)R,, we get

1 -2 3]
0 1 -4|=

0 -2 7

Suitable multiples of second row are added to the other rows to make other

elements of second column zero.

100

01 0[A

-201:| I
1 00

0 -10|aA

2 01]

Operating R, = R, + 2R, and R, - R3 + 2R,, we get

'10—5
0 1 —-4|=
0 0 -

Operating Ry — (- 1)R,, we get

10 -5
0 1 -4j=
00 1] |-

Suitable multiples of third row are added to the other rows to make other

elements of third column zero.

-1 0

-2

1 -2

=1
2

1 -2 0]
0 - A
2 -2 .1

0
0lA .
- ¥

Operating R, - R, + 5R, and R, - R, + 4R,, we get

R f1 0 0] [-98 -5
[3
, 0 1 0f=[-8 7 -4]A.
001 [-2 2 -1 .
I=BA, whereB—|:
-9 8 -5
A_1= -8 7 -4 .
-2 2 -1|
T2 1
Example 13. Find the inverse of |3 1
' 1 2
: 2 1 3]
Sol.Let A= 31 2
|1 2 3]
21 3
lAl=|3 1 2
1 2 3
A1 exists.
A=A,

Write

¥

52 ScU*hr.ﬁm(.‘fimml Muterial

_g 8 -
-8 7 -
2 2 -

=23 -4)-19-2)+36-1)=-2-T+15=620.

] using elementary row operations.




S i e e ]
pet L3 DD
DO b :
SRR Y .
1]
=N
=
o o
L

Operating R, & R.E;, we get

1 2 3] {0 0 1
3 1 2(={0 1 0lA
12 1 3[ |1 0 0

Operating R, — R, — 3R, and R, — R, - 2R,, we get

if1t 2 3700 1
flo -5 -7l=lo0 1 -3|A

o -3 -3l {10 -2

Operating R, & Ii,s, we get
. !

if1 2 300 1
([0 -8 -3|=|1 0 -2|A
‘o -5 -7] [0 1 -3

il
1
Operating R, — G— -5) R,, we get

1 2 3 0¢ 1
0 1 1{=t-13 0 213|A

0 -5 -7 0 1 -3
Operating R, ~» R, - 2R, and_R3 - Ry + BR,, we get
10 1 23 0 -13}
00 -2| (-5 1 13

'S

1
Operating R,—>i}- 5} R, we get
1 01 2/3 0 -3
0 1 1|=|-13 0 28|A
001 56 -¥2 -16
Operating R, - R1 - R, and R, - R, - R,, we get

i 100 [-V6 12 —V6
01 0|=|-76 V2 &6|A

0.0 1 56 -12 -16

-6 12 -16
I=BA,whereB=|-76 12 586
56 -12 -16
-1/6 12 -16
Al=|-7/6 12 b6/6].
5/6 -vV2 -16

|

[

1
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Find the inverses of the following matrices by using elementary row operations :
L] : -
2 1 12 . 1 3 12
NOTES N 2[5 7] 3[; 7] N
- (170 0]
2 1] - 45
5.[ } 6.[ ] 7.3 3 0
7 4
3 4 : 5 2 -1,
1 -1 2 2 -1 4 [ 1 2 5] 12 3
8, [0 2 -3 9. -3 01 10.; 2 3 1 11. (0 2 4
. 3 -2 4 -1 12 « -1 1 1 00 5|
2 13
12, 4 -1 0],
' -7 21
Answers
1 -1 7 -2 [ 7 -3} 9 2
1 [—1 2] -2'[~3 1] 81-2 1 Yo 1
- 1 0 0
5 |_5 _21] 3[4‘5] .]-1 13 o
. ) -3 4 3 93 -
-2 0 1 [ -8 7] 2 8-
8. | 92 -3 9. -8 -8 14| 10.--83 6 9
.6 1 -2 913 1 3 5 -8 -
' (1 -1 15 (-4 53
11, [0 ¥ -25| 12.-—-|-4 23 12|
0 0 15 31 1 -11 -8

3.6. ELEMENTARY COLUMN OPERATIONS

An elementary operation involving columns of a matrix is called an elementary
column operation : ‘

There are three types of elementary column operations :

. {I) The interchange of any two columns. _

The interchange of ith and jth columns i§ an elementary column operation to be -
denoted by C; & C,.

(I) The multiplication of the elements of a column by a non-zero number.

If the elements of ith column of a matrix are multiplied by non-zero number A,
then-this elementary column operation is denoted by C; «» AC,.

(111} _The' "‘addition of multiple of the elements of one column to the
corresponding elements of another column. : s

If A times the elements of jth column are added to the corr".esponding elements of
the ith column, then this elementary column operation is denoted by C;, & C, + ACJ..
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Hlustration:

15 6]
Let EA=208
: ; '3 9 18

If B C and D are matrices obtained from A after applying elementary column
operations C, & C,, C f(—) 6C, and C, & G, + (- 3)C, respectively, then we have :

i [1 6 5 [6Ix1 5, 6}[65 6}
1 B=|2 8 0|,c={6x2 0 8|={12 0 8
ﬂ 3 18 9] 6x3 9 18| |18 9 18
: (1 6+(-3)x1 67 r1 3 ¢
and D=|2-8+(-8x2 8|=|2 2 8.
: 3 18+(-3)x3 18] |3 9 18

3.6.1. Theorem |

An elementary column operation on the product of two matrices is equivalent to
the same elementary column operation on the post-matrix.

Note. Proof of thi% theorem is beyond the scope of this book,

3.6.2. Theorem

IfFA is an :nverttble square matrix such that AB = I, then prove that B is. the
inverse of A.

Proof. Let C be ]lthe,inverse of A,
AC = CA;{= I.Also AB=1.
We have B=IB=(CA)B=C(AB)=CI=C -~ B=C
B is the invefrse of A,
1!
3.6.3. Method of Fmdmg Inverse of a Square Matrix by Using

Elementary. iColumn Operations

Let Abe a non-smgular.square matrix.

. ! A=Al
where 1 is the identity: matrix of the same order as A.

‘By. Theorem 3. 6.1 an elementary column operation on A on the left side of
‘A=ATIis equlvalent to the same elementary colamn operation on the post-factor (= I)
on the right side 6f A = Al By applying elementary column Operatmns the matrix A

on the left side is reduc'ed to I and the same elementary column operations in the same
sequence are applied on the identity matrix on the right side..

Let I on the rlght side be changed to B, when A on the left side is changed to I.
We have | = AB,
By Theorem 3. B 2, B is the required inverse of the matrix A.

Remark. (i) If the matrix A is singular then we cannot reduce A to Iby applylng
elementary column operatlons
(if) To find inverse by elementary column operations, Ist we reduce the matrix to lower

| triangular matrix.
%

- i — g
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. . 1 5] .
Example 14. Find the inverse of the matrix A = [ 3 8] by using elementary

column operations.

15
Sol. Av._[S 8]‘
IAI—15-8 15==T#0. . Alexi
. =g g1=8- =—T+0, .. exists, -
Write A=AL

M

We reduce the matrix to lower triangular matrix. First make all the entries of

Ist row 0 except Ist entry.
Apply C; = R, - 5C,
1 0 1 -5
s )4l 73]
C,, we get

1 0~——A1 5/7
3 1 0 —1."7

Now guitable multiple of second column is added to the first column to make the

Operating C, - - —;—

| other element of second row zero. Operating C — C, - 3C,, we get

10}, T -8/7 5117
0 1| 3/7 -1/1

-8/7 577
[=AB, whereB=| 5,7 _y/7
. -8/7 &/7
A_1=. -
3/7 =117
4 3 3
Example 15. Find the inverse of | -1 0 -1| by using elementary column
-4 -4 -3
operotions.
[ 4 3 3]
Sol. Let A=|-1 0 -1|
o -4 -4 -3]
4 3 3
lAl=|=-1 0 -1
: -4 ~4 -3
=4(0-4)-3(3-4)+34-0)=-16+3+12=-1%0
A1 exists.
We have A=Al
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3 3 1
-1 0 -1|=Al0
4 -4 -3 0

0 0
10
01




Operating C, — (;“1 - C,, we get

1 33 10 0] -
-1 0 -1|=A[-1 10
0 -4 -3 00 1,

Operating C, — 02 -3C,,C; > C,=3C,, we get

1 0 0 1 -3 -3
-1 3 2|=A|-1 4 3
0 -4 -3 o 0 1

Operating C, — %}2 - C,, we get

[ 1 0 0] C 1 0 -3]

-1 1 2/=Al-1 1 3

0 -1 -3 [0 -1 1]
Operating C, — Cl +Cy, C;»Cy - 2C-2, we get

(1 0 0] [ 1 0 -3

0 1 0]=A} .0 1 1

-1 -1 -1] -1 -1 3]

Operating C,; — (— 1)C;, we get
r

1,00 1 0 3
041 o0of=A] 0 1 -1
-1 %t1 1] |[-1 -1 -3

Do, rl—

Operating C1 = C+C;, €, - C, + Cy, we get

} 100 4 3 3
‘ ., o 1 0l=Al-1 o0 -
' 0 0 1 -4 -4 -3

| -4 -4 -3
4 3 3
h Al-|=1 0 -1|,
( -4 -4 -3
, EXERCISE 3.5

Find the inverses :of the following matrices by using elementary column operations :

2 1] 12 2 5]

1 J ] 2‘& 7} 3'[1 3]

_ ' 10 0
3 10 4 5

5 7} &[3 J 7.3 3 0
L . 52 -
T2 -1 4 12 6 12 3
-3 01 10.] 2 3 1 1.0 2 4
-1 12 111 0 05

| 4 3 3]
I=IAB’ _whereB:'—l 0 =

I-P-EJJMI

B e
_—

1R B
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' - - -5 9 -2
1 .
e A N S
. - 1 6 0
7 -10 - g .
NOTES 5. . 9 3] 6. [__z ] 7.1-1 ¥3 ¢
- - 3 28 -1/
20 1 1 1 -6 1 1 2 3 -13
g 9 2 -3 —|-5 -8 14 10, —|-3 6 9
6 1 -2 915 1 3 2 5 -3 -
1 -1
11.. [0 -12 2{’5 == 23 12
0 ¢ 1 -11 -6 ‘
3.7. SUMMARY >

. Adjoint of square matrix is defined as the transpose of the matrix obtained by
replacing the elements of the matrix by their respectiyé cofactors. We denote
the adjoint of a square matrix ‘A’ by adj A- — o

o Let A be a square matrix of order n. If there exists a square matrix B'of order n .
such that AB = BA = [, then B is called the inverse of A.

¢ A square matrix ‘A”is called a singular matrix if |A | =0,

¢ A square matrix ‘A’ is called a non-singular matrix if and.only if | A | 2 0.
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- .' 4, BASIC MATHEMATICS
| OF FINANCE

NOTES

4.1. Simple and;bompound Interest _
I 4.2. Important Relations ' I
4.3: ‘Continuous Compounding of Interest _

4.4. Problems of) Effective Rate of 1nterest; Depreciation and Population
4.5. Summary !

Ir

| i | .
4.1. SIMPLE AND COMPOUND INTEREST i

In any money '!transaction there is a lender, who gives money, and a borrower,
who receives money. The amount of loan borrowed is called the Prmclpal The borrower
pays a certain amount for the use of this money. This is.called Interest. Interest is
always calculated ont}the principal borrowed.

The sum of-the principal and the interest is called the Amount.
~ Interest is of two kinds: Simple interest and Compound interest

/]
If the interest is calculated, only, on a certain sum borrowed it is called
simple lnterest ' .

In compound interest, the borrower and the lender fill up a unit of time,
e.g., yearly, half-yearly, quarterly or monthly to settle the previous account. The interest
due at the end of the first unit of time is added to the principal and the amount so
obtairied becomes thé principal for the second unit of time. Similarly, the amount after
! the second unit of tlme becomes the principal for third unit of time and so on. The
interest due at the end of intermediate units of time is not paid to the lender rather it -
gets added to the pr;mc1pal and the amount thus obtained becomes the principal for
the next unit of time. The difference between the final amount obtained at the end of
the last unit of timeland the original pnnc1pal is called the compound interest.

5

4.2. IMPORTANT RELATIONS

I. Since rate of interest is usually given as rate per cent, we write

’ Rate
% =100
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‘third year.

A=P+1
Where _ P = Principal
r = rate% per annum
¢t = time period

_ . A=Amount
II. When interest is compounded annually, .
r t
A= P’:l + *-—]
_ 100
II1. When interest is compounded half-yearly,
: T 2 - %
r/2 r
A=P|1l+ —] =P|1+-—
. " 100 " * 100
IV. When interest is compounded quarterly,
3 /4T [ r T
=Pl1+=| =p|1+-
A=F1+700 " %00,

V. When interest is compounded monthly,
’ 12¢ 12¢
r/12 r
=Pll+ = P[l - ]
A [ 100 J 1200
VL. When interest is r; % for the first year, r, % for second year and r, % for
r r
Pl1+L- i1+ 1+-3 ]
O R [ R
VII. When time is in fraction of years, for example 2— years, then

3
Cor r/3|
= pl1+ r/3
A P[ +100]zx_[1+100]

VIHLI Present worth (P) of T A is given by

IX.CI=A-P

X. When C.1. is compounded annually, the ratio of 8.1 to C.I at the same rate
per cent per annum and for the same penod is given by .

81 _ rt
CI~ t ]
100 [1 + ——-—J -1
100
General formula is
' qtime period \
Amount = Pnnclpal [1 + -;O—tg_




Example 1. Find the interest on ¥ 1460 at 10% from 5% Feb, 2020 to
25 April 2020.

Sol. ' P =% 1460
r=10%
2020 is a leap year ‘
t= (24 + 31 + 25) days = 80 days = 80 year
. : 365
Prt 1460x10x80 -
1= 100= ses00 =32

Example 2. Ram lent T 1200 to Shyam for § years and T 1500 to Mohan for
2 years, received altogether T 900 as tnterest then find the rate per cent per annum. .

Sol. 1=1, 41,
100 100
100(13;:1 +Boty) |
Here [ =T900, P, =71200, ¢, = 5 years, P, = ¥ 1500, ¢, =2 years
1001
r= Pt + Poty
100 x 900 _ 90,000
7= (1200%5) + (1500x 2} 9,000
r=10%

Example 3. Find the annual installments thai wzll dzscharge a debt of ¥ 12900
due in 4 years at 5% per annum simple interest.

Sol. Let each equal annual installments be T x. ,

First installment is paid after one year and hence will remain with the lender
for the remaining 3 years. Similarly, second installment will remain with the lender
for 2 years, third mstallment for 1 year and the final fourth installment remains ¥ x as
such

A=A1.+A2_+A‘.3-&-A‘1 .

A P{IOO + rt)
100

[100+5><3 100 +5x2 100-+5x1 100+5x0]
A=x + + +

100 100 100 100
19900 — x[115+110+105+100]=@x
- L 100 100
_ 12900 x100-
430
x =2 3000
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Example 4. T 1500 is invested at the rate of 10% éimple interest and interest is

" added to the principal after every 5 years. In how many years will it amount to T 25002

Sol. First we will find the simple interest for 5 years

1500x5x10
Si= T 2750
Now Principal after 5 years = 1500 + 750 = ¥ 2250
Final amount = ¥ 2250 .
S:L = 2500 - 2250 = T 250

250100 10
t= 995010 9 °

10
Total time = 5+ ry years

= ﬁyezalr's.—(il-years
9 9

- EXERCISE 4 1

‘A sum of money at simple interest amounts to ? 2240 in 2 years and T 2600 in 5 years,

find the sum.

2. ¥ 7914 is divided into three parts in such a way t.hat the first part at 3% per annuin after
8 years, the second part at 4% per annum after 5 years and third part at 6% per annum
after 2 years give equal amounts. Find each part”’ _

3. Find the annual installments that will discharge a debt of ¥ 5600 due in 5 years at
4% per annum simple interest. .

4. Ravi.invests twe.equal amounis in two books giving 10% and 12% rate of interest
respectively. At the end of year, the interest eamed is T 1850. Find the sum invested in
each book.

8. The difference of interest on a certain sum at 4% per annum for 3 years and at.5% per
annum for 2 years in ¥ 100. Find the sum. .

6. Ram earns T 1320 in 3 years from his investment of T 5000 at a certam rate of simple.
interest and ¥ 4000 at 2% higher. Find the rate of interest.

7. A certain sum of money amounts to ¥ 4720 in 3 years at 6% per annum simple interest.
In how many years will it smpunt- to ¥ 5680 at the same rate of interest?

Answers

1. 32000

2. T 2520 at 3% for 8 years, ¥ 2604 at 4% for 5 years, T 2790 at 6% for 2 years

3. 71000 4. 1 7500 ' 5. T 5000 6. 4% .

7. 7 years '

Example 5. Find the present “worth of ¥ 9261 due in 3 years at 5% per annum
compounded yearly.
» / ‘ t
' : ) 100
> P = A -,
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A=7%9261 ' ’ Basli_c Mathematics

'r = 5% per.annum-and { = 3 years -of Finance
| P 9261 _ 9261 25000 .
| | {1 . _5_]3 9261 NOTES
Too,) 8000

Example 6. The simple interest on a certain sum for 2 years is T 50 and the
compound interest is T 55. Find the rate of interest per annum and the sum.

Sol. The difference between C.I and S.1 for 2 years period is 5 because C.I also
includes interest for the second year on the first year’s interest.
Cl-SI1=%(55-50)=%5

%5 .
First year's 5.1 = 150 =¥ 25

. 2
So, ¥ 5 is the interest on T 25 for 1-year
Pir
1= 100
1001
"= TP
I=25
P=%25
t=1year
! B 100 x5
| "= "95x1

r = 20% per annum _
Now, to find the principal sum we use the 8.I given for 2 years.

1001

ST
[=3%50
r = 20% per annum ) 1
t=2yrs

" 100x50 '
P="o0x2
P=%125

Examﬁle"?. A man borrows ¥ 20,000 and agrees to pay both the interest and the
principal in 4 equal annual installments. If interest is calculated at 5% annually, find'
the annual installments.

Sol. Let the four equal installmenfs be T x.
Present worth of the first installment
x X x 20

- = =—=—3x
- 5 1 21 10
_— 1+ -— =
(1 ' 100) 20 20
Similarly; present worth of the second installment
x (20}? .
- — = — X . s
5 ¥ \21 .

(“1“66)_

3
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but

will

Present worth of third installment

-+ —_
100

Sum of the present worth of all four installments

20 (20)2. (2’0]3. (20)4
= —xt|= x| = | X+ = | x
21" \21 21 21

oy

- (2pe 2 (2] (2]
21 21 21 _
20 8820 + 8400 + 8000
9261 +
[ 9261 ]
_ x(gg}(34481] 689620
= *\21 9261 )" 194481”
689620 _
194481
= 20000 x
* 689620
x = 2 5640 '

Example 8. A man borrows T 1000 and repays the loan by yearly :nstallments of

T 100, the first installment being paid one year after the loan. After how many years

he be out of debt if interest being reckoned throughout at 4 per cent ﬁei‘ .annum.:
Sol. SBuppose i is the.required number of years.
The value of installments are

100 100 100 A -P
1.047(1.04)27 7 (1.04)" (1+ r J“
- 100
100 140
Hence, 1000 = m- + ... Loar
_ 100 1 !
14—+ ————
1 04 1.04 (1.04!
_ 100 1-(1.00)™
T 1.04 1-(1.04)71
Thus, A=1-(1.04)"
: 5
2., 1.04y = 2
i.e {(1.04) 3
_ log5-log3 6990 -.4771
Therefore, ~ Tlogl04 0170
=13.05
Thus by slightly increasing-the last payment the debt would be dlscharged in
13 years.
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- j Basic Mathematics
EXERCISE 4-_2 of Finance
1. A man invests ¥ 2500 and gets interest at 4% per annum during the first year and 5%
during the second year. How much total amount does he get at the end of second year?

2. The compound interest on a sum of money at 4% per annum for 2 years is T 204. What NOTES
would be the simple interest on this sum at the same rate and for the same period?

8. The compound interest on a certain sum of money for 2 years at 10% per annum is ¥ 420.
Find the simple interest on the same sum at the same rate and for the same period.

4. The difference between simple and compound interest at the same rate for T 5000 for
2 yearsis.? 72. Find the ratio of interest.

5. T 5115 is to be divided between Ram and, Shyam who are respectively 18 years and
21 years old. They invest their shares in bonds which give them 20% per annum interest,
compounded yearly Both get equal amount when they attain the age of 25 years, Find
the shares of each.

" 6. Anamount of ¥ 3640 borrowed at 20% per annum, compounded annually, is to be repaid
in'3 equal installments. Find the amount of each installments.
7. Aowes B?33275in 3 years, B owes A ¥ 43923 in 4 years. The rate of interest is 10% per
annum, compounded yearly. They now decide to settle their account by a ready money
payment. How much amount need to be paid and to whom?

8. Asum of money was lent at compound interest for 2 years at 20% per annum compounded
yearly. If the interest is compounded half yearly 2 723 is received more, find the sum.

Answers
1. 72730 2. T 200 3. 7 400 ‘
4, 12% per annum 5. Ram’s share = ¥ 1875, Shyam’s share =¥ 3240 6. ¥ 1728
7. B has to pay A T 5000 - 8.%30,000

4 3 CONTINUOUS COMPOUNDING OF INTEREST

In practlcal mtuatmns, it is observed that as the frequency of compounding
increases, the amount also ‘increases. When the frequency of compounding increases
indefinitely, then the interest is said to be cu_mpounded continuously. In such cases,
.at any instant of time, the investment increases in proportion of its current value.

To illustrate, let us consider that principal = ¥ 100 and rate of interest = 10% p.a.
If the interest is compounded annually, then

*

10
=100{1+—| =
A= ( 100) ¢

If the interest is compounded half-yearly, the‘n

10

=1001+-2—] =7110.25
A o5 ] =% 1102

If the interest is compounded quarterly, then

E 4

A=100{1+-L+| -7 110
. 100 110.38
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and Statistics o

19 12

_ A= ..100[1 + E] = 211053
NOTES 100

Thus we see that the amount increases as we increase the frequency of
compounding.

] Let P be the principal and r% be the rate of interest p.a. If the frequency of
compounding is %, then amount after n years

v .
kn
L i
= P{l + L]
100

Let the interest be compounded contmuously and let A be the amount after

n years.
. kn
[ r ] ){mnkl ™ )
. k- ; r r AlG0
= LimP|1+ =2 =PLm{
A=mEl 100 Fmwe\ " 100k
; 0 ' '
_ Now when & — =, - also — .
. _ ,
1 ” rn
. ' . 100% [100
A=P| Lim [1 TR
| o0k 00k ) -
- ’ - :_{I_' . . . , 1 n ' .
' = Pel00 : _ 17 le[l + ——] = e.]_ :
] . _ oo m '

Thus if the rate of interest is r% p.a. and the interest is compounded continuously
then after n years, the amount of the principal is given by . :

rﬂ-
A = Pel®
Example 9. Let T 5000 be invested at 12% p.a. Find the amount aﬂer 3 years zf
the interest is compounded contmuouely (Take e = 2.71828)

Sol. Here, Principal (P) = ¥ 5000
"Rate (r) = 12%, n = 3.
- Itis a case of continuous compounding.

rn
Amount after 3 years = Pel®®

1. A 12 X3
ie., g A= 5000 (2.71828) 190
or ' A= 5000 (2.71828)0-36 .
or ~ log A = {log 5000 + 0.36 (log'2.71828)] .

| or log A =[3.6990 + 0.36 (0.4343)) = (3.8555)
' A = antilog (3.8555) = 7169
Hence the amount after 3 years is 27169,

66 Self-Instructional Material




Example 10. How long will it take for a principal to be-three times of itself, if

money is worth 10% p.a. compounded continuously?

Sol. Let the principal = P, -, Amount = 3P
Rate of interest (r) = 10% p.a.

Let the time period = n years _

According to the given condition of the problem,

59'?' : n
3P = Pel® . [ A= Peﬁ]—o.]
10n . '
or 3=el00 _ 3ze0ln
. log 3 =loge® " = (0.1)n loge
log 3 . 0.4771.-

" 0Dloge  (0.1)log (2.71828)

04771 0.4771
T (.1)%(0.4343) 0.04343
=10.99 = 11 years (nearly)

Hence, it will take 11 years (nearly) for the principal to be three times.

EXERCISE 4.3

1. IfT5700is invested at 11% p.a., find the amount after 3 years if the interest is compounded
continuously.

2. If¥5000isinvested at 8% p.a., find the amount after 2 years if the interest is compounded

contmuously .

3. How long will it take for a principal to double if money is worth 9% p.a. compounded
continuously?

4. ,H_ow long will it take for a principal to double if money is worth 7% per annum compounded
continuously. Give your answer to nearest years.

Answers _
1. T7929 2. T 5868 3. 8 years :
4. 10 years {Approximately)

4.4. PROBLEMS ON EFFECTIVE RATE OF INTEREST,
' DEPRECIATION AND'POPULATIO_N .

4.4.1. Effective Rate of Interest

When interest is compounded more often than once per year, the given annual
rate.is called the nominal annual rate or nominal rate. The rate of interest actually
earned in one year is called the effective annual rate or the effective rate.

Thus the effective rate of interest is defined as the raté which when compounded

annually, gives the same amount of interest as a nominal rate' compounded-several

times each year.

Basic Mathematics
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Business Mathematics Note 1. If the interest is calculated only at the end of an year, both the effective and
and Statistics nominal rate are equal.

Note 2. Case of continuous compounding:
Let r% be the rate of interest and interest is compounded continuously, then amount of

NOTES

principal after one year = Pel00
. Example 11, Find the effective rate of ;nterest of 1 0% p.a. payable half-vearly. '
Sol. Let the principal =¥ 100

Here time = 1 year = 2 half years, rate = 10%.p.a. = 5% per half'year . .
¢ .
Using the formula, A= P(l +ﬁ) , we have

)
A=1'00x[1’+-i) =100x 22 2L g 441
' 100 20720 4

CL=A-P=z%l _100- z—_ﬂol
7 4

Hence the effective rate.of interest*: 10%%

Example 12. Find the eﬁectwe rateofi mterest 6% p.a. compounded continuously.
Sol. Let the principal be T 100 .

Here rate of interest (r) = 6% ‘
After one year,

8 .
Amount = 10100 = 10¢% - ' [ A= Pe%, here r = 1] |
log A = [log 100 + (0.06) log €]
= {log 100 + (0.06) (log 2.7183)]
=2 +(0.06) (0.4343)] = [2 + 0.0261] = [2 0261]
- A = antilog (2.0261) = T 106.2
Interest after 1 year = ¥ 106.2-%.100=3%6.2
Hence the effective rate of interest = 6.2%

Example 13. Whick is a better mvestment 8% p.a. compounded half-yearly or
7.5% compounded continuously.

~ Sol. Let the principal be 7 100 in both types of investments.
First investment: }
Here rate = 8% p.a. = 4% half-yearly

2
f 4
=100|1+—| = 04)2 = )
A ( + IOOJ 100(.1 04): = T 108.16
Interest on ¥ 100 after 1 year =¥ 108.16 -2 100 =¥ 8.16 -

Effective rate of interest = 8.16% half-yearly.
Second investment:.
Here rate = 7.5% p.a. compounded continuously

_ A ‘ . ru '
After one year, A = 100e100 [ A= Perﬁ"‘?_, here n = 1]
= 1000075 ’ : : .
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log A = [log 100 + (0:075) log (2.7183)]
= [2 + (0.075) (0.4343)] = [2 + 0.326] = [2.0326]
A = antilog (2.0326) = 107.7
Interest on T 100 after 1 year =% 107:7 -2 100 = 2 7.7
o Effective rate of interest = 7.7%
Hence the first investment is better.

4.4.2. Problems on Depreciation

It is generally observed that the value of all articles decreases with the passage

of time. This decrease in value is called depreclatlon The depreciated value can be:
calculated by using the formula.

¢
A:p@_:;]
100

where A is the depreciated value; P, the present value and  the rate of depreciation.

- Example 14. The value of a machinery depreciates by 5% annually. If its present
value is ¥ 210000, find its value after 4 years.

Sol. Let A be the depreciated value of the machinery after 4 years.
Present, value of machinery, P = ¥ 210000
Rate of depreciation = 5%, t = 4 years

4
Using the formula, A = P(l - %) , we have

5
5 95

= 210000/ 1~ —{ =2100 = 95

A 0[ 100) 0 OOX( 00] 210000 (0.95)

Taking log on both sides, we have
log A = log 210000 + 4 log 0.95
= 5.3222 + 41.9777)
= 5.3222 + 4(- 1 + 0.9777)
=95.3222 -4 + 3. 9108 = 5.2330
A = antilog (5.2330) = 171000
Hence the value of machinery after 4 years is ¥ 17 1000.

- | | . .
Example 15. A property decreases in value every year at the rate of 6 —% of its
value at the beginning of the year: If its value at the end of 3 years was ¥ 21093.95, find
its value'at the beginning of the first year.
Sol. Let A = value at the end of 3 years = ¥ 21093.95
' P = value at the beginning of the first year

2
r= 64%-;5% t = 3 years

f
Usmg the formula, A= P[l - ﬁ] , we have
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21093.95 = P|1- 4| = P[l- 25 J - p(ﬁ) /
X 100 400 16 _ .
NOTES _ 21093.95x16x16x16 _ .
b= 15x15x15 = 25600.24

Hence the value of p;'operty at the beginning of the first year was ¥ 25600.24. :

Example 16. A machine depreciates at the rate of 10% of its value at the beginning '
of an year. The machine was purchased for ¥ 10000 and the scrop value realized when
sold was T 3855. Find how many years the machine was used. for? -

Sol. Let P = value at the beginning of the first year = ¥ 10000
A = value at the end of £ years = T 38565
Rate of depreciation = 10%

¢ .
Usmg the formula A= P(l - ﬁ] , we have

"8855 = 10000(1 —1—%) = 3855 = 10000(0.9)

Taking logarithms on both sides, we have
log 3855 = log 10000 + ¢ log 0.9

9 .
1 flog — - .
ie., 3.586 = 4,00 + £ log 10 I
or 3.586 — 4 = t(log 9 — log 10) ‘ ';
or —0.414 = 0.9542 - 1)
or | ) ~0.414 = ¢ x (- 0.0458)
0.414

= 0.0458 = 9.04 years (Approxlmately)

4.4.3. Problems on Population

The formula for finding the increase in population is also the same as that.of
compound interest. If r is the rate of increase per 100, then population after ¢ years is
given by

!
P14+
As [J'wo)

Note 1. If the increase is r per 1000, then

4
[ )

Note 2. If the rate of increase is different for different years viz., ry, 75, rg, oot r_ then
population after £ years is given by

A= (1+—}”1—J(1+—’”2—J+.....4[1+LJ
100 100 100

v
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Example 17. The population of a town is 1 20000. Ifit mcreases by 5% annually,
what will be the population of the town after 5 years?

Sol. Let A be the population after 5 years.
Here present population, P =:140000, r = 5% annually, t = 5 years

A= 140000[1 + —5—]5' 140000 (1.05)5
100 y
Taking log on-both’ éides, we have
log A = log 140000 + 5 log 1.05 = 5.1461 + 5(0.0212)
= 5.1461 + 0.1060 = 5.2521
or A= ant:log (5.2521) = 178600 ;
" ‘Hence populatlon of towh after 5 years will be 178600

Example 18. If the population of a town decreases 6.25% annually and the present
population is 20, 480,000; find its population after three years.

Sol. Let A be'the population after 3 years.

Here present population = 20,480,000

Decrease ='6.25% = 100 2
oo 95 V¥ 1y
A= 204800001 - = 20'480000(1 ——]
4x100 16
= 20480000 x 15 15 E = 16875000,
16 16 16

Example 19. The bacteria in a culture increase by 5% in the first hour, decrease
by 5% in the second hour and again increase by 5% in the third hour. If the count of the
bacteria at the end of the third hour is 8.379 x 10%, find the original count of bacteria in
the sample. -

Sol. Let P = original count of bacteria in the sample
A = count of bacteria at the end of 3rd hour = 8.379 x 108

Now, A= P(l-}- ][1+ 2 )(1+i-]
. 100 100 100

5 5\ 5
. oo P14+ |[1-2 |14
8379 10 ( +100][ ,100“.“100)

v ry=58%r,=~5%,r;=5%]

' 21\ (19Y( 21
379 x 108= P 24
" > [20][20)(20]
: ' po 8:879x10°x20x20x20 _ 8379 x10° x 8000
! h 21x19x 21 ' 8379

=105 x 8000 = 8 x 108
Hence, the originial count of bacteria in the sé.mple is 8 x 108

v
W
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'EXERCISE 4.4

Find the effectlve rate of interest correspondmg to the nominal rate of 10% per annum,

- if it is converted to
- (i) half-yearly

‘(i) quaiterly

(i)Find the effective raté equivalent to the nominal rate of 4%% per year compounded -

quarterly.

(ii} Find the effective rate of interest of 10% p.a. compounded monthly.

(i) Find the effective rate of interest of 9% p.a. compounded continuously.

fii} Find the effective rate of interest of 7.5% p-a. compounded continuously.

Which is a better investment, 12% compounded quarterly or 12 2% compounded

“continuously.

A machine is depreciated in such a way that the value of the machine at the end of any -

year is 90% of its value at the beginning of the year. The cost of the machine was 7 12000
and its was sold eventually as waste metal for T 200. Find the number of years during
which the machine was in use. .

The population of a village is 5000. Find the population at the end of 3 years if the
population increases every year by 10% of what it is at the beginning of the year.

The population of a developing country inéreases every year by 2.3% of the population at

the beginning of that year. In what time will the population double itself?

o 23Y _
Hint: 2P=P|1+ ——| = n =31 years
100

If the annual growth rate of a population is 50 per thousand and the present population
is 600 millions, what will be the population in 25 years time?

A car factory increased its produaction of cars from 80000 in’ 2000 to 92610 in 2003. Find
the annual rate of growth of production of cars.

Answers
2. (i) 4.58
4, 2nd
7. 81 years

(i) 10.25%

(i) 9.4%

39 years (approx)
2033 millions

(i) 10.38%

(i) 7.7%
6. 6655
9. 5%

(if) 10.47%

4.5.

SUMMARY

72 Self-Instructional Materiat

If the interest is calculated only, on a certain sum borrowed it is called simple
interest.

In practical situations, it.is observed that as the frequency of compoundmg
increases, the amount also increases. When the frequency of compounding
increases indefinitely, then the interest is said to be compounded
continuously.

When interest is compounded more often than ence per year, the given annual-

rate is called the-nominal annual rateé or nominal rate. The rate of interest
actually earned’ in one year is called the effective annual rate or the effective
rate. _ -

It is generally obsetved that the value of all articles decreases with the passage
of time. This decrease in value is called depreciation. "
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5.1. TYPES OF MEASURES OF CENTRAL TENDENCY
(Averages)

I. Arithmetic Mean (A M)  Il. Geomeiric Mean (G.M. }
I111. Harmonic Mean (H.M.) IV. Median
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*| the values of the variable by the total number of items and is generally denoted by *.

Xyt Xyt tx (=1 . x
AM =217 72 2oz or more briefly as —
n n n
. — ix
| Le., X=—
n -
where x|, x,, ...... , X, are the values of the variable, under consideration.

L. ARITHMETIC MEAN(A.M:) ..

5.2. DEFINITION OF ARITHMETIC MEAN

This is the most popular and widély used measure of central tendency. The popularity
of this average can be judged from the fact that it is generally referred to as ‘mean’.
The arithmetic mean of a statistical data is defined as the quotient of the sum of all

(a) For an individual series, the A.M. is given by

(b) For'a frequency distribution,

fixy + faxp . +fa%, o1 & e Ifx
AM. = = = =—
H4f+ . + £,

ie., . X=
where f; is the frequency of x; (1 £i £ n). For simplicity, Zf, Le, the total number of |
items is denoted by N.

When the values of thé variable are given. in the form of classes, then their
respective mid-points are taken as the values of the variable (x). :

WORKING RULES TO FIND AM.

Rule .  In caseof an individual series, first find the sum of all the items. In the
second step, divide this sum by n, total number of items. This gives the
value of x.

Rule IL. In case of a frequency distribution, find the products (fx) of frequencies
and value of items. In the second step, find the sum (Tfx) of these
products. Divide this sum by the sum (N) of all frequencies. This gives
the value of x.

Rule IIL. If the values of the variable are given in the form of classes, then their
respective mid-points are taken as the values of the variable.

Example 1. Find the A.M. of the following data :

Roll No. 1. 2 3 4 5 6 7 8
Marks in Maths | 12 8 & 8 7 8 7 14

Solution. Let the variable ‘marks in maths’ be denoted by x.

) E_Sumofvaluesofx_ 12-1-8+6+9+'i'+8+":'+14=_'i’_1_8875 X
" 77 Number of items ) 5 =8.875 marks.




e —_ ——— —_— e =T e T

Example 2. The averdge weight of a group of 24 boys was calculated to be 78.4 kg.
It was later discovered that one weight was misread as 69 kg instead of 96 kg. Calculate
the correct average (Average used is A.M.).

Solution. No. of items =25

|
L
Incorrect average =784 kg
' ‘Incorrect item =69 kg
Correct item =96 kg
Let the variable ‘weight’ be denoted by x’
_ Xx
Now x=—
- n
Ine tT= incorrect Zx
ncorrec —2 5
incorrect Zx
7?.4 = oF )
Incorrect Zx = 78.4 x 25 = 1960 kg

The correct ¥ is obtained by using correct Zx in the formula.
j Correct Zx = incorrect Xx — incorrect item + correct item
! . = 1960 — 69 + 96 = 1987 kg

correct Zx 1987
25 =55 = 79.48 kg.

Example 3. Calculate A.M. for the following data :

Correct ¥ =

Income (in U~ 500 520 550 600 800 1000
No. of employees 4 10 6 5 3 2
‘Solution. Calculation of A.M.
S. No. Income (in T) No. ofempioyees fx
x ) f
1 500 T4 © 2000
2 520 10 5200
3 550 (] 3300
4 600 5 3000
5 800 3 2400
6 1000 2 2000
N = 30 £fx = 17900
- Zfx 17900
N x=——=—— =7 596.67.
ow. N 30 96 67
Example 4. Calculate the A.M. for the following data :
Marks 0-10 | 10-30 | 3040 | 40-50 | 50-80 | 80-100
No. of students 5 7 15 8 2 2

Measures of

Central Tendency 4
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,different values of & = al

'Solut'iolla. Calculation of A.M.
Marks l No. of students M id-points of classes
f X fx
0-10 5 5 25
10-30 7 20 140
30-40 15 35 525
40-50 8 45 360
50--80 3 65 _ 195
80-100 ‘ 2 90 © 180
N = 40 Th = 1425
X= % = —1:§5 = 35.625 mgrks.
5.2.1 Step Deviation Method -

When.the values of the variable (x) and their frequencies (f) are large, the calenlation

.of A M. may become quite tedious. The calculation work can be reduced considerably

by taking step deviations of the values of the variable. .

Let A be any number, called assumed mean, then d = x — A are called the
deviations of the values of x, from A.

If the values of x are x,, xj ...... ,%,, then the values of dev%ations are

dy=x,-Ady=xy-A, ... ,d,=x —A Wedefineu = f;—A , where & is some suitable

common factor in the deviations qf_yalues of x from A. The definition of ‘u’ is meaningful,
because at least & = 1 is a common factor for all the values of the “deviations. The

are called-the step deviations of the corresponding

A
. - ) : s 1 —A x—A
values of x. In this case, the values of the step deviations are u, = L u, PR
- A
...... U, = x"h . .
- A
For  1<is<n, u-= x‘h ie, x5 A+uh
g-Lsre = LspAvum= L3fA+ Lofuh
N fAad] N A i - N i N ]
Ei 1 1 n .
= A, £.+ﬁ(2f}u,-}h=A+—Z%-‘-h . ("~ Zf.=N) .
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Ffu
In brief, the above formula is writtenas x = A + (FJ h.

Zu
In case of individual series, this formula takes-the form X = A + (*;*J h,

» In dealing with practical problems, it is advisable to first take deviations.(d) of

the values of the variable (x) from some suitable number (A). Then we see, if there is

any common.factor, greater than one in the values of the deviations. If there is a

d x-A
common factor (> 1), then we calculate u = Z =X A in the next column. In case,
i : . d
there is no common factor other than one, then we take 2 ='1 and « becomes 1= d
=x — A In this case, the formulae reduces as given below :
T XA+ (For Individual Series)
1
— xfd s .
X =A+ N~ (For Frequency Distribution)

where d = x ~ A and A is any constant ; to be chosen suitably.

WORKING RULES TO FIND A.M.

Rulel. In case of an indibidual série:s; choose a number A. Find deviations
d(=x - A) of items from A. Find the sum ‘Zd’ of the deviations. Divide
this sum by n, the total number of items. This quotient is added to A to
get the value of %. .

If some common factor-h (> 1) is available in the values'of d, then we
calculate ‘u’ by dividing the values of d by h and find ¥ by using the

formula :
I=A+ (EJ h.
n

Rule Il. In case of a frequency distribution, choose a number A. Find
' deviations d{= x — A) of items from A. Find the products fd of f and d.
Find the sum ‘Tfd’ of these products. Divide this sum by N, the total
number of items. This quotient is added to A to get the value of %.
If some common factor h{> 1) is available in the values of d, then we
calculate ‘v’ dividing d by h and find X by using the formula :
: f:A+(‘LﬁJh.
AN
Rule HI. If the values of the variable are given in the form:of classes, then their
respective mid-points are taken as the values of the variable.
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- Example 5. Find the A.M. for the following individual series :

12.36, 14.36,  16.36, 18.36, 20.36, 24.36.
Solution. Calculation of A.M.
Variable d=x-A w=dh
x A=1636 h=2
12.36 -4 -2
14.36 -2 -1 .
16.36 0 0
18.36 2 1
20.36 4 )
24.36 8 4
ﬁ'.u =4

Now

F=A+ (z—“J h=16.36+ [%] 2 = 16.36% 1.33 ='17.69.

n

' Example 8. Find the AM. for the following distribution :

T8 Self-Instructional Material.

Marks No. of students Marks No. of students
Abotie 0 80- Above 60 28
Above 10 77 Above 70 16
Abouve 20 72 Above 80 10"
Above 30 65 Above 80 8
Above 4 55 Above 100 0
Above 50 43 -
Solution.- Calculation of A.M.
Marks Mid-points . No. of d=x-A ‘u=dh
' x students A=55 h=10" fu
. f
0—10 5 3 - 50 w5 -15
© 10—20 15 5 - 40 -4 - 20
20—30 25 7 ~ 30 -3 ~21
30—40 35 10 -20 =2 - 20
40—50 45 12 =10 -1 —12
50—60 55 15 0 0 0
60—70 65 12 10 1 12
70—80 75 6 20 2 12
-80—90 85 2 30 3 6
90—100 95 8 40 - 4 32
N =80 Sfu =—26
Now E=A+ (%‘i] h=55+ (‘S—iﬁ) 10 = 55 — 3.25 = 51.75 marks.




5.2.2 A.M. of Combined Group Measures of

Central Tendency
Theorem. If X, and X, are the AM. of two groups having n, and n,’items,

then the A.M. (X) of the combined group is given by NOTES

Proof. Let x,, x,, ...... , Xn, and ¥y, Yo, e ) ¥n, D€ the items in the two groups

respectively.

_ sum of items in both groups

| ) iyt Ry

[ X+ Xy Feennns Ty Y Yo bt Yy Ry %
l Ry +n, D
|

|

|

|

| Now X

This formula can also be extended to more than two groups.

- Example 7. The mean wage of 1000 workers in a factory running two shifts of
700 and 300 workers is T 500. The mean wage of 700 workers, working in the day shift,
| is % 450. Find the mean wage of workers, working in the night shift.

Solution. No. of workers in the day shift (r,) = 700
‘No. of workers in the night shift (r,) = 300
Mean wage of workers in the day shift (¥;) =3%450

Mean wage of all workers (%) =T 500

Let mean wage of workers in the night shift =¥,

Now 5o Xy + e,
ny+ny
700 (450) + 300 (X,) _
0= 700 + 300 or 500000 ="315000 .+ 300x,
300%, = 185000 '
X, = 183500(?0 = 616.67. i
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5.3. WEIGHTED A.M. |

If all the values of the variable are not of equal importance, or in other words, these
are of varying significance, then we calculate weighted A.M.

. — Yix
L =Xy, =
Weighted A M W=
where w,, w,, ...... ,w, are the weights of the values Xy Xy vennn , X, of the variable, under.

consideration.

Example 8. An examination was held to decide the awdrcj of a scholarship. The

| weights given to different subjects were different. The marks were as follows :

-Subjects Weight Marks of ‘ Marks of Marks of

. A B : C
Statistics 4 63 60 65
Accountancy 3 65 64 ‘ . 70
Economics 2 58 56 63 ‘
-Mercantile Law I 70 - .80 52

The candidate getting the highest marks is to be awarded 'Ehe‘scholarshlip. Who
should get it ?

Solution. Calculation of weighted A.M.
Sub}ect Weight | Marks of ‘ Marks (;f ' zi—farf;s of
w A wx, B wx, C wx,
x, t Xy . Xy ) .
Statistics 4 63 2562 60 240 65 260
Accountancy -3 65 195 64 192 70 210
Economics 2 58 | 116 56 112 63 126
Mercantile Law 1 70 70 80 - 80 52 52
Zw =10 Zwx,; Zwx, . Twxy
=633 = 624 = 648
_ | Swr, 633
Weighted A M. of A= o - 10 = 63.3
Twx, 624
i M. =—==——=624
Weighted A.M. of B > 10 62
Zwxq 648
i M. = —— =64.8
Weighted A.M. of _ w 10
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5.3.1 Merits of A.M. .

. It is the simplest average to undetstand.
. It is easy to'cc;mpute‘ '

. It 1s well-defined.

It is'based on all the items.

NOTES

. It is capable of further a}gebra{c treatment.
. It has sampling stability.

=1 S On o WO B =

It is specially used in finding the average speed, when time taken at different
speeds are varying, or are equal,

5.3.2 Demerits of A.M.
1. It may not be present in the given series itself. For example, the A M. of 4, 5,

4+5+6+6

" = 5.25, which is not present in the series. So, sometimes it becomes

6, 6is
théoretical.
2. It cannot be calculated for.qualitative data.

| 3.1t may be badly affected by the extreme item.

EXERCISE 5.1

1. Find the A.M. of the series 4, 6, 8, 10, 12.
The mean marks of 100 students was found to be 40. Later en, it was discovered that a
score of 53 was misread as 83. Find the correct mean.

3. The AM. of 25 items is found to be 78.4. If at the time of calculation, two items were
wrongly taken as 96 and 43 instead of 69 and 34, find the value of the correct mean:

4. The marks obtained by 5 students are 11, 17, 9, 18, 22. Later on, 3 grace marks were
awarded to each student. Find the mean marks of the increased marks of the students.

5. Find the arithmetic mean-for the following data :

x 6 7 8 9 10
f 7 10 12 6 5

6. The postal expenses on the letters despatched from an office on a given day resulted in
the following frequency.distribution :

Postage (in paise) 15 30 35 60 70
No. of letters 47 33 | 56 41 | 25

Find the mean postage per letter. Convert the postal charges'in rupees and then calcu-
late the mean postage per letter.

7. Find the A.M. for the following frequency distribution :

Marks obtained | 01 7—14 14—21 21—28

No. of Studerits 19 25 36 79 "
 Marks obtained | 28—35 35—42 " 4249

No. of .Stitde_rlts 51 43 . - 28
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Business Mathematics - 8. Calculate the arithmetic mean for the following data :

and Statistics -
Wages (in %) No. of persons Wages (in T Neo. of workers
Less than 10 =30 40 and above 332
NOTES ' Less than 20 70 50 and above 308
20—30 50 ' 60—70 132
20—40 98 70 and above 14

9. From the following information, find out :

(i) Which of the factor pays larger amount as daily wages.
(i) What is the average daily wage of the workers of two factones taken together

' Factory A : Factory B
No. of wage earners 250 200
Average daily wages 720 T25

10. The mean wage of 100 workers in a factory running iwo shifts of 60 and 40 workers is
1 38. The mean wage of 60 workers working in the day shift is ¥ 40. Find the mean wage
of workers, working in the night shift.

11. The mean weight of 15 students is 110 Ibs. The mean weight of § of them is 100 1bs and .
of another 5 iz 125 lbs. What is the mean weight of the remaining students ?

12. Fifty students took up a test. The result of those who passed the test is given below ;
' |

Marks 4 5 6 - 8 9
No. of students - 8 10 9 6 4 3

If the average of all the 50 students was 5.16 marks, find the average of those who
failed. _
18. The average weight of 150 students in a class is 80 kg. The average weight of boys in the
“class is 85 kg and that of girls is 70 kg. Tell the number of boys and girls in the class
separately.

14. From the following results of two colleges A and B, find out which of the two is better.

College A College B
Examination :
Appeared Passed Appeared Passed
B.Se. 100 T 90 240 200
M. Com. 60 45 200 - 160
B. Com, 120 75 160 60
BA. 200 - 150 200 , 140
Total 480 . 360 800 . 560
Answers
1. 8 2. 39.7 marks 3. 76.96 4. 18 marks
5. 7.8 6. Paise 38.94, 7 0.39 - 7. 26.4927 marks 8. ¥ 46.60
9. (i) Both factories are paying equal ameunt (in 2%.22 -10.7 35
11. 105 ibs 12. 2.1 marks . 13, Boys = 100, Girls = 50

14.  College A is better.

82  Self-Instructional Material



'H. GEOMETRIC MEAN (G.M.)

5.4. DEFINITION OF GEOMETRIC MEAN

The geometric mean of a statistical data is defined as the nth root of the product of
all the n values of the variable.

For an individual series, the G.M, is given by
GM. =(x; x5 ...... x )Vn

where x,, Xy, ......, X, are the values of the variable, under consideration. From the
definition of G.M. we see that it involves the nth root of a product, which is not possible
to evaluate by using simple arithmetical tools. To solve this problem, we take the help
of logarithms. :

We have G.M. = (XX, «ovene x )iz

= Antilog [log (x,x, ...... x,)U*] = Antilog [}i log (%25 .....x, )]
n
= Antilog [ (logx, +logxy +.... +log x, )]

G.M. = Antilog [M)

n
" For a frequency distribution,
GM. = (x,7 x,™ ...... x5 )N
where f; is the frequency of x; (1 £i < n).
Proceeding on the same lines, we get

G.M. = Antilog (Ef_;'ﬁ_’;‘_J

| When the values of the variable are given in the form of classes, the mid-points
are taken as the values of the variable (x).

WORKING RULES TO FIND G.M.

Rule . In case of an individual series, first find the sum of logarithms of all
| the items. In the second step, divide this sum by n, the total number of
items. Next, take the ‘dntilogarithm’ of this quotient. This gives the value
of the G.M. '

Rule II. Incase of a frequency distribution, find the product (f log x) of frequencies
and logarithm of value of 'items. In the second step, find the sum
(£ f log x) of these products. Divide this sum by the sum (N) of all the
frequencies, Next, take the ant:loganthm of this quotient. This gives
| the value of the G.M.

Rule 1L If the values of the variables are given in the form of classes, then their
' respective mid-points are taken as the values of the variable. '

Measures of
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“Business Mathematics Example 9. Calculate the G.M. for the foitowmg individual series 85, 70, 15, 75,
and Statistics 500, 8 45, 250, 40, 36.
Solution. _ Calculation of G.M.
NOTES : ' S. No. x . log x '
1 85 1.9294
2 70 I 1.8451
3 15 ' 1.1761
4 75 1.8751 _
5 500 2.6990 .
6 8 0.9031 |
7 45 1.6532
8 250 . 2.3979
y 9 40 _ 1.6021
10 36 1:5563
n=10 Zlogx =17.6373
L v ; Y
GM. = Antilog (-z l°g‘x) - Antilog (——17'6373J
n _ 10
= Antilog (1. 76373) = ¥ 58.03.
Example 10. Find the G.M. for thé data given below ;
Yield of wheat 75105 10.5—13.5 13.5—165 | 16.5—19.5
(in quintals) . : .
No. of farms | 5 9 19 23
, Yield of wheat 19.5—22.5 22:5—25.5 ') 255285
{in quintals) . .
No. of farms .‘ 7 4 1
Solution. Calculation of G.M.
Class Mid-point x ) f log x : flogx
7.5-10.5 9 . 5 0.9542 . 47710
10.5—13.5 12 9 1.0792 9.7128
18.5—16.5 15 19 1.1761 22.3459
, 16.5—19.5 18 , 23 1.2553 28.8719
©19.5—22.5 21 7 1.3222 9.2554
y 22.5—25.5 24 T4 1.3802 - 5.5208
: 25.5—28.5 27 1 1.4314 1.4314
N =68 | . Zflegx
= 81,9092
Now: G = Agitilog (E_flog_x) Antilo (819092)
N 68 -
. = Antilog (1.2045) = 16.02 quintals.

84 Self-tustructional Material




5.4.1 G.M. of Combined Gr’oup

Theorem. If G, and G, are the GMs of two groups having n; and n, items, then.

the G.M. (GR) of the combined group is given by

G = Antilog [nl log Gl + n2 lﬂg Gz).
n; +ny
Proof. Let x,, x,, ...... » Xy and y,, ¥y, «onr , ¥n, be the items in'the two groups
respectively.

bl

G, = Antuog( 2 log x]
ny

Zlog x

log G, = "
n, legG =ZXlogx

Snmllarly, n,log G, =Zlogy

| Now G =-Antilog sum of llegant‘hms of all items_
' no. of items in both groups

= Antilog [E logx+Z leg yj

G= Antilog [nl log Gl + nz’log Gz ]

n, +ng
. This formula can also be extended to more than two groups.

Example 11. The G.M. of wages-of 200 workers working in a factory is T 700.
- The G.M. of wages of 300 workers, working in another factory is ¥ 1000. Find the G.M.
of wages of all the workers taken together.

Solution. No. of workers in I factory (n,} =200
No. of workers in II factm'y’(néj ' = 300
G.M. of wages of workers of I factory (G;) =3 700
~ G.M. of wages of workers of 1I factory (G,) = ¥ 1000
Let G be the G.M, of wages of all the workers taken together.

G = Antilog | 1108 G1 + 15 log Gy | = Antilog | 20010g700 + 300 1og 1000
Syt . 200°+ 300

i

500 500

= Antilog [200 (2.8451) + 300 (3. 0000}) = Antilog [569.0200+ 900)
= Antilog (2.9380) =¥ 867.

5.5. AVERAGING OF PERCENTAGES

Geometnc mean is spetially used to find the average rate of increase or decrease in
| sale, production, population etc. :
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I"f‘V0 and V, are the values of a variable at the beginning of the first and at the ;
end of the nth period, then |

V,_ =V, (1 +r)" where ris the average rate of growth per unit.

Example 12. A gave T 10,000 to B on the terms that after expiry of 5 years, B
will return him ¥ 12,294. What is the rate of interest ? |

Solution. Here V;=10,000 and V,=12,294.
Let r be the average rate of interest per rupee.
o Vo=V, (1+r)®

or . 12,294 = 10,000 (1 + r)°

12,294
= - =1, 4
or 1+r 10,000 229

' 5log (1 +r) = log 1.2294-= 0.1120
log (1 +r) = 0.0224
1 + r = Antilog 0.0224 = 1.053
r=1.0563-1=0.053
Average percentage rate of interest = 0.053 x 100 = 5,3%.

Example 13. The annual rate of growth of output of a factory in 5 yedrs are 5.0,
7.5, 2.5, 5.0 and 10.0 percent respectwely What is compound rate of growth per annum
for the period ?

Solution.
Year Rate of growth | Production at the end of the year, logx
* taking 100 in the beginning
I 10% 105 20212
I 7.5% 107.5 2.0314
11 2.5% 102.5 2.0107
v 5% . - 105 2.0212
v 10% 119 2.0414
Zlogx= 10.1259
101259
G.M. = antilog [ log x) Antilo ( )
n 5
: = Antilog 2.02518 = 105.9
Average rate of growth = 105.9 — 100 = 5.9%. .

5.6. WEIGHTED G.M.

If all the values of the variable are not of equal importance, or in other words; these
are of varying significance, then we calculate weighted G.M. -

Weighted GM = Antilog (.E.,w;;g x.}

where w,, Wy, ...... ,w, are the weights of the values x,, x,, ...... , %, of the variable, under
consideration.

86  Self-instructional Material



Example 14. The weighted G.M."of four numbers 8, 25, 17 and 30 is 15.3. If the
weights of the first thrée numbers are 5, 3 and 4 respectively, find the weight of the
fourth niember. .

Solution. Let K be the weight of the fourth number.

x w log x wlog x
o] 5 0.9031 4.5155
25 3 1.3979 41937
17 4 1.2304 4.9216
30 K 1.4771 14771 K
Tw=12+K T Zwlogx
=13.6308 + 14771 K
Now weighted G.M. = Antilog (Ew—ltngx]
' Zw
. 13.6308 + 14771 K
15.3 —Antllog[ TN ]
(12 + K) log 15.3 = 13.6308 + 1.4771 K
. (1.1847)(12 + K) = 13.6308 + 1.4771 K
or 14.2164 + 1.1847K = 13.6308 + 1.4771 K
or 14.2164 ~ 13.6308 = (1.4771 - 1.1847) K
0.5856
or = 02924 - 2.0027 = 2 (Approx.).

5.6.1 Merits of GM.

1. It is well defined..
2. It is based on all the items.

17

3. It is capable of further algebraic treatment.

4. Tt is used to find the average rate of increase or decrease in the variables like
sale, production, population etc.

5. It is specially used in the construction of index numbers.

6. It is used when larger weights are to be given to smaller items and smaller
weights to larger items.

7. It has sampling stability.

5.6.2 Demerits of GM.

1. 1t is not simple to understand.
2. 1t is not easy to compute.
3. It may become imaginary in the presence of negative items.

4. If any one item is zero, then its value would be zero, irrespective of magnitude
of other items,
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EXERCISE 5.2

1. () Find the G.M. of the following individual series :
15, 1.5, 1500, 0.0015.
(ii} Find the G.M. of the following series :
10, 110, 120, - 50, 52, 80, ‘37, 60.
2. Find the G.M. for the following data relating to the profit of 30 firms :

Profit (000 T) 25 2_6 27 28 29 -30
No. of firms 4 7 12 2 4 ' 1

8. Find the G.M. for the following frequency distribution:

Marks ' 0—10 | 10—20 | 20—30 | 30—40 |- 40—50 -
No. of students 4 8 10 6 1

4. Find G.M. from the following :
Marks obtained (below) - 10 . 20 . 30 - 40 50
No. of candidates T 12 27 72.7" 92 100

6. The G.M. of salaries paid to all employees of a company is T 1700 The G:M. of salaries of
male and female employees are T 1800 and ¥ 1600 respectively. Determine the percentage
of males and females employed in the company.

6. If the price of a commeodity is doubled in five years, find out the annual average rate of _
increase. .

7. The population of a town increased from 10000 to 20000 in 20 years. Find the annual
average rate of growth.

8. Find the weighted G.M. of the items 15, 17, 19, 23, 29 with weights 1,2,1,3,1 respectively,

'Answers
1. (i)2.668 (i) 52.84 2. ¥ 26.9 thousand
. 22.06 marks 4, 21.4 marks 5. Males = 51.37%, Females = 48.63%.
© 6. 14.9% 7.35% - 8. 20.32.
III. HARMONIC -MEAN (H.M.),

5.7. DEFINITION OF HARMONIC MEAN

The harmonic mean of a statistical data is defined as the quotient of the number of
items by the sum of the reciprocals of all the values of the variable:
(a) For an individual series, the H.M. is given by

- n — .
HM. = TR = ;
b — Z—
Xy X Xn
where x; £5; .05 &, aré the values of the variable; under ¢onsideration.
) }f
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(b) For a frequency distribution, Measures of

HM. = - i+ f21+ ..... +f, — =' 5f . . Nf ’ Central Tendency
f (-—]+ fa (—-}+ ..... +f, [—J Z f(;) Z (;]
| isisn " NOTES
where f; is the frequency of x, (1 i < n). K ) )

When the values of the variable are given in the form of classes, then the mid-
points of classes are taken as the values of the variable (x).

WORKING RULES TO FIND H.M.

Rule L.  In case of an individual series, first find the sum of the reciprocals of
all the items. In the second step, divide n, the total number of items by
this sum of reciprocals. This gives the value of the H.M.

Rule H. In caseof e frequency distribution, find the quotients (fix) of frequencies
by the value of items. In the second step, find the sum (Z(fix)) of these
quotients. Divide N, the total of all frequencies by this sum of quotients.
This gives the value of the HM.

‘Rule II1, If the values of the variable are given in the form of classes, then their
respeciive mid-points are taken as the values of the variable.

Example 15. Calculate the H.M. for the following individual series :

_ x 4 7 10 12 9
Solution. Calculation of H.M,
5. No x N . 1
1 4 0.2500
2 7 0.1429
3 10 0.1600
4 12 0.0833
5 19 0.0526
=5 : > (1J = 0.6288 ' :
n —‘ ) .‘I: =1 _ ) }

Now ~ HM.= — = 7.9516.

a ZGJ B 0.6288

Example 1‘6. Find the H M for the following frequency distribution :

Profit (000 0) 12 13| 14 | 15 |8 | 17
No. of firms 4 8 6 5 | 9 2
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Solution. _ Calculation of H.M.
Profit ' No. of ﬁrm:s tf
(000 %) f x
x
}
12 4 \ 0.3333
. 13 8 _ 0.6154
14 6 0.4286
15 5 0.3333
16 9 0.5625
17 2 0.1176
' ( i)
N =34 | >, 5| = 28007
N - 34 '
Now HM. = ,=%14.22178 thousand =¥ 14221.78,

5 [i ) ~ 23907

5.8. H.M. OF COMBINED GROUP

Theorem: If H, and H, are the H.M. of two groups having n, and n, items, then
the H.M. of the combined group is given by

n;+n
H= 4t
- . L2
_— H, H, .
Proof. Let x,, x,, ...... , Xy, and y, ¥y, o ,¥n, be the items in the two groups
respectively.
__m _
DI
X Y
¥ iy yl_nrg
X 1 ! Y H2
no. of items in both groups
Now H,= group

sum of reciprocals of all the items in both groups
nl _ mtn, o n; +n, '

- T, n,°
—+ )y = + ==
RN HH
This formula can also be extended to more than two groups:
Example 17. The H.M. of two groups containing 10 and-12 items are found to be’

.29 and 35. Find the H-M. of the combmed group.

+

Solution. Here n, =10, ny=12
H, =29, H, =35
-Let H be the H.M. of the combined group
H= ntng 10412 22 22  31.9907.

n  ny *10 12 T 03448+03429 06877
H, H, 29 35
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5.9. WEIGHTED HM.

If all the values of the variable are not of equal importance or in other words, these are
of varying importance, then we calculate weighted H.M.

w
Weighted HM. = _.Z_

I

. Wherew, wy, ...... , w, aré the weights of the values xl, Xy, oo, X, Of the variable, under

consideration.

Example 18. Find the wezghted HM. of the items 4, 7, 12, 19, 25 with weights
1,2, 1, 1, 1 respectively.

Solution. Calculation of weighted H.M.
x : w wix
> 4 1 0.2500 *
7 2 0.2857-
12 1 0.0833
.18 1 ‘ 0.0526
25 1, . 0.0400
L
= — |=0.7118
, Lwss > (5)

w
Now weighted HM. = Z 6 = 8.4317.

Z‘. [i:_] ~ 07116

5.9.1 -Merits of H.M.

1. It is well-defined.

2.'It is based on all the items. .

3. It is capable of further algebraic treatment.

4. It has sampling stability. P .

5 Itis spemally used in finding the averdge speed when the distances covered
at different speeds are equal or unequal,

5.9.2 Demerits of H.M.

1. It is not simple to understand.

2. It is not easy to compute.

3. It gives higher weightage to smaller items, Whlch may not be desirable in
some problems.

LY
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EXERCISE 5.3

Find the H M. for the following series :
2,4,7,12, 19,

-Find the H.M. for the following series :

15, 20, 21, 22, 26, 29.

Calculate (o) the Arithmetic Mean, (b} the Geometric Mean and (¢) the Harmonic Mean
for the following incomes :

10, 17, 29, 95, 95, 100, 175, 250, 750,
Find the H.M. for the following frequency distribution :

x 10 11 12 | 13 14 15
F I 4 7 | 6 2 .2 1

The following table gives the marks (out of 30) obtained by a'group of students in a test.
Calculate the harmonic mean of this series :

Marks 20 21 22 23 24 25

No. of students 4 2 7 1 3 1

Find the H.M, for the following frequency distribution :

‘Class - 2—4 4—6 6—8 8—10
Frequency 20 40 - 30 10
Find the H.M. for the following data :
Clags 0—7 7—14 14—21 | 2128 | 28—35 | 3542 °
f 2 5 8 8 5 2
Answers
4.86 2. 22.2251 3. (a) 169, (b) 80.74, () 38.2328 |
11,5803 5. 21.9 marks 6. 4,98 q. 14.‘69147 |

~

5.10. DEFINITION OF MEDIAN

92 Self-Instructional Material

18, 22, the Yalue of median would be = 2 = 11. It can be observed that 50% items

The median of a statistical series is defined as the size of the middle most item (or the
AM. of two middle most items), provided the items are in order of magnitude. For !
example, the median for the series 4, 6, 10, 12, 18 is 10 and for the seriés 4, 6,10, 12, |

10+12

in the series would have value less than or equal to median and 50% items would be
with value greater or equal to the value of the median.



-

For an individual series, the median is given by, Meastires of
. Central Trndency

+1
Median = size of E---~th item

2
where x,, %,, ......, ¥, are the values of the variable under consideration. The values x,, NOTES
Xy, iy X, are supposed to have been arranged in order of magnitude. If 2 +1 comes

out to be in decimal, then we take median as the A M. of size of %th and (% + 1] th

items,

-

WORKING RULES FOR FINDING MEDIAN FOR AN INDIVIDUAL SERIES

Step I.  Arrange the given items in order of magnitude.
Step II. Find the total number ‘n’ of items.

+1
Step IIL. Write : median = size of 2 2 th item.
+1
Step IV. (D If n2 is a whole number, then 1 +1th item gives the value.of
median.
.- n+i, | . n n . .
(i) If 2 is in friction, then the A.M. ofEth and (E + I)th items gives

the value of median.

For a frequency distribtition, in which frequencies (f) of diffez_je'nt values (x)’
of the variable are given, we have

N+1

Median = size of th item:

Remark. The values of the variable are supposed to have been arranged in order of
magnitude.

WORKING RULES FOR FINDING MEDIAN FOR
A FREQUENCY DISTRIBUTION

Step 1.  Arrange the values of the variable in order of magnitude and find the
cumulative frequencies (c.f.).

Step I1. Find the total ‘N’ of all frequencies and check that it is equal to the last

éf.
Step IIL Wiite : median = size of 2* Lih item.
N+1 . 1,. .
Step IV. (a} If. 2 is a whole number, then th item gives the value of

median. For this, look at the cumulative frequency column and find

N+1
.~ that total which is either equal to 2 or the next higher than

Self-tnstructiond Matevial
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This gives the value of median.

and determine the value of the variable corresponding to this.

NOTES

N+1
byI
by If >

. Ill N N
is in friction, then the'A.M. of 7:;‘1 and (£ + l)th items
gives the value of median.

2

_ In case, the values of the variable are given in the form of classes, we shall
assume that items in the classes are uniformly distributed in the corresponding classes:
We define '

. N
Median = size of Y th item.

Here we shall get the class in which N/2th item is present. This is called the
median class. To ascertain the value of medlan in the median class, the following
formula is used. '

Median = L + (%) h

where L = lower limit of the median class
¢ = cumulative freqﬁe_ncy of the class preceding the median class
f = simple frequency of the'median class
“h = width of the median class.

Remark. In problems on Averagesorin other problems in the follo“nng chapters, where
we need only the mid values of class intervals i in the forrnula we need not convert the classes
written using “inclusive method’. -

The followmg points must be taken care of, while calculating median :

‘1. The values of the variable must be in order of magnitude. In case of classes of values
of the variable, the classes must be strictly in ascending order of magnitude.

2. If the classes are in inclusive form, then the actual limits of the median class are to be
taken for finding L and A.

3. The classes may not be-of equal width i.e., A need not be the common width of-all
' classes. It is the width of the “median class”.

4. In case of open end classes, it is advisable to find average by using median.

WORKING RULES FOR FINDING MEDIAN FOR A FREQUENCY
DISTRIBUTION WITH CLASS INTERVALS

Step I, Arrange the classes in the ascending order of magnitude. The classes
must be in ‘exclusive form’. The widths of classes may not be equal.
Find the cumulative frequencies (c.f.).

Step II. Find the total ‘N’ of all frequencies and check that it is equal to the last o.f,

. . N
Step III. Write : median = size of > th item. ' ,
Step IV. Look at the cumulative freqiency column and find that total whfc?_:_ is
. N _ ; N :
either equal to 5o the next higher than > and determine the class

corresponding to this. That gives the ‘median class’.

. N2 -¢.
* Step V. Write : median =L + [—%) h. Put the values of L, N2, ¢, f, h and

calculate the value of.niedian.

94 Self-Instructional Materiul



i - ’
Example 19. Find the median of the series :

4, 6, 9, 4, 2, 8, 10.
Solution. The values of the variable arranged in ascending order are
~x:2 4, 4,6, 8,9, 10

O

n+l T7+1

2 2
Median = size of 4th item ='6.
Example 20. Find the median for the series :
25, 20, 23, 32, 40, 27, 30, 25, 20, 10, 55 41.
Sol_utiou. The values of the variable arranged in the ascending order are
x:10, 20, 20, 23, 25, 25, 27, 30, 32, 40, 41, 55 '
Here 'n=12 h

. | n+l 1241

Heren =17,

= =65

Median = ‘size of 6.5th item -

6th item + 7th item 25+ 27
= 5 - = 2 = 26.

Example 21. Find the median for the following frequency distribution :

x 0 1 2 3 4 5 6
f 5 .9 10 12 6 4 2
* Solution. s . Caleulation of Median
x f i e.f.
0 5
1° 9 14
2 10 24
3 12 .36
4 P 6 42
] . 46
6 2 : " 48=N
N =48
‘ : N+l 4841 .
H - = =245
_ ere,. > 2 245, ]

Median = size of 24.5th item

' _ size of. 24th item + size of 25th item 2+3
N 2 - T2

2.5.
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Business Muthematics Example 22. Find the median for the following wage distribution in a certain
and Siatistics fa ctory : :
Monthly wages ]) 6080 80—100 100—110 110--120
NOTES No. of workers 30 127 140 - 240
Monthly wages () 120—130 130—150 150—180 180—200
No. of workers 176 135 20 3
Solution, Calculation of Median
Monthly wages () No. of workers f e f
50—80 30 30
80—100 127 157
160—110 1490 297 =¢
L = 110—120 240 =f 537 o
120—130 176. 713
130—150 135 B48
150—180 20 868
180—200 ! 3 871=N
N =871
N 871
—=— =435.
2 2 5

. "Median = size of 435.5¢h item
Median class is 110—120,

Median = L + (MJ}: - 110+ (MJ 10
f 240

=110 + 5.77 =¥ 115.77.

Example 23. The following table gives the marks obtained by.50 students. Find
the median : '

Marks 10—14 15—19 - 2024 | 25—-29 - )
No. of students 5 8 6 7
Marks | 30—34 3539 | 40—44 4549
No. of students 6 3 9 6 )

Solution. Here the classes are given in ‘inclusive form’. These classes in -
‘exclusive form’ are :

9.5—14.5, 14.5—19.5,-......, 44.5—49.5.
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Calculation of Median Measures of
Central Tendency

Marks No. of students (f} c.f
9.5—14.5 5 B
145195 8 13 NOTES
18.5—24.5 6 189=¢
L = 24.5—29.5 7=f 26
29.5-34.5 _ 6 32
34.56—39.5 3 as
39.56—44.5 9 » 44
44 5—49.5 6 50=N
N =50
N 50
2 -3 =%

Median = size of 25th item
Median class is 24.5—29.5

Cl ¢ . 25-19
Median=L + 7 =245+ 7 5

= 24.5 + 4.286 = 28.786 marks,

5.11. MERITS OF MEDIAN

. It is simple to understand.

-1t is easy to cornpute.

. It is well-defined.

. It is not affected by the extreme items.
. It is best suited for open end classes.

S L b GO DN

. It can also be located graphically.

5.12. DEMERITS OF MEDIAN

1. It is'not based on all the items,
2. It is not capable of further algebraic treatment. ¥
3. It can only be calculated when the data is in order of magnitude.
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EXERCISE 5.4

Find the value of the median for the series :
8, 6, 6, 5, 11, 80, 12.
Find the value of median for the following data :

x 1| 2| 3 4 5 | 6 7 |8 9
f 5 6 | 7 2 | 2 1 2 1
Find the inedian for the folloWing frequency distribution :
No. of students 6 T4 16 7 -8 2
Marks 20 9 25 50 40 80
Find the median marks for the following distribution :
Marks less than 10 [ 20 30 40 | 50 60
No. of students 4 10 b 30 40 47 50
Find the value of medizn for the ft:gll_owring series :
Class 1—10 11--20 21—30 31—40 41—50
No.ofitems | 10 21 51 45 26
[Hint. The actual limits of classes are :
0.5—10.5, 10.5—20.5, 20.5--30.5, 30.5—40.5 and 40.5—50.5.]
Calculate median for the following data : .
Mid-value | 115 | 125 | 135 | 145 | 155 | 165 | 175 | 185 | 195
Frequency | 6 25 | 48 | 72 | 116 | '60 | 38 | 22 | B
Find A.M. and Median for the following frequency distribution.
Marks No. of students
0-7 19
7-14 25
14-21 : 36
21-28 72
28-35 ¢+ 51
35-42 _ 43
42-49 28
An incomplete frequency distribution is given below :
Variable | 10—20| 20—30| 80—0| 40—50| 50—60 | 60—70 | 70—80
‘Frequency |* 12 30 ? 65 | 7 25 18

It is given that median value is 46 and the total number of items is 229. You are required

to find the missing frequencies.
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Answers Measures of

18 2.3 8. 25 marks 4. 27.5 marks Central Tendency.
5. 29.4216 6. 153.7931 7. 26.49, 30.82 8. 34, 45
. S NOTES .
V.MODE?

5 13. DEFINITION OF MODE

The mode of a statlstlcal series is defined as that value of the variable around which
the values of the variable tend to be most heavily concentrated. It can also be defined
'as that value of the variable whose own frequency is dommatmg and at the same time,
the frequencies of its neighbouring items are also dominating: Thus, we see that mode
is that value of the variable around which the items of the series cluster densily. Let
us_consider the data regarding the sale of ready made shirts :

Size (in inches) 30 | 3z | 3¢ | 36 | 38 | 40 | 42
No.of shirtssold | 5 | 22 | 24 38 18 8 2

‘Here w,é see that the frequency of 36 is highest and the frequencies-of its '.
neighbouring items (34, _38) are also dominating. Here the most fashionable, modal
size is 36 inches. Technically, we shall say that the mode of the distribution is 36 inches,

N In case of mode, we are to deal with the frequencies of values of the items, thus .
'if we are to find the value of mode for an individual series, we will have to see the
repetition of different items. i.e., we-would be in a way expressmg it in the form of
frequency dlstrlbutmn Thus, we start our discussion for evaluating mode for frequency | -
distributions. There are two methods of finding mode of a frequency distribution.

5.14. MODE BY INSPECTION

 Sometimes the frequenciesina frequency distribution are'so distributed that we would |
| be able to find the value of mode just, by inspection. For example, let us consider the
| frequency distribution-:

: X 4 5 6 7 | 8 9 10 | . 12
I 2 1 5 12 | 4 2 2 1.

f Here we can say, at’once, that mode is 8.

5.15. MODE BY GROUPING

Let us consider the distribution : : :.

x 4 5 | 6 7 8 9 | 10 11 12
5 7 14 8 : 15 2 2 1
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Business Mathemutics Here the frequency of 9 is more than the frequency of 7, whereas the frequencies
and Statistics - of neighbouring items of 7 are more than that for 9. In such a case, we would not be
able to judge the value of mode just by inspecting the data. In case there is even slight
doubt as to which is the value of mode, we go for this method. In this method, two
NOTES tables are drawn. These tables are called ‘Grouping Table’ and ‘Analysis Table’. In the
grouping table, six columns are drawn. The column of frequencies is taken as the
column L. In the column II, the sum of two frequencies are taken at a time. In the
column III, we exclude the ﬁrst frequency and take the sum of two frequencies at a
time. In the column IV, we take the sum of three frequencies at a time: In the column
V, we exclude the first frequency ‘and take the sum of frequencies, taking three at a
time. In the last' column, we exclude the first two frequencies and take the sum of
three frequencies at a time. The next step is to mark the maximum sums in each of the
six columns. .

In the analysis table, six rows are drawn corresponding to each column in the
grouping table. In this table, columns are made for those values of the variable whose
frequencies accounts for giving maximum totals in the columns of the grouping table.
In this table, marks are given-to the values of the variable as often as their frequencles
are added to make the total maximum in the columns of the grouping table. The value
of the variable which get the maximum marks is declared to be the mode of the
distribution, )

In case, the values of the variable are given in the form of classes, we shall
assume that the items in the classes are uniformly distributed in the corresponding
classes. Here we shall get a ‘class’ either by the method of inspection or the method of
grouping. This class is called the modal class. To ascertain the value of mode in the
modal class, the following formula is used.

Mode = L + (_ﬁL—J h
Ay + 4,
‘| where L = lower limit of modal class )
A, = difference of frequencies of modal class and pre-modal class
4, = difference of frequencies of modal class and post-modal class
h= w1dth of the modal class.
The following points must be taken care of while calculating mode :

1. The values (or classes of values) of i_;hé variable must be in ascending order of.
magnitude.

2. If the classes are in inclusive form, then the actual limits of the modal class
are to be taken for finding L and A.

3. The classes must be-of equal width.

It may be noted that while analysing the analysis table, we may find two or
more values (or classes of values) of the variable getting equal marks. In such a case,
the grouping method fails. Such distribution is called 2 multi-modal distribution.

5.16. EMPIRICAL MODE

In case of a multi-modal distribufion, we find the value of mode by using the relation
' Mode = 3 Median - 2 A.M.
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This mode is called empirical mode in the sense that this relation cannot be
established algebraically. But it is generally observed that in distributions, thé value
of mode is approximately equal to 3 Median - 2 A.M. That is why, .this mode is called
empirical mode.

: NOTES
WORKING RULES FOR FINDING MODE '
If maode is not evident by the ‘method of i mspectmn then the ‘method of
grouping’ should be used.

Step L

gtep II. In case, the values of variable are given in terms of classes of equal *
width, then step I, will give the ‘modal class’.

Step III. 7o find value of the mode, use the formula :
" mode =L+ (A—"} k.

Step IV. In case, the distribution is multimodal, then find the value of mode by
using the formula : ‘mode = 3 medtan 2AM.

Example 24. Find the mode for the foz_zowing gndiuiduas series :

5, 7 8 5 2, 1, 5 8§
Solution. Calculation of Mode
x Tally bars F req:uency {7
1 | 1
2 | 1
3 | 1
5 HII 4
i | 1
8 H 1

By inspection, we can say that mode is 5.

Example 25. Find the mode for the following distribution :

| Profitcocon | 28 29 30 31 |- 32 33
No. of firms 4 7 10 6 2 1 ,
Solution. Calculation of Mode
A

Profit No. of firms

(000 ) f
X
28 4
29 7
30 10 |
31 6 |
a2 2 |
33 1

By inspection we can say that mode is 30,000. This is so because the frequency
of 30,000 is very high as compared with the frequencies of other values of x. Moreover,

the frequencies of the neighbouring items are also dominating.
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Example 26. Find the value of mode for the following distribution -
. . N ‘£,

x

4

5

6

7

8

9

10

11

12

f

15

18

~12

30

27

40

20

20

12

_Solutibn._For the given distribution, we cannot judge the value of mode, just by
inspection. In this case, we -shall apply the method.of grouping. The values of the

variable are already in order of magnitude.

Grouping Table '
] I I o v v Vi
x f
4 15
33
5 18 45
30
6 12 60
42
i 30 .
57 :
8 27 97 ‘89
67
9 40 87
60
10 20
40 .
11 20 52 . 80
32
12 12
Analysis Table
Column 9 8 10 7 i1
1 1
I1 1 1
I 1 17
v 1 1 1
v 1 1 1
VI 1 1 1
Total 6 3 3 1 1

Mode = 9,

Example 27. Calculate the value of mode fo}' the following frequency distribution :

Class Frequency Class Freguency
1—4 2 " 2124 14
5—8 5 25—=28 14
9—12 8 2932 15
13—1I6 9 33—-36 11
1720 12 3740 13




Solution. In this problem, we shall make use of ‘grouping method’ to find the

modal class.

Grouping Table
Freque_ncy‘
Class I ir Rif v v VI
1—4 2 .
5—8 5 7 =~ 18
912 8 13 )
- 17 22.
13—16 9
21 35
17—20 12 i
. 26 .29
21—24 14. P
28 40
25-—28 14
' 29 40
29—32 15 9 13
33—36 11
24 ' 39
'37—40 13
Analysis Table
Column . 2932 25—21? 21—24 33—36 1720
‘1. 1 "
11 1 1
13} \ : 1 1
IV 1 1 . 1
v 1 1 i
VI 1 1 _1
Total 4 E] 3 1 1

N . Modal class is 25—28.

Now

Here

Example 28. If a, b are positive numbers, then show that

()AM. >GM 2 HM:

=

Solution We have AM. =

&

Ay _
mode=L + ['A1+A2] h

L=245A=14~-14=20,A,=15-14=1,h=285-245=4

0
+1

Mmh=245;(0 J4=2¢5+0=2¢&

GHOM. = JAM <H.M.
2 2ab
T a+b

a+b

, GM.=+ab, HM.=

[

+

=3

~

&)

b _
&M—GM;a; _&5=Ei%;@5

_ (Ja)? + (b - 2VaVb
- 2

AM. —GM.20ie, AM 2GM.

_ (\6—21/5)2 >0

(1)
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J——_ 2ab J_(a+b 2J_)

a+db a+b

J_((f)2+(f}2-2J_J') F(f—f)z

a+b at+b
GM,-HM.z20ie, GM. =2 HM.
Combining (1) and (2}, we have
AM. zGM. > HM.
In particular if @ = b, then

‘GM.-HM. =

2 2
2ab 2 2’
HM, = = = =
and a+b a+a 2a @
ie. AM. = GM. = HM.

a+b  2ab ‘
(i) JAMSHM, = J2—=2x —ob and G.M.=(Jap )% =ab
2 a+t+bh
G.M. = JAM. x H.M.

(2)

5.17. MODE IN CASE OF CLASSES OF UNEQUAL
WIDTHS

When the values of the variable are given in the form of classes and the classes are not
of equal width, then we would not be able to proceed directly to find the modal class
either by the method of inspection or by the method 'of grouping. In fact, we are to
compare the frequencies of different classes in order to observe the concentration of
items about some item: If the classes happen to be of unequal width, then we would
not be able to compare the frequencies in different classes. To make the comparison
meaningful, we will first make classes of equal width by grouping two or more classes

or by breaking classes, as per the need.
Example 29. Calculate mode for the following distribution

Marks No. of students Marks ‘No. of studenis
0—2 8 2530 45
2—4 12 30—40 60
4—10 20 4050 20
10—15 10 50—60 13

-15—20 16 60—80 15

20—25 25 " 80—100 4

Solution. In this frequency distribution, the classes are not of equal width.

Before ascertaining the modal class, we shall make the widths of classes equal.
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Marks No. of students

0—20 B+12+20+.10+16 = 66
20—44 25 + 45 + 60 =130
4060 20 +13 = 33
60—80 15
80—100 : 4

By inspection, modal class is 20-—40.

Now mode = L + (i—] h
Ay +A,
.Here L =20, A, = 130 — 66 = 64, 4, = 130 — 33 = 97, h =20

Mode =20 + 64
64 + 97

] 20 = 20 + 7.9503 = 27.9503.

5.18. MERITS OF MODE

v

1. It is easy to compute.
2. It is not affected by the extreme items.
3. It can be located graphically.

5.19. DEMERITS OF MODE

-

1. It is not simple to understand.

2. It is not well defined. There are number of formulae to ¢alculate mode, not
necessarily giving the same answer.

-3. It is not capable of further algebraic treatment.

EXERCISE 5.5

1. :Find the value of mode for the foliqwing Berigs ; .
10, 12, ‘17, 12, 10, 12, 16, 11,
2. Find-the value of mode for the following frequency distribution :

x 10 11 12 13 14 15 16 17 18
f 2 4 6 8, 10 9 6 | 2 1

3. Find'the mode for the follow;ing frequency distribution :

x 1 2 3 4 5 - 6 7 8 8| 10 1 12
f 3 8 15 123 356 | 40 |1 32 | 28 | 20 | 45 | 14 6

4. Find the mode for the following frequency distribution :

Class 0—4 4—8 ‘812 1216
f 4 - 8 5 6

Measures of
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5. The following table gives the weight of 50 students of a class. Find the modal weight :

Weight (in kg) | 37—41| 42—46 | 47—51| 52—56 | 57—61| 62—66 | 67—71
No.of students 3 7 11 14 7 6 .2

8. Following table shows the marks obtained by 60 students. Calculate (i) median (ii) mode

and (iif) arithmetic average.

Marks No, of students
More than 70% 8
. 60% 18
» 50% 40
- 40% 40
- 30% 55
" 20% 60

Calculate median and aﬁthﬁétic average for the following data. Also calculate mode
with the help of median and A.M.

Variable 100—110 "110—120 120—130 130—140
Frequency 4 6 20 32
Variable 150—160 160—170 170—180

Frequency 33. 8 2

The following table shows the distribution of 100 families according to their expenditure
per week. Number of families corresponding to the groups T 10600-2000 and ? 3000-4000
are missing. The mode is given to be T 2,400. Calculate the missing frequencies :

Expenditure (%) | 0-1000 | 1000-2000| 20003000 | 30004000 | 4000-5000
No. of families 14 ? 27 ? 15

[Hint. Let the frequencies of the classes 1000—2000 and 3000—4000 be @ and b
respectively.

27-a (27 - a) 100
2400 = 2000 + : 1000 ie., 400 = —————
({27—a)+(27—b)) b4~-a-b
Also a+b=44]
Find the mode for the following data :
Size of items F, requencly Size of items Frequency
0—4 5 . 20—24 14
4—8 7 24—28 6
g—12 9 28—32 3
12—16 17 3236 1
16—20 15 36-—40 0
10. Calculate media and mode from the following table:
Income 100-200 | 100-300 | 100-100 | 100-300 | 100-600
‘No. of persons. 15 33 63 53 100




10.

Answers

12 2. 14 3.6 4, 6.286
53 6. (i) 54.54% marks (ii) 56.67% marks {ii{) 51.67% marks
137.03, 140.14, 130.81 8.23, 21 9, 18.67

3566.67, 354.56

EXERCISE 5.7

What is meant by ‘Central Tendency’ ? Describe the various methods of measuring it
and point cut the usefulness of each method.,

Describe the merits and demerits of arithmetic mean, médian and mode.

What is the reletionship among mode, median and arithmetic average in a symmetrical
series 7

What purpose is served by an average ? Discuss the relative merits and shortcomings of
various types of statistical averages.

Define geometric mean, for individual series and frequency distribution and give their
computational formulae. »

5.20. SUMMARY

This is the most popular and widely used measure of central tendency. The
popularity of this average can be judged from the fact that it is generally referred
to as ‘mean’. The arithmetic mean of a statistical data is defined as the quotient
of the sum of all the values of the variable by the total number of items and is
generally denoted by x.

If all.the values of the variable are not of equal importance, or in other words,
these are of varying significance, then we calculate weighted ALM.

Geometric mean is specially used to find the average rate of increase or decrease
in sale, production, population etc.

The harmonic mean of a statistical data is defined as the quotient of the number
of items by.the sum of the reciprocals of all the values of the variable.

The mode of a statistical series is defined as that value of the variable around
which the values of the variable tend to be most heavily concentrated. It can
also be defined as that value of the variable whose own frequency is dominating
and at the same time, the frequencies of its neighbouring items are also
dominating.

In case, the values of the variable are given in the form of classes, we shall
assume that the items in the classes are uniformly distributed in the
corresponding classes. Here we shall get a ‘class’ either by the method of
inspection or the method of grouping. This class is called the modal class.

It may be noted that while analysing the analysis table, we may find two or
more values (or classes of values) of the variable getting equal marks. In such a
case, the grouping method fails. Such distribution is called 2 multi-modal
distribution.

It is generally observed that in distributions, the value of mode is approximately
equal to 3 Median — 2 A.M. That is why, this mode is called empirical mode.
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6.1. Requisites of a Good Measure of Dispersion
6.2, Meathods of Measuring Dispersion
6.3. Definition of Range
6.4, Inadeqp.aéy of Range
6.5. Definition of Quartile Deviation
6.6. Definition of Mean Deviation
6.7. Coefficient of M.D.
6.8. Short-cut Method for M.D.
6.9. Definition of Standard Deviation
6.10. Coefficient of 8.D., C.V., Variance
6.11. Short-cut Method For S.D. ,
6.12. Relation Between Measures of Dispersion
"6.13. Summary

6. MEASURES OF DISPERSION

6.1. REQUISITES OF A GOOD MEASURE OF

108 Self-Instructiongl qareﬁai

The requisites of a good measure of a dispersion are the same as those for a good
measure of central tendency. For the sake of completeness, we list the requisites as
under :.

. It should be simple to understand.

Lt should be easy to compute.

. It should be well-defined. -

. It should be based on all the items. .

. It should not be unduly affected by the extreme items.
. It should be capable of further algébraic treatment.

. It should have sampling stability.

=1 h Cn W W N =




6.2. METHODS OF MEASURING DISPERSION

Measures of Dispersion

I. Range

IT. Quartile Deviation (Q.D.)
II1. Mean Deviation (M.D.)

IV. Standard Deviation (S.D.)°
. V. Lorenz Curve.

'I. RANGE

NOTES

6.3. DEFINITION OF RANGE

where L = largest value of the variable

S = smallest value of the variable.

In case, the values of the variable are given in the form of classes, then L is
taken as the upper limit of the largest value class and § as the lower limit of the

smallest value class.
Example 1. Find the range of the series :

Solution. Here

4, 2,

Range = L -8,

.6,

L=10,5=2

.8J

Range=L-8S=10-2=8.
Example 2. Find the range of the following distribution ;

10.

‘The range of a statistical data is defined as the difference between the largest and the”
smallest values of the variable.

Age (in years) 1618 | 1620 | 2022 | 2224 | 2426 | 26—25
No. of students 0 4 -6 8 2 2
Solution. Here L =28,5=18

class, but there is no item in this class and so-this class is meaningless so far as the

. Range=L -5 =28 - 18 = 10 years._
It may be noted that S # 18, though it is the lower limit of the smallest value ,

caleulation of range is concerned.

'6.3.1 Merits of Range

1. It is simple to understand.

2. It is easy to compute.

3. It is well-defined.

4. It helps in giving an idea about the variation, just by giving the lowest value .

and the greatest valye of variable.

-
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6.3.2 Demerits of Range

1. It is not based on all the items.

2. It is highly affected by the extreme items. In fact, if extreme items are present,

then range would be calculated by taking only extreme items.

3. It does not take into account the frequencies of items in the middle of the

series. .
4. It is not capable of further algebraic treatment.
5. It does not have sampling stability.

EXERCISE 6.1

1. Calculate the range for the following series :
17, 10, 12, 8, 12, 16, 19.
2. Find the range for the following data :

Profit 000 T) 0—10 10—20 | .20—30 j 30—40 { 4050

No. of firms 0 ] 0 7 15

3. Find the coefficient of range for the following data :

Marks less than 10 20 30 40 50 60 70
No. of students 0 | 4 7 10 14 18 20
Answers
1. il 2. T 40,000 - 3.0.75

‘ I1. QUARTILE DEVIATION (Q.D.) -

6.4. INADEQUACY OF RANGE

LY

Consider the series
I: 4 4 4, 5 5 6 4, 5 5 1000
II: 4, 4, 4, 5, &, 6, 4, b, 5. ¢

1000-4 996
1000+4 1004

For series I, Coeff. of Range = = (0.992

6-4 2
i " of R = ——=—2=0.200.
For series 11, Coeff. of Range 61410 0

On comparing the values of coeff. of range for these series, one is likely to conclude
that these is marked difference in variability in the series. In fact, the series II is
obtained from the series [, just by ignoring the extreme item 1000. Thus, we see that
extreme items can distort the value of range and even the coefficient of range. If we

K10 Self-Instructional Material

| have,a glance at the definitions of these measures, we would find that only extreme



items are required in their calculation, if at all extreme items are present. Even if
extreme items are present in a series, the middle 50% values of the variable would be
expected to vary quite smoothly, keeping this in view, we define another measure of
dispersion, called ‘Quartile Deviation’.

6.5, DEFINITION OF QUART ILE DEVIATION

The quartile deviation of a statistical data is defined as

EL;—QL and is denoted as Q.D.

This is also called semi-inter qudrtile range. We have already studied the method
of caleulating quartiles. The value of Q.D. is obtained by subtracting Q, from Q, and
then dividing it by 2.

" For comparing two or more series for variability, the absolute measure Q.D. |

14
would not work. For this purpose, the corresponding relative measure, called coeff. of
Q.D. is calculated. This is defined as :

Qs - Ql
! Coeff. of Q.D.= ———.
Q Qs +Q,
Example 3. Find Q.D. and its coefficient for the following series
x(in®: 4, 7, 6, 5, 9, 12, 19.
Solution. The values of the variable arranged in ascending order are
x(In?): 4, 5, 6; 7, 9, 12, 19.
Heren="7.
Q,: n:l=% =2 5 Q, =size of 2nd item =¥ 5
Q,: 3[”;1J =3[7:1)=6 :. Q= size of 6th item = ¥ 12
Q-Q 12-5
QD. = o g = ¥ 3.5.
- 12-5 7
Coeff. of Q.D. = Q- = 77 =0.4118,

Q+Q; 1245 17
Example 4. Find the quartile deviation for the following distribution :

" Marks 2 3 4 5 6 7 8 9
No. of students 10 1 12 13 5 12 7 5

Measiures of Dispersion
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and Statistics
Marks No. of students 'c.f.
f B
NOTES 2 10 10
3 1 21
4 12 33
5 13 46
6 5 51
7 12 63
8 7 T 70
9 5 ) =N
. N=75 ) p
Q,: N: 1. 75: 1 =19 s Q, = size of 19th item = 3 marks
Q,: 3(N: 1): 3(75: 1) =57 s Qq =size of 57th item = 7 marks
: ~Q, 7-3
QD = %—Q—l =5 = 2 marks. ¥
Example 5. Find the coeff. of Q.D. for the following distribution :
Marks 0—%4 4—8 8—12 1214
No. of students | 10 12 18 ' 7
Marks 14—18 18—20 20—25 25 and above:
No. of students 3 8 n 4 o 6
Solution, T Calculation of Quartiles
1 Marks . No. of students - cf
- f i -
0—4 10 1 10
48 : 12 . 22
8—12 18 . 40 §
12—14 T 47
14—18 5 62
18—20 8 ) 60 .
20—25 4 64
25 and above 6 70=N
N =170
70 . ,
Q,: = = 17.5 o Q = size of 17.5th item

N
4
Q, class is 4—8. ’
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Q=L+ (NM c]h =4+ (%)4 =4+ 2.5 = 6.5 marks. N
Q. 3 N =3 70 - 52.5 s Q - size of 52.5th item
3 : 4 4 3 _ NOTES

Q_3 class is 18—20. : )
Q=L+ (____#_33‘.”; - c}h =18 + (—5258_' 52]2-

=18 + 0.125 = 18.125 marks.
Qs -Q; _18125-65 11625
Q;+Q, 18125465 ~ 24625

Coeff. of Q.D. = = 0.4721,

6.5.1 Merits of Q.D. : o

1. It is simple to understand.

2: It is easy to calculate.

3. It is well-defined.

4. It helps in studying the middle 50% items in the series.
5. It is not affected by the extreme items.

6.-It is useful in the case of open end classes.

6.5.2 Demerits of Q.D.

1. It is not based on all the items. ,
2. It is not capable of further algebraic treatment.
3. It does not have sampling stability.

EXERCISE 6.2

1. Find the Q.D. and its coefficient for the given data regarding the age of 7 students.
_ -Age(inyears): 17, 19,'_ 22, 26, 19, 28, 17.
2. Find the coefficient of Q.D. for the following frequency distribution :

Age {in years) 15 [ 16 17 18 19 20
No, of students 241 500 | 600 550 7op <750
3. -For the following data, calculate Q.D. and its coefficient : '
= - «
Class 10—20 -20—130 30—40 40—50 50-—60 60—70
Frequency | 38 5 15 . 10 4 2

4, Calculate Qua;'t.il‘e Deviation and its coefficient for the data given below :

 Daily wages (in ©) 15 6—10° 1—15 | 16—20
No. of workers 3 8 . 14 11
Daily wages (in 3) 2125 2630 | 81—35 | 5640

" No. of workers 7 6 1 5 ' 2
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ad Statistics Q.D. = 4.5 years, Coeff. of Q.D. = 0:2093
0.0555
Q.D. = 7.5416, Coeff. of Q.D, = (0.1948

NOTES -
Q.D. = 6.6072, Coeff. of Q.D. = 0.3635

L

<III. MEAN DliJVIA'I:ION M.D.)

6.6. DEFINITION OF MEAN DEVIATION

Mean deviation is also called average deviation. The mean deviation of a statistical
data is defined as the arithmetic mean of the numerical values of the deviations of
items from some average. Generally, A M. and median are used in calculating mean
deviation. Let ‘a’ stand for the average used for calculating M.D.

For an individual series, the M.D. is given by

n
Z Ix; —al

i=1 E I XxX—a I
M.D. = =
n
where x,, x,, ...... , x, are the values of the variable, under consideration.

For a frequency distribution,

n
Y fiix;-al
M.D. = i=1

N- " N
where f;'is the frequency of x; (1 Si <n).

When the values of the variable are given in the form of classes, then their
respective mid-points are taken as the values of the variable.

\

|

|

. Zfix-al |
= |
|

|

Median is used in calculating M.D., because of its property that the sum of }
numerical values of deviations of items from median is always least. So, if median is
used in the calculation of M.D.,, its value would come out to be least. M.D. is also
calculated by using A.M. because of its simplicity and-popularity. In problems, it is
generally given as to which average is to be used in the calculation of M.D. If it is not
given, then either of the two can be made use of. '

6.7. COEFFICIENT OF M.D.

For comparing two or more series for variability, the corresponding relative measure,
‘Coefficient 'of M.D.’, is used. This is defined as : '

M.D.
Average

If M.D. is calculated about A M., then M.D. is written as M.D.(x). Similarly,
M.D.(Median) would mean that median has been used in calculating M.D.

Coeff. of M.D. =-
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Coeff. of M.D.(X) = m

Coeff. of M.D.(Median) » 1-D-(Median) NOTES
Median

'WORKING RULES TO FIND M.D. (%)

Rule I. Incaseofan individual series, first find X by using the formula x = -i—x .
ra

In the second step, find the values of x—X. In the next step, find the
numerical values |x-%| of x—X. Find the sum Ilx-Xx| of these
numerical values 1x—X|. Divide this sum by n to get the value of
M.D.(%).

Rule II. In case of a frequency distribution, first find x by using the formula

Zfx

x= N In-the second step, find the values of x —x . In the next step,

find the numerical values |x—X| of x-X, Find the products of the
values of | x— X | and their corresponding frequencies. Find the sum
If lx - X | of these products. Divide this sum by N to get the value of
M.D.(x).

Rule 1. If the values of the variable are given in the form of classes, then their
respective mid-points are takén as the values of the variable.

Rule IV. To find the coefficient of M.D.(X), divide M.D.(X) by %.

1

Remark. Similar working rules are followed to find the values of M.D.{median) and
coefficient of M.D, (median}.

Example 6. Find M.D. (¥) and M.D.(median) for the following statistical series :-
7, 10, 12, 13, 15, 20, 21, 27, 30, 35.

Solution. Calculation of M.D. (x)
S. No. x x-% fx-xl
X =19
1 7 -12 12
2 10 -9 9
3 12 -7 7
4 13 -6 6
5 15 -4 4
6 20 1 1
7 21 2 2
8 27 8 8
g 30 11 11
10 35 16 _ 16
n=10 _ Sx = 190 Tlx~%1=176
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150

72X _ 190
n 10
Zlx-x1_

M.D.(x)=

=19,

76
10 = 7.6’

'
Calculation of M.D.(median)

116  Seif-Instruciional Material

S. No. x x — median I I x - median |
- median = 17.5
1 7, - -105 105
2 10 -7.5 7.5
3 12 -84 b.b
4 13 —-4.5 4.5
5 15 -25 2.5
6 20 2.5 2.5
T 21 3.5 as
8 27 9.5 9.5
9 - 30 12.5 12.5
i0 35 17.5 17,5
n=10 _ ¥/x - median = 76
n+l _ 10+1 =55
2 2
i i i i 15+ 20
Median = Size of 5th item + size of 6th item - b s
2 2 .
Zl median! 76
M.D.(median) = —> e8] 0 16
_ n . 10
Example 7. Find the M.D. from A.M. for the following data :
_ 5 7 11 13
f 2 7 10 5 2
Solution. Calculation of M.D. (X)
x f x-X lx-x1 flx-x|
3 2 6 - 48 4.8 9.6
5] 7 35 -2.8 2.8 19.6
7 10 70 08 0.8 8.0
9 g 81 1.2 1.2 10.8
11 5 55 3.2 3.2 .16._0
13 2 26 5.2 52 10.4
N =235 S = 278 SFlx—%|=T4.4
- =i 2
F="="o1,
N 35 8
- _Zflx-XI 74.4
Now M.D.(xX)}= N 35 = 2.1257.



o

'6.8. SHORT-CUT METHOD FOR M.D. |

We Rr}(;w.- that the calculation of M.D. involve taking of deviations of items from some
average. If the value of the average under consideration is a whole number, we can
easily take the deviations and proceed without any difficulty. But in case; the value of
the average comes out to be in decimal like 18.6747, the calculation of M.D. would
become quite tedious. In such a case, we would have to appr0x1mate the value of the
average up to one or two places of decimal for otherwise we would have to bear. the
heavy calculation work involved. If the value of the average is in decimal, the following
short-cut method is preferred.
(Efx)A - (Eﬁ)g - ((EﬂA - (Eﬂg) a

N '
where ‘e’ is the average about which M.D. is to be calculated. In this formula, suffixes
A and B denote the sums corresponding to the values of x > a and x < a respectively.

M.D. =

This formula can also be used for an individual series, by taking f* equal to 1

-for each x, in the series. In this case, the formula reduces to

{Zx), — (Zx)p —((n}, —{(m)g)a

” —
where (), and (n), are the number of items whose values are greater than or equal to
a and less than g respectively.

If short:cut methed is to be used to find M‘.D.(E), then it is advisable to use
direct method to find ¥ , because we would be needing (Zfx), and (Ifx)y in the cal¢ulation
of M.D.(X).

Example 8. Calculate M D.(Median) for the following data :

x: 4, 6, 10, 12, 18, 189
Calculation of M.D. (Median) -

M.D. =

Solution.

8. No. x x — median | x— median |
1 4 -7 7
2 ] (Zx)g -5 5
3 10 . =20 -1 1
5 18 (=), 7 7
6 19 =49 8 8
n=6 L} x — medjan | = 29
- 6+1 10+1
Median = size of 9 th item = size of 3.5th item = 0; 2 =11
Direct Method
Zlx-—medianl 29 .
M.D. (Median) = =——————- = ~= = 4.8333.

n
Short-cut Method ' t

M.D. (Median) =

(2}, ~(Zx)g —((n)4 — (n)g) median

n

_ 49-20-(3-8).11

29

6
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Example 9. Calculate the mean deviation from the median for the following

distribution :

P 20 | 40 | 60 | 80 | 100 | 120 | 140 | 160 | 180 | 200 | 220 | 240
f 3 13| 43 | 102 [ 175 | 220 | 204 | 139 | 69 | 25 6 1

Solution. Calculation of M.D. (median)
S. No. x f cf. fx

1 20 _ 3 3 60

2 40 13 16 520

3 60 43 | (2N 59 2580 | (Zfx)y

4 80 102 [ =556 161 8160 | =55220.

5 100 175 336 17500

6 120 220 556 26400

7 140 204 760 28560

8 160 139 899 29240

9 - 180 69 | =N, 968 12420 | (3fx),

10 200 25 [ =444 993 5000 [ = 69780

11 220 6 999 1320

12 240 - 1 1000 240

N = 1000 . Tfc = 125000
N+1 1000+1 .
= = 500.5
2 9 500
120 + 120
Median = size of 500.5th item = ——2——- = 120.
- - - median
NOW, MD (median) = (fo)A (Zﬁ:)B [(EIJ;)A (Zf)B]
_ 69780 - 55220 - (444 - 556) 120 _ 28000 .

1000 ~ 1000

6.8.1 Merits of M.D.

1. It is simple to understand.

2. It is easy to compute.

3. Tt is well-defined.

4. It is'based on all the items.

5. It is not u.nduly affected by the extreme items.
6. It can be calculated by using any average.

6.8.2 Demerits of M.D.
1. It is not capable of further algebraic treatment.

2. It does not take into account the signs of the deviations of items from the

average value.
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EXERCISE 6.3

i 1. Caleculate M.D.(x) and its coefficient for the following individual series :

| 21, 23, 25, 28, 30, 32, 38, 39, 46, 48. NOTES
| 2. Find the mean deviation about A.M. for the following data :
|

|

2 3 5 g 10.
3 8 10 v 4

3. The following table gives the monthly distribution of wages of 1000 employees.in a
certain factory : -

Wages (in T) 20 40 60 . | 80 100 | 120
No. of employees 3 13 | 43 102 175 220
Wages (in T) 140 160 180 200 220 240
No. bf employées 204 139 6? 25 6 1
4, Calculate the mean deviation about median and its coefficient for the following frequency
distribution :
Marks 9—10 | 10—20 | 20—30 | 30—40 | 4050
. No. of students 6 7 15 1. | 6

5. Calculate.the M.D.(%) for the following data regarding the-difference in agé between
husbands and wives : ’

Difference in age 0—5 5—10 10—15 1520
{in years) ' .
No. of couples 449 705 507 281

" Difference in age 20—25 | 25—30 '30—35 35—40
(in years)
No. of couples - 109 52 16 4

6. Find M.D.{x) for the following distribution :.

; Class ©15—24 25—34 35—44 45—54 55—64
| . - :

| Frequency 4000 16000 28000 33000 28000
! 7. Calculate median and M.D.(Median) for the following frequency distribution :

|

| Age No. of Age No. of

‘ (in years) persons (in years) persons

| -

| 1—5 7 26—30 18

| 6—-10 10 3135 10

; s 11—15 16 36—40 5

| 16—20 32 41—45 1

| 21—25 . 24
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1. M.D.(¥) = 7.8, coeff. of M.D.(Z) = 0.2364.
2, 2.54
NOTES 3. Coeff. of M.D.(¥} = 0.2285, Coeff, of M.D.{median) = 0.2333
4. 9.76 marks, 0.3485. 5. M.D.(%) = 5.34 years.
6. MD.(X)=9656. 7. Median = 19.95 years, M.D.(median) = 7.1 years,

6.9. DEFINITION OF STANDARD DEVIATION

It is the most important measure of dispersion. It finds ind_ispensablé place in advanced
statistical methods. The standard deviation of a statistical data is defined as the
positive square root of the A.M. of the squared deviations of items from the A.M. of the
geries under consideration. The S.D. is.often denoted by the greek letter ‘o’

For an individual series, the S.D. is given by

where x,, x,;,, ...... , x, are the value of the variable, under consideration.
For a frequency distribtion,

-where f; is the frequency of x; (I'S i< n).
When the values of the variable are given in the form of classes, then their

respective mid-points are taken as the values of the variable. i

n

6.10. COEFFICIENT OF 8.D., C.V., VARIANCE

For comparing two or more series for variability, the corresponding relative measure,
called coefficient of S.D. is caleulated. This measure is defined as
Coefficient of S.D. = S_D
_ X
The product of coefficient of S:D. and 100 is called as the coefficient of variation.

Coefficient of variation = (g} 100,
X

This measure is denoted as.C.V.

CV.= (ﬂ) 100,

b 4
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Tn practlcal problems, we prefer comparing C V. instead of comparing coefficient

of-8.D. The coefficient of variation is’also represented as percentage. The.square of
S D.is called the variance, of the dlstrlbutlon

WORKING RULES TO FIND S.D.

Rule L. In case of an individual series, first find T by using the formula

= -Ei In the second step, find the values of x — x.. In the next step,
n :

find the squares (x = %)? of the values of x — X. Find the sum ¥ (x — x)*of
the values of (x ~ ¥)%. Divide this sum by n. Take the positive square
root of this to get the value of S.D.

Rule II. In case of a frequency distribution, first find % by using the formula ¥

= -z_;{r'{ In the second step, find thé values of x — X . Inthe next step, find

the squares (x — ©)% of the values of x - x. Find the products of the values

of (x — x)® and their corresponding frequencies. Find the sum Tf(x - ¥)2
of these products. Divide this sum by N. Take the positive square root of
this to get the valte of S.D.

Rule H1. If the values of the variable are given in theuform of classes, then their
respective mid-points are taken as the values of the variable.

. _ 8:D. .
Rule IV. (i) Coeff. of S.D. = AM
(i) C riati (C‘V)_ S.D. ., 1;)0
(ii) Coeff. of varia w’n V)= -3 %

(iii) Variance = (S.D.)”.

Example 10. Find the 8.D. and C.V. for the following data :
4 6 10, 12, 18 .

Solution. Calculation of S.D. and C.V.
S. No. \ x x-x - ;Tc)2
x=10
1 4 =6 36
2 6 -4 186 .
3 10 0 0
4 12 2 4
5 18 I 8 64
a=6 | om=s0 | | T==9%-i120
=2_%0_1o.
n 5

Measures of Dispersion

NOTES
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4
Business Mathematics = —2 120
and Staistics Now S.D. = JW—E_ -2 _ —— = 24 =4.8989.
n
: S/DY 4.8989
NOTES - CV. = [ EJ 100 = ( 2o | 100 - 48.989%.
I
Example 11. Calculate S.D. and C.V. for the following frequency distribution :
. Fs
Class ;- F;a:quency ) Class ) Freguency
4—8 11 2428 ' 9
’ / 8—12 13 2832 17
1216 16 32—36 6
N 16—20 14 36—40 4
20—24 14
Solution. Calculation of S.D. and C.V.
Class x -’ ! fx x-x x-x )2 flx - ©?
. 4—8 6 11, 66 | -14 196 2156
8—12 10 A3 130 ~10 100 1300
12—16 14 16 224 -8 36 576
16——20 18 14 252" -2 4 56
20—24 22 14 308 ° 2 4 56
- 24—28 26 9 234 6 - 36 324
. 12832 | 30 17 510 10 100 1700
32—36 34 6 204 14 196 1176
36—40 38 4 152 18 324 1296
N =104 fo Zf‘(x - 5)2
= 2080 = 8640
oM zfx _2080 .o
104

2
Now Jzﬂ"‘ ) J = 9.11486.

CV.= ( ]100 (9 1146] 100 46.573%.
X 20

.~

6.11. SHORT-CUT METHOD FOR 8.D.

We have geen in the above examples that the calculations: of 8.D. involves a lot of -
computation work. Even if the value of A.M. is a whole number, the calculations are
not so simple. In case, A.M. is in decimal, then the calculation work would become
more tedious. In problems, where A.M. is expected to be in decimal, we shall use this
method, which is based on deviations (or step deviations) of items in the series.
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For an individual series x,, x,, ...... ,%,, we have
. . >
Sur (S —
. 8D.= [ |=f B = EL—(B‘-)_ .h
' n n ) n n
| A
where u; = xi}: —, 15i<n.

For a frequency distribution, this formula takes the form

2

n n
fi‘-“2 fu;
2, fiu; El_ . =\’zfu2 __[Efujz N

8.D. = N N N N

. x;~A
where f; is the frequency ofx- {(12i€n) and u; = —‘*h—'u, 1£isn.

| A and A are constants to be chosen snitably. This method is also known as step

! deviation method.

‘ In practical problems, it is advisable to first take de\natmns ‘d’ of the values of
% the variable (x) from some suitable number ‘A’. Then we see if there is any common
 factor greater than one, in the values of the deviations. If there is a common factor

in the next column. In case, there is no commeon

k(> 1), then we calculate z = % =%

factor greater one, then we take 2 = 1 and u becomes'u = % =x—-4A, -
‘In this case, the formula reduc.es as given below ;
| S.D.= %l; - (?J | ‘ (Individual Series)
8.D. = zf;:z -(—EI{%T (Frequency Distribution) |

where d = x - A and A is any constant, to be chosen suitably.

WORKING RULES TO FIND 8.D.

Rule I. In case of an individual series, choose a number A. Find deviations
- d{=x-A)of items from A. Find the squares ‘dz’ of the values of d. Find
- 8.D. by using the formula

vd 2 [ sd )2

n

If some common factor h (> 1) is available in the values of d, then we
caleulote u’ by dividing the values of d by h. Find the squares u? of the

n

2 su)
values of u."Find 8.D. by using the formula : : - [——} x h.

n

Measures of Dispersion

NOTES
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Rule IN. Iﬁ case of a frequency distribution, choose a number A. Find
deviations d(= x - A) of items from A. Find the products fd of fand'd.
Next, find the products of fd and d. Find the sums Z;f'd and Xfd2 Find

NOTES 8.D. by using the formula : . )

Ha? (&d’ ’
N N /]

If some common factor h(> 1) is available in the values of d, then we
calculate ‘v’ by dividing the values of d by h. Find the product fu of f

and u. Next find the products of fi and u. Find the stims %fu and Tful.
Find S.D. by using the formula :

()

Rule I11. If the values of the variable are given in the form of classes, then their
respective mid-poinis are taken as the va{ues of the variable.

Example 12. Find the C.V. of the following inc.liuidua_! series ©

276398, 4.76398, 6.76398, B.76398, 12.76398, .10.76398.
‘ Solution, Calculation of S.D. and X
S.No. x d=x-4A u=dk u?
A=38.76398 h=2
1 2.76398 -6 -3 9
2 4.76398 -4 -2 4
3 6.76398 -2 -1 1
4 8.76398 0 0 0
‘B 12.76398 4 2 4
6 10.76398 2_ N i 1
n==6 Zu=-3 . Zu?=19
— Su 3
Now x=A+ ? = 8.76398 + . 2=17.76398

N ’ Zu ‘19
—{? =4 - — x 2= 29167 x 2 = 3.4157

$.D.
CV. = [ }100 - (%57—} 100 = 43.9942%.
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ED 776398,
Example 13. Find the value of coefficient of variation for the following frequency
distribution : . : ,
Class 0-5 5—10 10—15 | 15-20 20—25
No. of items 20 24 32 | 2 | 20
Class 25—30 30—35 3640 2045 —
No. of items 16 - 34 10 16




Solution.” Calculation of $.D. and ¥

Measures of Dispersion
#

' Class f x d=x-A | u=dh fu fu?
; A=225 h=5
| . .
1 o—5 20 2.5 20 —4 - 80 320 NOTES
5—10 . 24 75 - 15- R § ~-72 216
10—15 32 | 125 -10 -2 - 64 128
1520 - 28 17.5 -5 -1 -28 28
2025 20 22.5 0 1 0 0 0
25—30 16 27.5 5 1 16 16 '
30—35 34 32.5 10 2 68 136"
+ 3540 10 37.5 15 3 30 90
40—45 |° 16 42.5 20 4 64 256
T — — -
=—66 =1190 . |
No cone [T Vo005, (25520085
W X = N = . 200 = .

‘z:"u'z:_(-&T 1190 _(— 66}2
D=y N ) = Y200 (200) *°

="+/5:8411 x 5 = 12.0842.

‘ CV. = (S__D_] 100 = (12‘0842) 100 = 57.9578%.
|
|
|
|
|

X, 20485

Example 14. A student obtained the A M. and S.D.-of 100 observations as 40
and 5.1 respectively. Later on, it was discovered that he had wrongly copied down an

observdtion as 80 instead of 40. Calculdie the correct value of 8.D.
Solution. We have

No. of items = 100
Incorrect x = 40
| Incorrect 8.D. - =51
i Correct item = 40
| Incorrect item = 50
I Now X = %
40 = M or Incorrect Xx = 4000
100 .
Correct Zx = 4000 — 50 + 40 = 3990

3990
100

= 39.9,

- Correct x =

»

— —
S.D.:JZ(" *) =‘(z; ~ (52,

el

Now
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and Statistics . - -
Incorrect x? g
51= J— (40
. \/ 100 40 |
NOTES _ I b 3 |
or 26.01 = TS 3400 _ :

: 100
Incorrect Xx? = (1626.01) 100 = 162601

Correct Zx? = 162601 — (50)? + (40)% = 16170}

161701
100

-

Now  Correct S.D. = J =(399) = f1617.01- 159201 = 5.

6.12. RELATION BETWEEN MEASURES OF DISPERSION

It has been observed that in frequency distribution, the following relations hold. _

1. Q.D. is approximately equal to —:; S.D.

2. M.D. is approximately equal to % 3.D.

6.12.1 Merits of S.D.

1. It is simple to understand.

2. It is well-defined. ' ;
3. In the caleulation of 5.D., the signs of deviations of items are also taken into
account. .

4. It is based on all the items.

5. It is capable of further algebraic treatment.

6. It has sampling stability.

7. It is very useful in the study of “Tests of Significance”,

6.12.2 Demerits oF S.D.

1. It is not easy to calculate.

2. It is unduly affected by the extreme items, because the squares of deviations
of extreme items would be either extremely low or extremely high.

EXERCISE 6.4
1. (@) Find 8.D. and C.V. for the following individual series :
4, 4, 4, 4, 4, 4, 4,

(&) The A.M. of the runs scored by three batsmen A, B, C in the same innings are 58, 48,
12 respectively. The S.I). of their runs are 15, 12 and 2 respectively. Find who is
most consistent of the three,
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9. | Class interval 60—70 | 50—60 | 40—50 | 30—40 | 2030 | 10—20 Measures of Dispersion

Freguency 3 6 . 10 12 15 B
Find coefficient of variation for the above data. NOTES
3. Find which of the following batsman is more consistent in scoring :
Batsman A 5 7 16 27 53 80
Batsman B 0 4 16 21 43 a3

4. A group of 100 selected students is with average height 168.8 cm and coefficient of
variation 3.2%. What is the S:D. of their height ?

5. Goals scored by two teams in a football season were as follows :

No. of goals scored ' No. of matches
in a match
Team A _ Team B
0 15 20
1 10 10
2 o7 * 05
3 05 04
4 03 02
5 02’ 01
Total 42 42

Calculate coefficient of variation and state which team is more'consistent.
6. From the data given below, state which series is more variable :

Variable 10—20 20—30 30—40 - 40—50 50—60 60—70
Group A 10 18 32 22 40 18
Group B 18 22 40 18 32 10
7. The following is the data relating to two models of felevisions :
No. of televisions
Life
{No, of years) - Model : Crown Dyanora
0—2 5. 2
2—4 . 16 i
4—6 13 12
6—8 7 19
8—10 5 9
10—12 4 1

(i) What js the average life of €ach model of.these televisions ?
(i) Which model has more uniformity ?
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Business Mathematics 8. The followmg table gives the distribution of wages in the two branches of an industrial

and Statistics . concern. Find out which branch has greater variability in wages relating to the average
wage : :
NOTES ont(i;iy;;mges - Né _of _warkqs -
' ' ) Branch A ) Branch B
100—150 35 17
150—200 42 43
200—250 45 . 20
250300 e 58 12
© Total 200 | 100

9. Mean and standard dev1atwn of 200 1tems are found to be 60 and 20 If at the time of
calculations two items are wrongly taken as 3 and 67.instead of 13 and 17, find the
correct mean and the standard dewatlon

10. The analysis of the resulis of a budget survey of 150 families gave an average monthly

" expenditure of T 120 on food items with a S.D. of T 15, After the analysis was completed ,

it was noticed that the figure recorded for one household was wrongly taken as ¥ 15
1r’1$tead of ¥ 105. Determine the correct value of the average expenditure and its S.D.

11. Following is the data related to two factories:

Lo

Factory A "~ Factory B .
Numbers of Workers 200 . 250
Average wage per hour ¥ 15.00 T 12.00
Variance (02) : T16 79

. Find the following:
(i) Which factory pays larger amount as.total wages per hour? .
(if) Which factory is more variable?

(iif) Find combined S.D.

Answers
1. (@8D =0,CV.=0 '
(b) C.V. (A} = 25.86%, C.V. (B)= 25.00%,
CV.(C)=1667% .. C is most consistent,
2. C.V.=38.708 ' :
3. C.V.for A =81.0306%, C.V. for B = 101.6502%, A is consistent.
4. S.D.=5.4016 cm

5. C.V.for A =102.1259

Aisconsistent.
C.V.forB_=124_5434} 18 consistent,

6. C.V.for A = 33.8496%, C.V. for B = 38.2442%
. Group B is more variable. .
7. (YAM. for Crown = 5.12 yrs, A.M. for.Dyanora =616 yrs
(i) C.V. for Crown = 54.9158%, C.V. for Dyafiora = 36.2068%
Dyanora model has more uniformity,

128 Self-Instrnctional Meaterial

)




A

8., C.V. for A = 33.9015%. C.V. for B = 29.8077% ‘ Measures of Dispersion
Variability is more in branch A. :

+

9. '59.8,20.0938
10. Correct A'M. = 7 120.60, Correct S.D. =7 12.35 - :
. . NOTES
11. () Same amount of T 3,000 (i) A (i) ¥ 3.786

EXERCISE 6. 5

1. Define dispersion ¢ and dlSCUSB its various measures,
2. What are the requisites of a good measure of dispersion ?

613 SUMMARY | o | | '

e The requisites of a2 good measure of a dlspersmn are the same as those for a good
meagure of central tendency.
‘ s The range of a statistical data is defined as the difféerence between the largest
| and the.smallest values of the variable.
i s The mean deviation of a statistical data is defined as the arithmetic mean of
| *  the numeérical values of the deviations of items from some average.
5 ¢ The standard deviation of a statistical data is defined as the poesitive square
i root of the AM. of the squared deviations of items from the AM. of the -geries
under conmderatlon
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7. MEASURES OF CORRELATION

7.1. Correlation and Causation

7.2. Positive and Negative Correlation.

7.3. Linear and Non-linear Correlation

7.4, Simple, Multiple and Partial Correlation
7.5. Definition of Correlation

7.6. Alternative Form of ‘R’

7.7. Step Deviation Method .
7.8. Meaning of Spearman’s Rank Correlation
7.9. Summary

7.1. CORRELATION AND CAUSATION

~

Two variables may be related in the sense that tlie changes in the values of one variable
are accompanied by changes in the values of the other variable. But this cannot be

.interpreted in the sense that the changes in one variable has necessarily caused changes

in the other variable. Their movement in sympathy may be due to mere chance. A high
degree correlation between two variables may not necessarily imply the existence of a
cause-effect relationship between the variables. On the other hand, if there is a
cause-efféct relationship between the variables, then the correlation is sure to exist
between the variables under consideration. A high degree correlation between ‘income’
and ‘expenditure’ is due to the fact that expenditure is affected by the income.

Now we shall outline the reasons which may be held responsible for the existence
of correlation between variables.

The correlation between variables may be due to the effect of some common
cause. For example, positive correlation between the number of girls seeking admission

-in colleges A and B of a city may be due to the effect of increasing interest of girls

towards higher education. The correlation between variables may be due to mere chance.
Consider the data regarding six students selected at random from a college.

Students A B c D | E| F

% of marks obtained in 42% | 47% | 60% | 80% | 55% | 40%
the previous exam. -

Height (in inches) 60 62 '| 65 70 64 59
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Here the variables are moving in the same direction and a high degree of  Measures of Correlation
 correlation is expected bétween the variables. We cannot expect this degree of
correlation to hold good for any other sample drawn from the concerned population. In

this case, the correlation has occurred just due to chance.
|
|

The correlation between variables may be due to the presence of some cause- NOTES

effect relationship between the variables. For example, a high degree correlation
between ‘temperature’ and ‘sale of coffee’ is due to the fact that people like taking
-coffee in the winter season.

The correlation between” variables may also be due to the presence of
interdependent relationship between the variables. For example, the presence of
correlation between amount spent on entertainment of family and the total expenditure
of family is due to the fact that both variables effects each other. Similarly, the variables,
‘total sale’ and ‘advertisement expenses’ are mterdependent

'TYPES OF CORRELATION

Correlation is classified in the following ways:

(i) Positive and Negative Correlation. ]
(i) Linear and Non-linear Correlation.

(iii) Simple, Multiple and Partial Correlation.

7.2. POSITIVE AND NEGATIVE CORRELATION

| The correlation between two variables is said to be positive if the variables, on an
i average, move in the same direction. That is, an increase (or decrease) in the value of
one variable 1s accompamed on an average, by an increase (or decrease)'in the value
of the other variable. We do not stress that the variables should move strictly in the
game direction. For example, consider the data :

x 2 3 4] 8 11
¥ 14 15 13 18 22

Here the values of ¥ has increased corresponding to every increasing value of x,
except for x = 6, The correlation between the variables x and y is positive.

The correlation between two variables is said to be negative if the variables, on
an average, move in the opposite directions. That is, an increase (or decrease) in the
value of one variable is accompanied, on an average, by a decrease (or increase) in the
value of the other variable. '

Here also, we do not stress that the variables should move strictly in the opposite
directions. For example, consider the data: -

x 110 107 105 ' 95 80
y 8 15 14 27 36

Here, a decrease in the value of x is accompanied by an increase in-the value of
~y, except for x = 105. The correlation between x and y.is negative.
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Thus; we see that the correlation between two variables is positive or negative
according as the movements in the variables are in same directign or in the opposite
directions, on an average.

7.3. I.INEAR AND NON LINEAR CORRELATION

The correlat.lon between two vanables i8 sald to be linear if the ratio of change in one
variable to the change in the other variablé is almost constant: The correlation between
the ‘number of students’ admitted and the ‘monthly fee collected’ is linear in nature.
Let x and y be two variables such that the ratio of change in x to the change in ¥ is
almost constant and if a scatter diagram is prepared corresponding to the vanables
x and y, the points in the diagrams would be almost along a line,

The extent of linear correlation is found by using Karl Pearson’s method,
Spearman’s rank correlatlon method and concurrent deviation method.

i B K .-. -
YT R ¥4 .
» > » PO B . .
. B
. L] . L] . s,
. ]
E— 1 ¢ o ¢
. : . e Lt .
. . . . .
L L]
N .. . - . .
X X )
Positive linear correlation Negative linear correlation

¥4 « ca_%,

=y

Non-linear correlation

* The correlation between two variables is said to be non-linear if the ratio of
change in one variable to the change in the other variable is not constant. The correlation
between ‘profit’ and ‘advertisement expenditure’ of a company is non-linear, because if
the expenditure on advertisement is doubled, the profit may not be doubled. Let x and
¥ be two variables in which the ratio of change in x to the change in y is not constant
and if a scatter diagram is drawn corresponding to the data, the points in the diagram
“would not be having linear tendency.

’

7.4. SIMPLE, MULTIPLE AND PARTIAL CORRELATION

The correlatwn is said to be snmple if there are only two vanables under consideration.
The correlation between sale and profit figures of a departmental store is simple. If there
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are more than two variables under consideration, then the correlation is.either multiple
or ‘partial. Multiple and partial coefficients of correlation are called into play when the
values of one variable are influenced by more than one variable. For example, the
expendlture of salaried class of people may be influenced by their monthly incomes,

secondary sources of income, legacy (money etc, handed down from ancestors) ete. If
we'intend to find the effect 6f all these variables on the expenditure of families, this
will be a problem of multiple correlation. In multiple correlation, the combined
effect of a number of variables on a vanable is consndered Let x,, x,, %4 be three
variables, then R, ,; denotes the multiple correlation coefficient of x, on x, and x,.

Similarly R, 5, denotes the multlp]e correlation coefficient of > x,0nx; and x,. In partial -

correlation, we study the relationship between any two variables, from a group of
more than two variables, after eliminating the effect of other variables mathematically
on the variables under consideration. Let X, Xy, Xy be three variables, then riq 3 deriotes
the partial correlation coefficient between x, and x,,. Similarly, r,s ¢ denotes the partial

. correlation coefficient between x, and x,. The methods of computing multiple and partial

correlation coefficients are beyond the scope of this book. Thus, we shall be discussing
the methods of computing only simple correlation coefficient.

‘KARL PEARSON'S METHOD

¥

7.5. DEF!NITION OF CORRELATION

Let (x,, yl) Xy, ¥oho wovene » (x,, ¥,) be n_pairs of values of two variables x and y with
respect to some charactenstic (time, place etc.). The Karl.Pearson’s method is used to
study the presence of linear correlation- between two variables. The Karl Pearson’s
coefficient of correlation, denoted by r(x, y) is defined as :

Z {x; - X}, = y)

i=1 -

"(x,y)= .
‘jz (x; - x)° JZ (¥ —5}2
i=1 i=1"

' 2x-X)(y- )

a0 B3y -

where ¥ and ¥ .are the A.M.’s of x-series and y-series respectively.

or simply,

This is called the direct method of computing Karl Pearson’s éoefﬁcient of
correlation.

If there is rio chance of confusion, we write rx, y),just asr.
It can be proved mathematically that - 1 <r <1.

Measures of Correldtion

NOTES
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If the correlation between the variablesis linear, then the value of Karl Pearson’s
coefficient of correlation is interpreted as follows :

- Value of +' Degree of linear correlation
- between the variables
r=+1 Perfect positive correlation
0.75¢5r<l1 + | High degree positive correlation
0.50<r<0.75 Moderate degree positive correlation’
0<r<0.50 Low degree positive correlation
r=.0 No correlation .
-050<r<0 Low degree negative correlation
—-0.75 <r's-0.50 Moderate degree negative correlation:
—1<r<-075 High degree negative correlation
r=-1 Perfect negative correlation

Remark 1, The Karl Pearson’s coefficient of correlation is also referred to as product
moment eorrelation coefficient or as Karl Pearson’s product moment correlation
coefficient, ‘

Remark 2. The Karl Pearson’s coefficient of correlation, r, is also denoted by plx, v) or
simply by p. The letter p is the Greek letter ‘rho'.

Remark 3. The square of Karl Pearson’s coefficient of correlation is called the coefficient
of determination.

For example, if r = 0.753, then the coefficient of determination is (0.753)% = 0.567.
The coefficient of determination always lies between 0 and 1, both inclusive,
e —-%)(y—-¥)
r= —2 —.2
JZ(x - x) JZ(}' -y)
Ex-x)(y-¥}

= =
RJ;(J:—EF Jz@-;}z
R n

e Z{x —?)(y—?)
no, o,
Example 1. From the data given below calculate coefficient of correlation and
interpret it :

Remark 4.

b
Number of items ' 8 _ 8
Mean . _ 68 69
Sum of squares of deviations from mean © 36 44

Sum of products of deviations of x and y.from their respective means = 24.
Solution, We are given '
n=8 ¥ =68, 7 =69, Z(x~%)* =36,2(y-%)% =44, 2(x-%)} (y - ¥) = 24.
Coefficient of correlation,
Xx-X)(y-¥) 24 24
r= = = = + 0.603.
Jz(x _ 5)2 ‘Jz(y _5}2 J:%-J4—4 39.7995

There is moderate degree positive linear correlation between the variables

x and y.
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Example 2. The coefficient of correlation between two variables X and Y is 0.48.
The covayriance is 36. The variance of X is 16. Find the standard deviation of Y.

Solution. We have r = 0.48, Covariance = 36, 6,2 = 16.

X -X)(Y~Y)
r= — —
X -X)? (Y - 12
X =-X)(Y-Y)
- e n _ Covariance *
| Jz(x -X2 JZTY _Y)? ox Oy
n n.
36 48 .
0.48 = -JE Oy ﬁ —; or O’Y = 18.75.

-Ethp_le 3. Calculate the Karl Pearson’s coefficient of correlation from the data

given below

% 6 10 11
¥ 3 6 17
Solution. Calculation of ‘r’
5. No. x y =% | y-F | x-DO6-¥| @-8? | 6-3°
F=78 |¥=54 '
1 4. 2 -3.8 -34 12.92 14.44 11.16
2 6 3 -18. | —-24- 4.32 3.24 2.76
3 8 4 0.2 —14 -0.28 ©0.04 1.96
4 10 .6 2.2 0.6 1.32 484 | . 0.36
5 11 12 3.2 6.6 21.12 10.24 43.56
n=5 |Tx=89 | Zy=27 Sx-B(y -7 | Zx-52 | Sy-5°
=39.4 =328 | =632
*=&:ﬁ=7_8, ”y_z-z—:):-=g=5_4
n 5 n 5
x -Ty-F) 39.4
Now

S = - 72 Sy - 5 = 32.8 J63.2

_ 39.4 894
T (5.7271)(7.9498) 45.5293

It shows that there is high degree positive linear correlation between the variables.

=0.8654.

7.6. ALTERNATIVE FORM OF ‘R’

In the above examples, the calculations involved in Example 3 is much more than in
- other examples. This is due to the fractional values 6f ¥ and ¥ -in the data. Suppose
for some data, we get X =27.374 and ¥ = 14.873, then it can be well imagined that lot.

X -X(¥-Y)

* Covariance between variables X and Y is defined as-
. n
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of time and energy would be consumed in computing the Karl Pearson’s coefficient of
correlation. There are very few chances to get ¥ and ¥ as whole numbers. Irr order to

\q——J

——

avoid the chance of facing difficulty in computing deviations of the values of variables |

from their respective arithmetic means, an alternative form is used whlch is discussed.

NOTES below :
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oy X - D =F) |
We have r= = = J
' \/E(xi‘x) JZ(J’s—y) :
Now, Z(x; - T)Ny; - ¥) = Elx;y; — %5 — Ty; + 5) ‘
= Ixy, - (Zx) ¥~ (%) + n¥¥ ;

= Txy,—Ex, (ZL] - (i) By +n [_Ei] [Fi}
n n n n :

3y, (2%,)(2y;) _n3x;y, - (26) (%)

on : n |
Also Z(x - 0 = 2 + X7 - 20,7) = 2, + nx? - 2% ) E. : ‘

Zx; 2 . r-rg |
=Xx%+n (—L) - 2xx) | ’
] n i n . |

= Tx?— (Ext)z _ n).’.xf_‘ --(E'x‘.)z .
4 n n
2 2
Similarly, X(y, -7)% = ndy; n(z.)’,”)
+ E(xj -x) (y'- - y)

r=

n¥x;? — (5x;)%

" Vi - B2 2y - 77
nZx;y; — () (Zy;)
n
J JRZJ’;'Z - (Zy,)?
n n
e nXx;y; - (2x;) (2y;)
) anxiz - (2x;)? JnZYi2 - (y)?
For simplicity, we write

nIxy - (Zx)(Zy)
Jnzx? Z (02 fnsy? - 3y
Example 4. Find the coefficient of correlation for the following data :
n =10, Lx = 50, Sy = — 30, Ea? = 290, 5y? = 300, Zxy = — 115.
nZxy —{(Tx) (Zy)
Jni‘xz - (Zx)? fnZy? - (5y)?
_ 10(- 115) - (50) (= 30)
J10(290) — (50)% {/10(300) - (= 30)?

. N

= 72002100 Jsmo
= AL [Iog 35~ 3 log 8400] = AL [1.5441 - % (3.'9243)]

r=

Solution.

350
8400

= AL (- 0.4181) = AL (15819) = 0.3819.



]
1

Example 5. Calculate the Karl Pearson’s coefficient for the data given below :

Measures of Correlation

x 2 3 5 7 3
y 15 17 4 5 - 4
Solution. . Calculation of ‘v NOTES
8. No. x -y xy‘ xz y-?
1 2 15 30 4 225
2 3 17 51 9 289
3 5 4 20 25 16
4 7 5 35 49 25
5 3 4 12 . g 16
n=>5 Tx =20 Sy = 45 Sy = 148 Sx? = 96 % =571
nZxy - (Zx)Ey) 5(148) - (20)(45)

r= = —
© Jnma® - (0% Ynzy? - (5 5(96) —(20)? {5(571) - (45)°

o0 -6 (16
/80830  Jee4 dwen

=—AL(-0.207) = - AL (- 1 + 1 - 0.207)
= — AL (1.793) = — 0.6209.

Example 6. Calculate ‘¢ for the following data :

C o= AL[log 16 - % log ém] = AL [1__.2041- -21- (2.8222)]

x -3 -2 -1 1 2

by P 1

Solution. Calculation of ‘¥’ g
8. No i y xy 2 y?

1 -3 9 - 27 9 81 °

2 -2 4 -8 '4 16

3 -1 1 -1 1 1

4 0 0 0 0 0

5 1 1 1 1 1

6 2 4 8 1 18

7 3 9 27 9 81
h=q Ix = 0 Ty = 28 Sxy =0 sx? = 28 3y? = 196

. nZxy — (N Zy) : 70) — (0)(28) ]
CJnm® - )? Jny? - )® J728) - (00 7(196) - (28)2

Remark. In the above example, r = ¢ indicates that there is no linear correlation be-
tween the variables. In fact, the variables x and y are very well correlated and there also exists.
algebraic reldation ¥ = x2 between the variables. The correlation between x and y is curvilinear
and Karl Pearson’s coefficient of correlation does not help in estimating curvilinear correlation.

} Example 7. Calculate the coefficient of correlation between x and y :

G.

x 22 24 25 27 21 22 23
y | 41 44 45 48 | 40 42 44

137
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Solution, Calculation of %’

s = — .y S xy x2 ;2,
T T e T o0 ey 16_8,1__
2 24 44 1056 576 1936
3 25 4 1125 625 2025
4 27 48 1296 729 2304
5 21 40 . 840 441 1600
6 22 42 924 484 1764
7 23 44 1012 529 1936

n=7 | Ex=164 | Zy=304 | Zxy=7155 | Ix2=3868 | 3y2=13246

nZxy — (Zx)(Zy)

r=-

NS e

7(7155) - (164X304)

" asen - 160 113240 ~G0i7

229

229

= /1804306 23456913 .
Example 8. Calculate the coefficient of correlation between X and Y from the

following data and interpret the result :

Solution. We have

Now E:-zx-—- = 9285z = IZIX=285
n 10 ¥ :
and ?=§: = 28=="- = 3Y=280.
n 10 .
Also nIX® - (3X)? = n oy =10x 10.5 = 105
2 - Eape— )
and ' ) = JnZY?-(5Y)® =n oy =10 x 5.6 = 56.
nIXY - (EX)ZY) |
Now P = == e
JnZX? - (30? {ng¥? - EYV)?
10(8425) - (285)(280) 4450 -
b T ® T05%56 = 0.7568.
The value of r shows that there is high degree positive linear correlation between
the variables X and Y. :
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= 0.9757.

SXY = 8425, X =285, Y =28.0,0,% 105, 0,=5.6 and n = 10.

. XY =8425, X =285, Y =28,0,=105,06,=56, and n = 10.




EXERCISE 7.1 . Measnres of Correlation

1. From the data gi'veq below, calculate the coefficient of correlation:

x y o NOTES
, Number of items _ 15 15 .
AM. 25 18
. Sun; of squares of deviations frem mean 136 ) 138

. Sum of products of dgviations of  and y from their respective means = 122,
-2. Find the coefficient of correlation for the following data:

x | 5 4 3 2 1
y 5 2 10 8 4

3. Find the coefficient of correlation for the following data:

x 1 2 3 | 4 5
y |7 B 5 4 8

4. Find the Karl Pearson’s coefficient of correlation for the following data:

x 1 2 8 4 5
y | 10 9 | 8 8 4 7

8. Find Karl Pearson’s coefficient of correlation i)étween x and y for the following data:

x 1 2 | 3 4 5
v 2 5 7 8 10

6. Find the coefficient of correlation for the following data:

x 1 3 5 7 8 10
y 8 12 15 - 17 18 20

7. Find the coefficient of correlation for the following data:

'y 0|9 b8 | 8 e |12 4| 3181

8. Calculate the coefficient of correlation between the values of X and Y given below:

x | —15|+18f-12]-10]+15|-20|-25|+15)+16 [-14
Y +8 [-10 [ +5 [+12 ] -6 | +4 |+11| ~9 | -7-|+13

x br | 2t3 | a5 | 67| 8| 9 |10
|

9. Calculate the Karl Pearson’s coefficient of correlation for the following data:

| Cx 28 | 32 |38 | 42 | 46 | 52 | 54 | 57 | 58 | 63
y () 1 |3 | 4 | 2| 5 | 41686 |7 8
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and Staristics 1. 0.8906 2. r=-0.1980 3.r=-1 " 4.r = 0.7206
3. r=0.9851 8. r =0.9879 7. r=—0.1840 8.-0.912

NOTES 9. 0.9293

7.7. STEP DEVIATION METHOD

When the values of x and y are numerically high, as in Example 7 of Article 7.6 the
step de\natlon method is used.

Deviations of values of variables x and y aré calculated from some chosen-
arbitrary numbers, called A anhd B. Let A be a positive common factor of all the deviations
(x — A) of items in the x-series. The definition of & is valid, since at least one common
factor “1” exist for all the deviations. Sumlarlv let k& be apositive factor of' all the
deviations (y B) of items in the y-series.

- A _¥y-B !
5 and v= FER

The variables u and v are obtained by changing origin and scale of the
variables x and y respectively.

Since correlation coefficient is 1ndependent of change of ongm and scale, we

Let . u =

have .
rx, y) = r(u, v). . .
o : 2(u - Z)v~7)

(x, ) =
T o JEw-0)?

On simplification, we get
. nXuv - (Zuw)(Zv)
ynZu? - Cu)? ynzv? - (v)?
The values of & and v are called the step deviations of the values of x and y
respectivély. In the above form :

- (X, y) =

Ty is'the sum of step deviations of the items of x-series.
“Zv  is the sum of step deviations of the items of y-series.
Zuv is the sum of the products of the step deviations of items of x-series with
the corresponding step deviations of items of y-series.

Zu? is thé sum of the squares of the step deviations of items of Sc-serigs. '

Zv? is the sum of the squares of the step deviations of items of y-series.

In practical problems, the choice of common factors 2 and k would not create
any problem. Even if we do not care to compute step deviations, by dividing the

deviations of values of x and y by some common factor, the formula would still work.
Suppose we have taken deviations (u} of the items of x-series from A,

x— A
Le., . u=x—-A= ad o

We can consider the values of i as the step deviations of the items of x-series,
takmg ‘1’ as'the common factor. Sifnilar argument would also work for y-series.

Therefore, in solving problems, we first calculate deviations of items of x-series
and y-series from some convenient and suitable assumed means A and B respectively.
These deviations of x-series and y-series are then divided by positive common factors,

L
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if at all desired. If we do not bother to divide these deviations by common féctors then

- these deviations would be thought of as step deviations of items of given series w1th r
* as'the common factor for both series. .

Thus if u = x - A and v = y - B, then, we have
nzuv - (EZui{Zv) .
ynZu? - Gw? ynzv? - (zv)¥

Example 9. From the given. data, calculate the Karl Pearson’s coefficient of
correlation :

r{x, y) =

Price of Commodity,

Months e :
A B

Jan. ‘ 35 65
Feb. 36 » 72
March 40 ' 78
April 38 77
May 37 76
June ‘ ~ 39 77
July 41 " 80
August 40 , 79
Sept. .36 76
Oct. 38 | 75

Use 38 as assumed mean for commodity A and 75 for commodity B.

Soluton. Let the varlables price of A" and pnce of B’ be denoted by x and y
respectively. .

Calcula;:ion of 'r’

Mbnths_ x ¥ n=x-A v=y;-B uy u? v?
A=38 B=75 _
Jan. 35 65 -3 -10 " 30 9 100
Feb. 36 72 -2 -3 6 4 9
March 40 | 78 ‘2 3 6 4 9
April 38 77 0 2 0 0 4
May 37 | 76 -1 1 -1 1 1
' June . 39 77 1 2 2 1 4
July 41 80 5 15 9 25
August | 40 79 2 4 8 4 16
Sept. 36 76 -2 1 -2 4 1
Oct 38 75 0 0 0 0 0
n=10 ' Tu=0 | Zv=5 |Zuw=64] Zu®=36 | =169

nZuv —{Zu Zv)
r= .
JnZu? 2 (Z)? Jnsu? - (Tv)?

- 10(64) - (0)5)
> J1036) - 01 Y10(169) - (5

Measures of Correlation

NOTES
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= AL lgg ..._.9_4_{.)_.
v360 V1 {360 x 1665

= AL [log 640 - — (log 360 + log 1665)]

AL[ og 2.8064 - — (2 5563 + 3. 2214)]

= AL (- 0.08245) = AL (-1+1-0.08245)

= AL (1.91755) = 0.8271.
There is high degree positive linear correlation between the prices of
commodities A and B. -

Example 10. Calculate the coefficient of correlation for the data given below :

Age of husband | 23 27 28 28 29 30 31 | 33 | 85 36
(in years) . _ |

Age of wife 18 2¢ 22 27 21 29 27 29 28 29
{m years) '

Solution, Let x and y denote the variables ‘Age of Husband’ and ‘Age of Wife’
respectively. .

Calculation of ¢’
8. No. x ¥ u=x-A =y-B | uv u? 2
A=30 B =24
1 23 18 -7 -6 | 42 49 36
2 27 20 | -3 -4 12 9 16
3 28 22 -2 -2 4 4 4
4 28 27 -2 3 —6 4 9
5 29 21 -1 | -3 3 1 9
6 30 29 0 5 0 25
7 31 27 1 3 — 3 1 9
8 33 29 3 5 15 9 25
9 35 28 5 4 20 25 18
10 36 29 6 5 30 36 | 25
n=10 Si=0 20=10 | Zuv=123 | Zu®= 138 | %f = 174
nZuv - (ZulZv) . 16(123) - (0)(10)
Now = = = - > —
JnZu? —(Z Jnme? — (o 10(138) - (0) Y100174) — (- 10)
1230 1230

" 13801740100 138041640

= AL {log 1230 % (log 1380+ log 1640)}

= AL {3.0899 - —12- (3.1399 + 3.2148)} = Al {3.0899 - ; (6.3547)}
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= AL (3.0899 = 3.1773} = AL {= 0.0874} = AL {1 . 9126} = 0.8177
r = 0.8177. .
It shows that there is high degree positive linear ¢orrelation bétween the
variables. ‘
Egample 11. Complete the cdéﬁi_éient of correlation between the variables x and
y from the given data : ot

No. of pairs of x and y series =8
x-series A.M. =74.5
x-series S.D. . =13.07
%:Series assumed mean = 58

. y-series A:-M. & 125.5
y-series S.D. = 15.85
y-series assiumed mean =112
Sum of products of corresponding deviations of x end y series = 21 76.
Solution. Let A =69, B=112

and u=x-69, b=y-=112,
Let 4 be thel'coeff'icienq of correlation between x and ¥ variables.
_ nZuy = (Su)(Zv)

= o= . = . (1)
Ynzu? - (5)? n5? - (2o)? :
We are given
Suv = 3176, ¥ =745, ¥ = 1255
6, =13.07,6,=1585,n=8,A=69,B=112.

- We know that X A+ —,
745269+ — e, 3u=8(74.5=69)=44

Also _ Y=B+—

8

o ey e o
Agam i .=y .. |, = __pi_g_—

1255 =112 + — e, Zv =8(125.5=112)=108

Also

'\'jnf.‘vz = ()P = Ao, = 8(15.85) = 126.8

_ §(2176) - (44)(108) _ _ 12656

n = = 0,9546.

(10456)(126.8) 13258208

AN

CoFreldtion

NOTES
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EXERCISE 7.2
Calculate the coefficient of correlation for-the following ages of husbands and wives :
Ageofhusband | 23 | 27 | 28 | 28 |-20 | 30 | 31 | 33 | 35 | 36
Age of wife 18 |20 [ 20 )27 |21 ]| 29 | 27 |29 | 28 | 29
Find the coefficient of correlation for the foliowing data. Also explain, what does it express,
x 300 | 350 | 400 | 450 | 500 |- 550 | 600 | 650 | 700
y | 800 | 900 | 1000 | 1100 | 1200 | ‘1300 | 1400 | 1500 |1600

Calculate the coefficient correlation between the values of x and y given below :

X

8

89

96 69 59 79 68 61

y

125

137

156 112 107 136 123" 108

(You may use 69 as working mean for x and 112 that for ¥h

Compute the coefficient of correlation between sales tax colloctéd and sales of product

‘M’ in ten countries selected at random from those served by the company.

T

Country A B C D E F |.G | H I d
‘Sales tax collected | 16 |24 | 32 | 15 | 20 [ 12 | 18 [ 14 [10 |29
{x) (in pounds) ] )
Units of M'sold (y) | 40 |50 | 68 | 36 | 45 | 27 | 42 36 |29 |67
.Calculate K.P’s coefficient of correlat-ion for the given series : -
Husband’sage| 24 |27 | 28 | 28-| 20| 30! 32| 33| 35 |'35 | 40
Wife's age 18 {20 |22 25| 22| 28 -28 | 301 27 { 30 | 22

Find the coefficient of correlation between the variables ‘income’ and ‘expenditure’.

Family A B C D | E F G| H [ I J
Income (%) 95 | 90 | 110 [ 100 | 85 | 105 | 95 | 100 | 105 | 95
Expenditure @) | 90 | 95 | 115| 95 | 85 | 110 |90 | 95 | 95 | 95

Calculate the coefficient of correlation between the marks ‘obtained by 12 students in
Statistics and Accountancy. paper :

93 [ 55 41| 23 | 92 |64 { 40| 71| 33

Marks.in b2 | 74 71
Statistics
Marks in. 45 | 80 1 63 | 60| 35| 40 | 70 | 58 | 43.] 64 _51‘ 75
Accountancy




8, Fromthe following data, calculate the coefficient of correlation between ‘age’ and ‘playing  Measures of Correlation

‘habit’.
Age grot;p " No. of employees _No. of regular players
20-30 25 o 10 NOTES
- 30-40 _ . 60, . . 30
40-50 40 o 12
50-60 20 Tl
60-70 _ - 20 1

9. From _"thq following table, given the distribution of students and also regular players
among them according to age group, find the correlation between ‘age’ and ‘playing habit’.

Age | 1516 | 16-17 | 1718 18-19 | i9-20 | 20-21
No.ofstudents | 200 | 270 | 340 | . 360 400 300
Regular players | 180 162 7| 170 180 180 | . 60

10. Calculate Karl Pearson’s coefficient of correlation for.the following paired data :

- x | 28 41. 40 38 35 33 40. 32 36 33
¥ 23- 34 ([ 33 34 30. 26 28 31 36 38

Answers

1. r=10.8067. 2.r=1 3.r=09544
4, r=0.9854 " B.r=0504 ~ 6. r=0.8152

7. r=10.7886 8.r=-10.904 9.r=-0.936
10, r = 0.4403, - '

SPEARMAN’S RANK CORRELATIO\___ 'METHOD

LT

7.8. MEANING OF SPEARMAN'S RANK CORRELATION

In practicallife, we come across problems of estimating correlation between variables,
which are not quantitative in nature. Suppose, we are interested in deciding if there ig
any correlation between the variables ‘honesty’ and ‘smartness’ among a group of
students. Here the variables ‘honesty’ and ‘smartness’.are not capable of quantitative
measurement. These variables are qualitative in nature. Rankmg is possible in case
of qualitative variables.

Spearman’s rank correlation method is used for studying linear correlation
between variables which are not necessarily quantitative in nature. This method works
for both quant1tat1ve as well as qualitative variables.

Let n pairs of values of variables x and ¥ be given. The first step is to express the
values of the variables in ranks. In case of qualitative variables, the data would be
given in the de51red form. For quantitative variables, the ranks are allotted according
to the magnitude of the values of the variables. Generally the I rank is allotted to the
item with highest value. If the highest value of the first variable is allotted I rank,
- then the same method is to be adopted for finding the ranks’of the values of the other
variable. In allotting ranks, difficulty arises when the values of two or more items in a
series are equal We shall cons1der thlS case separately.
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7.8.1 Case |. Non-répeated Ranks
Let R; and R represent. the ranks of the 1tems corrésponding te the variables x and:
respectwely
The coefficient of ra'nk correlation (r,) 15 given by the formula

- 61D® |

n(mn? -1)’ .
whéte r i§ the number of pairs and D denotes the difference between ranks ie.,
(R -R ) of the corresponding values of the variables.

l‘k--

Example 12. Ten stiedents of a class are ranked i in intelligence tests gwen by the
tivo teachers Fmd the coeﬁ" cr,ent of rank correlatmn

Student 1 2 3 4 5 6 | 7 8 9 10
_Ranks by ) ' _

TeacherA | 6 7 3 2 10 ¥ 9 - 8 ¢ 5.
Ranks by ' . )
Teachers B 7 ‘10 4 : 1 - 9 3 8 6 2 g

Solution. Let R and R denote the ranks allotted by teachers A and B
respectively.

" Calculation of ‘rk; :

1
]
|

8. No. R, R, = | D=R,-R, D?
1 6 7 1 T
- 2 7 10 -3 9
3 3 4 -1 1
4 2 1 1 1
5 10 9’ 1 1
6 1 3 -2 4
7 . 9 8 1 1
8 8 6 2 4
9 4 2 g 4
'10 5 5 0 0
n=10 | \ D2 = 26
Coefﬁclent of rank corrélation;
2. - : - : e . . o
ry=1-- 6_22]9-~-—- =1= -.-'--.--G(Zf)'- = =] —0.1567.= 0.8424.
nn-1 110 —1)

It shows that there is hlgh degree positive linear correlation betweeri the

| variables;

. Example 13. Calculate the coefficient of correlatwn for the following data by
the method of rank dtﬁ'erences

3 75 88 95 70 60 | 60 81 | 50

y_ | 120 | 130 150 115 1o | 140 142 100

Solutmn Let R and R dénote the ranks of the vanables x and ¥ respectlvely
The first rank is allotted to the greatest item in each seties.
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Calculation of ‘r.’

S. No. % y R, R, D=R;-R, D?

1 B 120 5 5 0 0

2 88 130 2 4 -2 4

3 .95 o150 1 1 0 0

4 70 115 6 6 0 0

5 60 110 7 7 0 0

6 80 140 4 3 1 1

7 81 | 142 3 2 1 1

'8 50 100 8 8 0 0
n=8 Sp?=6

Céefficient of rank correlation,
63D? 6 .
rp=le—pr===]= 6& - = (.9286.
T an® - 1) 8(8 -1)

It shows that there is high degree posmve linear correlat1on ‘between the
variables;

Example 14. What is Rank Correlation ? Find the formula for the rank correlation
coefficient.

! Solution. Let (x, ¥1), Kg, ¥9)s 12500, (2,5 ¥,). b 1i pairs of ranks of two vanables x.
and y. _
. e —F)y =7 _
We Have o 2Dy y) = (1)
- B =0 {5y = )
- Since the values of x represent ranks, the values x,, x,, ...... ,x, of x are distinct

and take values from 1 to n.

Sre 14248+ . tn= ‘?.1;_(-’1;2”?_1_)
and - : &2=12+22+32+...;.;+n2=w
' o 6
- _Ix 1 n(n+1) _n+1
: T hon’ 2 ¢ 2
Now Z(x 0i=sx?+x —2xx)—§:x‘*+nx - 2%3x
=352 4 nx’ = 9% 0¥ = Sx?— ni?
n(n #1X2n ¥1) [,H.-lJ
= " —n
6 2
_?i(n+1_)[2h+1___n+1.j|‘__n(n-iAl)xn'—l_n(nz—D
“-2 [ 3 2] 2 e 12
T ~.n+l S _n(,’lﬂ;_l)
3 larl y =t and X{v - 2 MR T
e 7T SO T
Let _ D=x-y. : _
D=(x-x)=(y=5) (- T=7)

Measires of Corrélation.

NOTES
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Al

+

= D2= (-2 +(y -y -2x-XNy -3
= 2Ax-ENy P = -2 +(y-y?-D?
= = Wax-y-P=Ix-2)+ 2y - y)? - £D2
S amPe) a?-D L, at?-D
T T e
e evo . mn®-1 sD?
Sx-xAy-¥)= T 5
. 11'1(n,2—1-)_2D2
: JZ(x—I}z\/E{y—i)z Jn(n -1) Jn(n -1
' T 12 12
n(n® -1 =zD?
12 2 _, 61D
IR VT I
12 L
>
- nn?-1)"

7.8.2 Case Il. Repeated Ranks

Here we shall consider the case, when the values of two or more items in a series are
equal. In such cases, we allot equal ranks to all the items with equal values. Suppose
that the values of three items in a séries are equal at the fourth place, then each item

with equal value would be allotted rank i*;’—“" - 5. Similarly, if there happen to be

two items in a series with equal values at the seventh place, then each item with equal

- LT+

value would be allotted rank —2§ ="7.5.

In case of repeated ranks, the coefficient of rank correlation is given by the
formula, ' ' C

2,1 3 -
G{ZD +12(m m) + ... }
am?-1).
where n is the number of pairs and D denote the difference between ranks (R, - Ry of

' n=1-

the corresponding values of the \?ariables. In % (m® —m), m is number of items Whoée -

ranks are equal. The term % (m? — m) is to be added for each gfouj: of items with

equai ranks. Now, we shall illustrate this method by taking some examples.
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Example 15. Calculate the rank coefficient of correlation for the following data :

x | 80 ~ 78 75 75 68 67 60 | 59
¥ 12 13 4 14 4 16 15 17

‘ Solution. Let R, and R, denote the ranks of the variables x. and ¥ respectwely
The first rank is allotted to the greatest item in each series.

Calculation of“ r,’

8. No. x y R, R, D=R,-R, D?
I 80 12 1 8 7 49
2 78 13 2 7 -5 25
3 75 - 14 3.5 5 —15 2.25
4 75 | 14 35 5 -15 2.25
5 68 - 14 5 5 0 - 0
6 67 16 6 2 4 16
7 - 60 15 7 3 4 16
8 59 17 8 1 7 49
n=8 . D2 = 159.5
R
6iZD°+ —(m” -m)+.....
Now r,=1- - 12 > '
n(n® -1
: 6 {1’59.5 @0 -2)s 130 - 3)}
1o 12 12
v ) 8(8% - 1) ) )
6{159.5+ 05+ 2} 6 x162 27 13 .
=1- 563 =1- e =1l- T =1 = 09286,

It shows that there-is a high degree negative linear correlation between the
variables,
Example 16. Calculate the rank coefficient of correlation for the following data :

X-series | 112.| 106 | 109 | 84 | 95 | 95 | 17 | 97 | 95 | 115
Y-series | 70 | 68} 80 | 65 | 71 | 60 | 77 | 68 | 63 | 75

Solution. Let R, and R, denote the ranks of the variables X and Y respectively.
The first rank is allotted to the greatest item in each series.

Measures of Correlation’

. NOTES
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Calculation of r)’

ST % | T 5 T & P B
T o . . — e
NOTES 2 106 68 5 6.5 - -15 2.25
3 109 80 4 1 3 9
4 84 65 10 8 2 . 4
5 95 71 8 4 4 16
6 95 60 8 10 -2 4
7 ur 77 1 2 - 1
8 97 68 6 6.5 -05 025
9 95 - 63 8 9 =1
10 115 75 2 3 1 1
=10 | ID?= 425
2 1, g )

6:ZD +E(m -m)+...

Now, r,=1- 5
nn® -1y
6 {42.5 + L omys Lo 2)}
11— 12 12
10(10% - 1)
1
61425+ 2+ 2 45
=1- — =1 = — = :
990 165 0.7273. :
It shows that there is a moderate degree positive linear correlation between the
vanables

Example 17, The rank correlation coefficient between marks obtained by some
students in ‘Statistics’ and ‘Accountancy’is 0.8. If the total of squares of rank difference .
is 38, find the number of studenis.

r, = 0.8, ZD?% = 33.
Let nu_r_nber of students be n.

Solution. We have

62D’

. 6x33

rp=1- ———— ' 08=1-—“—
k ntn? -1 or ) n(nzsl}
- 198 1
. —_— - 02= = -1)=990
n(n?-1) 5 - )
= nn?2-1)=2x5x3x3x11
=3 n+1n{n-1)=11x10x9
iLe., , (n+¥lnn-1)=

(10+1)10(10-1)

n=10.
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7.8.3 Merits ’ : Measures of Correlation

1. This method is applicable to both qualitative and quantitative variables.
2. Only this method in applicable when ranks are given. _

3. This method involves less caleulation work.as compared-to Karl Pearson’s NOTES
method.
7.8.4 Demerits
This method is-applicable only when the correlation between the variables is linear.
EXERCISE 7.3
1. From the following data, calculate Spearman’s Rank Correlation coefficient. . ’
S. No. 1 2 | 8| 45 | 6] 7|8 |9 |10
Rank | 9| 4| -1 | +3|+2 | 0 | -2 |+3 |+3 | 2
Difference ' )
2. The following are the ranks obtained by a group of 7 students in intelligence tests
conducted by two teachers separately. Calculate the rank correlation coefficient.
Student k 1 2 3 4 5 6 7
Ranks by Teacher ‘A’ 6 5 7 4 3 2 1
" Ranks by Teacher ‘B’ 3 5 7 1 2 4 6
8. Ten competitérs in a beauty contest are ranked by three judges in. the following order :
Istjudge | 1| 6 5 10 | 3 2 4 9 7 8
IInd judge-| 3 5 8 4 7 | 10 | 2 1 6 9
Hirdjudge| 6] 4| 9| 8| 1| 2 {3 || 5| 7
Use the rank correlation coefficient to discuss which pair of judges has the nearest
approach to common taste in beauty. |
4. The following data relates to the monthly income and expenditure of 10 families. Find
the coefficient of rank-correlation between the variables,
 Family A|B|C|D|E|F|{G |HB|1]|3J
Income (in T) . 1000 | 700 | 870, 500. 900 | 950 | 1100 | 400 | 1500 |-800
Expenditure (in®) | 900 | 600 | 800 | 490 | 810 | 860 | 910 |450 | 1200] 750 \
5. Compute the coefficient of rank correlation between x and y from the data given below :
x | 8|10 7153|2021 5| 100|148 ]|16]|22]|19]6
'y | 3| 12| 8|13 |2 9| 14|11 4|16 [15|10[18}23]25
4
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Calculate the coefficient of rank correlation for the following data of marks of eight !
students in Statistics and Accountancy

Marks in Statistics | 52.| &3 45 36 72 65 45 25
Marks in Accountancy 62 53 51 25 | 79 43 60 30

Fcllowing are the ranks obtained by 10 students in two cubjects Statistics and Economics.
To what extent knowledge of students in two subjects is related ? '

Statistics 1 2 3 4 ° 5 6 T 8 -9 10
Economics 2 4 1 ‘5 3 9 7 " 10 6 8

The coefficient of rank correlatmn of the marks obtained by 10 students in Mathematics |
and Accountancy was found to be + 0.91. It was later discovered that the difference in |
ranks in the two subjects obtained by one of the students was wrongly taken as Qinstead
of 3. Find the correct coefﬁclent of rank correlation.

Calculate rank coefﬁchnt of correlation for the following data :

A 115 | 109 112 87| 98 | 98 120 L100 98 118 .

B 75 73 85 70 76 65 82 | 73 68 80

Find the coefficient of correlation between x and y by the method of rank differences :

r

x | 42 | 48| 35 | 50 | 50 57 | 45 | 40 | 50 | 39
y |90 | 10| 95 | 95.| 95 | 120 | 115 | 128 | 116 | 130

Answers _
ry = 0.6364 2.7, = 0.143 3. Ist and IlIrd 4r,=1 |
r,=00425 .  6.r,=0643. 7.r, = 0.7576
Correctr, = 0.855. 9.r, =0.7212 10. r, = — 0.0556.
EXERCISE 7.4

Explain the meaning of the term ‘Correlation’. Does it always signify cause and ef’fcct
relationship ?

How would you interpret the sign and magnitude of a calculated ‘#. Consider in particular
the values.r=0,r=-1and r = +1. .

Explain the meaning of t.he term corrclatron Name the different measures of correlation

‘and discuss their uses.

Define correlation and discuss its ‘significance in statistical analysis.
Explain djﬂ"erent methods of computing correlation ~
Elucidate the main features of Karl Pearson’s coefficient of correlation.

What is correlation ?



I

7.9. SUMMARY ' !

Two variables may be related in the sense that the changes in the values of one
variable are accompanied by changes in the values of the other variable. But
this cannot be interpreted in the sense that the changes in one variable has
necessarily caused changes in the other variable.

The correlation between two variables is said to be positive if the variables, on
an average, move in the same direction. That is, an increase (or decrease) in the

- value of one variable is accompanied, on an average, by an increase (or decrease) |

in the value of the other variable.

The correlation between two variables is said to be linear if the ratio of change
in one variable to the change in the other variable is almost constant.

The correlation is said to be simple if there are only two variables under
consideration. The correlation between sale and profit figures of a departmental

~ store is-simple. If there are more than two variables under consideration, then

the correlation is either multiple or partial.

Spearman’s rank correlation method is used for studying linear correlation
between variables which are not necessanly quantitative in nature. This method
works for both quantitative as well as qualitative variables.

Meastires of Correlation

NOTES

o
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-8.2. USES OF REGRESSION ANALYSIS _

8. REGRESSION ANALYSIS

Introduction
8.2. Uses of Regression Analysis

8.3. Types of Regression

8.4. Regression Lines

8.5. Regression Equations

8.6. Step Deviation Method s
8.7. Regression Lines for Grouped Data
8.8. Properties of Regression Coefficients and Regression Lines.
8.9. Summary '

8.1. INTRODUCTION

The literal meaning of the word ‘regression’ is ‘sfepp_ing back towards the average’.
British biometrician Sir Francis Galton (1822-1911) studies the heights 6f many

persons and concluded that the offspring of abnormally tall or short parents-tend to |

regress to the average population height. In statistics, regression analysis is concerned
with the measure of average relationship between variables. Here we shall deal with
the derivation of appropriate functionial relationships between variables. Regressmn
explains, the nature of relationship between variables.

There are two types of variables. The variable whose value is influenced or is to’

*be predicted is called dependent variable (or regressed variable or predicted variable or
explained variable). The variable which influences the value of dependent variable is
called independent variable (or regressor or predictor or explanator). Prediction is
possible in regression anal} sis, because here we study the average relationship between
related variables,

-

The tools of regression analysis are definitely more important and useful than those of
correlation analysis. Some of the important uses of regression analysis are as follows:

() Regression analysis helps in establishing relationship between dependent
-variable and jndependent variables. The independent variablés may be more than
one. Such relationships are very useful in further studies of the variables, under
consideration.
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(ii) Regression analysis is very useful for predlctmn Once a relation is established Regression Analysis
between dependent variable and indépendent variables, the value of dependent variable
can be predlcted for given values of the mdependent ‘variables. This is very useful for

predlctmg sale, profit, investment, income; population etc.

TES
(ii) Regression analysis is speclally used in Economics for estimating demand NOTES.

function; productmn function, consumption function, supply function etc. A very
important branch.of Economics; called Econometncs, is based on the techniques of
regresgionl analysis.

(iv)} The coefficient of correlation between two variables can be found easily by
using the regression lines between the variables.

8.3. TYPES OF REGRESSION

If there are only two variables under consideration, then the regression is c_alled simple
regression. For example, the study of regréssion between ‘income’ and ‘qxpenditﬁre’ .
for a group of family would be termed as simple regression. If there are more than two
variables under consideration then the regression is calied multiple regression. In
this text; we shall restrict ourselves to the study of. ofily simple regression. The
regression is called partial regression if there are more than two variables under
consideration and relation between only two variablés is established after excluding L 5
the effect of other variables. The simple regression is called_ linear regression if the
point on the scatter diagram of variables lies alimost along a line atherwise it is termed
as non-linéar regression or curvilinear regression.

L

8.4. REGRESSION LINES o

Let the variables under consideration be denoted by ‘“ and ‘y’;-"i‘he’ line used to estimate -
the value of y for a given value of k is called the regression line ofy on x. Similarly, ‘the
liné used to estimate the value of x for a given value of y is called the regression line of
% on y. In regression line of y on x (x'ony), the variable y is considered as the dependent
(independent) variable whereas x is considered as the independent {dependent) variable.
"The position of regression lines depends upon the given pairs of value of the variables.
Regression lines are also known as estimating lines. We shall sée that in case of perfect-
correlation between the variables, _the regression lines will be. comcldent The angle
between the regression lines will i mcreases for 0° to 90° as the ¢orrelation coefficient
numerically decreases from 1to 0. If fora particular pair of variables, 7 = 0, then the _
regression lines will be perpendicular to each. other. The regression lines will be “
determined by using the principle of least squares.
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We have already noted that for two variables x and ¥, there can be two regression
NOTES . lines. If the intention is to depict the change in y for a given change in x, then the
regression line of y on x is to be used. Similar argument also works for regression line
of xony.

(i) Regression equation of y on x. The regressi('m equation of ¥ on x is estimated
by using the ‘principle of least squares’. This principle will ensure that the sum of the
squares of the vertical deviations of actual values of y from estimated values for ali.
possible values of x 18 minimum. .

SCATTER DIAGRAM

e S

Mathematicaily, Z(y - y)? is least, where y and y . are the corresponding actual
and computed values of y for a particular value of x.

Let n pairs of values (x, y,), (x5, ¥,), ..., (%,,, ,) of two variables x and y be given.

Let the regression equation of y on x.be y = g + ba. : A1)
By using derivatives, it can be proved that the constants a and b are found by
. using the normal equations : . :

. ' Iy = an + bSx ' - (2)
and Txy = aZx + bSa? | L L®

Dividing (2) by n, we get '

2l =a+b E
. n n

= y=a+bx o (4)

Subtracting (4) from (1), we get
y-y=bx-%) ()
Multiplying @) by Zx and (3) by n and subtracting, we get
(Cx)Zy) ~ nSxy = b(3x)? — bnZx®
= nZzy—(Ix)Zy) = b(nIx? - (Zx)?)
p = Ry ~ (X )(2y) .
The constant b is denoted by byx and is called regression coefficient of y on x.
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% = y—y=b, (x—x) wherep M

— (Zx)?
Remark: b,, mz—ml impliés
nXrx —{Zx -
1’nﬁy2 - (Ey)z ‘ Eyi - (_2.3’_]2

b:“: nZxy — (Zx)Zy) " 2n - =rx_n_L..=rc_y

Ve = (@0 %yt - () nix® - (50 =2 [&Jz o

n n n
———

yx =T o,

Thus we see that the regression equation of yon xisy - ¥ = by, (x-X),

%
y = n}:xy (E‘.x)(Ey) , which is also equal tor %y,
n - @x)? Ox

Example 1. Find b, from the following data :
e, 1 =15, 2), (7, 4), (8, 3), (4, 2), (6, V}.

Solution.

Calculation of b,
S. No. x ¥ xy x2
1 5 -2 10 25
2 7 4 28, 49
3 8 3 24 64
4 4 2 8 - 16
5 6 4 24 36
“n=5 3 =30 Sy=15 | Tiy=94, 4% = 190

p PRy -(E0(y)  50H-(605) 20
o opza? -(2x)% T 5(190)-(30) 50 T T ’
Example 2. Find the most likely price in Mumbai corresponding to price of 3 75
at Caleutta from the following data :

Caleutia Mumbai
Average price 265 ' 268

Coefficient of correlation between two prices = 0.78.

Solution. Let the ‘price in Caleutta’ and ‘price in Mumbai’ be denoted by x and

Standard deviation T25 T35
| . )
|y respectively.

We have ¥ =765, y =% 68,
o, =3 2.5, 0\,:?3.5, r=0.78
The regression hne of yonxisy— ¥ = bﬁ‘(x - x)
= y—-i:rs—y(x—f) = y—68:0.78>(~3—'5(x—65)
g, 25
= y—68=1092x-65) = y=1092x+68-(1.092x 65)

Regression Analysis

NOTES

Self-Instructiohal Material

157



" Bugsiness Mathematics
and Statistics

NOTES

=

Y= 1. 092x 2.98.
When x is ¥ 75, the expected value of
“y = 1.092 (75) -

. Price at Mumbai = ¥ 78.92,

Example 8. For the following data, find the regression line of yonx:

2.98 =3 78,92,

T 3 — | - ”:__9 o !(i :
ST T = T 5% T @ PR e
Solution. Regression line of y on x N
S, No. x ¥y xy R
T T B e — =
2 2 8 16 4
3 '3 -10 30 9
4 4 12 48 ‘ 16
5 5 14 70 25
6 8 16 128 64
7 10 15 150 100 -
= 7 Zx 33 3y = .84 Exy 451 st =219
The regression hne ofy on x is y -y = b (:u: ‘) “\
_ % 33 . _ 3y 84
T=T=2 24714, F=2=22 19
- n 7 on T ,
nExy (SxXZy) _ 7(451)-(33)(84) _ 385
2 = 7 = T = =5 = 0.867
g 2= (20 7(219)-(33) 444 .-

The equation of reg_reesl_on line of y on'x is
y =12 = 0.867 (x ~ 4.714)
or ) ¥ = 0.867x + 12 — (0.867)(4.714)
or y=0. 867x — 7.913. -
(i) Regression equation ofxony. 'I‘he regressmn equation of x on y is also

estimated by using the ‘principle of least squares’. This principle will ensure that.the
sumni of the squares-of the horizontal deviations of actual values of x from estimated -

values for all possible values:of ¥ is minimum. Mathematically, Z(x — ¥,)? is least,
where x and x, are the corresponding actual and computed values of x for a partlcular
value of y, _ e '

Let n'pairs of values (x,,3,), (x,, ¥,), ..., (x,; ¥,) of two varlables x and y-be given.

Let the regression equation of x on y be x=.c + by (D)

By using derivatives,.it can be proved that the constants a and b are found by

| using the normal equations: # . _ '
‘ Ix = ax'+ bEy _ , {2)

~and Zxy = 0Ty + b2 ‘ A3
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v4 SCATTER DIAGRAM

NOTES

re
= Ll ¢
Dividing (2) by n, we get
2 a+ b—
n ‘n . : .
= : d . E=a+by : {4)
: Subtractmg (4) from (1), we get’ '
x-x=b(y- y) . (5)

Muitiplying (2) by Zy and (3) by n.and subtractmg, we get
. (ZxXZy) — nixy = b(Zy)? — bnZy? i ' o '
= nSxy — (Lx)(Zy) = b(nZy? - Zy)? - ' '
_nZixy - (ZxN(Zy)
- nZy -~—(Ey)2 '
The constant b is denoted by b and is called regression coefficient of x on y

nXxy — (Zx ) Zy)

(5) = x—% =b,(y-¥), where b _ =— —
R T nry? -(3y)?
Remark. b,, =Ly2—(£x_)(-2§_} implies
nZy® ~{ZyJ - .
Jnsx? - (522
b = niey — (Zv)(Zy) - n
y X = ===
N S >
. , e " : v
=-(3)
=rx"\ = u“ = =T0—x
- 2 o
, NN ENTT
n .
by =rz—”; : !

Thus: we see that the regression equation ofxonyisx-x=b_(y-¥),

v‘;here X ;’Ex_-, .4 b n):xy {Zx)(Ey) , which is also equal to r x|

n .il', ¥ | (Ey)2 | I 3 Gy

|
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in a community was found to be + 0.8, the average of husband’s age is 25 years and that

Example 4. Find the regression coefficiént b, between x and y for the following

data: ' _ _
Ix =30, Zy =42, Zxy = 199, Zx? = 184, 3y° = 318 n = 6.
. any' ()(y) _ 6(199) - (30)(42) - 66
Solution. b= = = =-0. 4583
olution w -7 6@B18-(2) 144
Example 5. Find the two regresszon equations from the following data and
estimate the value of X, if Yis 6 ;

x 1 .2 3 4 . | 5
y 2
Solution. Regression Equafions
8. No. x ¥ xy % ¥?
1 1 2 2 I 4
2 2 5 10 4 25
3 3 3 9 9 9
4 4 8 32 16 . 64
5 5 -7 7 35 25 49
n=5 Ix = 15 Iy=25 Ivy = 88 =55 | =151
i=§:l§=3, ?;E‘.r_:%:g,
n 5 n 5

The regression equation of Yon Xis Y- Y= by (X - )__(}.
b = nEXY EX)NEY) 5(88)-(15)25) 65

o 2O TIORZ9) D9 3
- (3X)? 5(55) - (15) 50

The equation is .
Y-5=13X-3)
or Y=13X+5-39 or Y=13X+1.1.

The regression equation of X on Yis X - X =byy (Y - 7).

by = RIXY = (EXXEY) _ 5(88)-(15)(25) _ 65 _
©AZYP (Y2 515D-(25° 130

The equation is
X-3=05(-5)
or : X=05Y+3-25 or X = 0.5Y + 0.5,
For estimating the value of X, we, shall use the regression equation of X on Y.
The regression equation of Xon Yis X =0.5Y + 0.5.
‘When Y = 6, we have -
X=05x6+05=8.5. ,

| Example 8. The coefficient of correlation-between ages of husbands and wives

of wive’s age was 22 years Their standard deviations were 4 years and 5 years
respectively. Find with the help of regression equat;ons

(i) The expected age of husband when wife’s age is 12 years.
(ii) The expected age of wife when husband’s age is 20 years.




Solution. Let x and y denote the variables ‘age of husband’ and ‘age of wife’ Regression Analysis
respectively.

We have o |
r=08, x =20 years, y = 29 years, o, = 4 years and a,= 5 years. NOTES
(i) We are to find the expected age of husband (x) for a given age of wife (y).
' We use regression equation of x on y which is given by

x-% =b_(y-7) o ;

= a-%=r i (yo3) = x-25=(08) + - 0-22) :
o

= x-25=064(y—-22) = x=064y+ 25;— (0.64) 22 |

= x = 0.64y + 10.92.

" When y =12 years, the expected value of
x = 0.64 (12} + 10.92 = 18.6 years.
(i) We are to find the expected age of wife (y) for a'given age of husband (x).
We use regression equation of y on x which is given by

y—.? =byx(x—f).

-

— v ]
= y-¥=r L ix-%) = y- 22_(08) (x 25)
. : . a,
= y=22=x-25 = y:x-3.

When x = 20 years, the expected value of y = 20 3 =17 years.

Example 7. For the following duata, f' nd the regres., ion line of x on y. Also show
the regression line on a graph paper:

x 1 2 3 4 5 6 7

y 9 8 10 12 11 13 14
Solution. ‘ Regressionline of xon y
5. No. x ¥ xy ¥?
1 1 9 81
2 2 8 16 64
3 3 10 30 100
4 4 12 48 | 144
5 5 11 55 121
6 6 13 78 . 169
7 7 14 98 196
n="17 Iy =28 Ty =TT Txy = 334 Iy? = 875

The regression lineofxonyis x— ¥ = bxy (y —.)

g By 52Ty,
n 7 n 17
nZxy - (Zx)Sy)  7(334)—(28)(77) 182
= ) 5 = o = 0.929.
¥ nZy® -(Zy) u875)— (172 196

Self-Instructional Material 161




Business :‘l'ffat:fm‘mmfcs _ ~  The equation of regression line of x ony is '
L Sapisties x-4=0929(y—11)  or x=0929 +4-11(0.929)

_ or x=0 929y 6.219.
NOTES To draw this line on the graph paper, we take two points on it.
T ' y=8 = = x=0.929%8)-6.219=1.213
y.=12 = x=0.929(12) = 6 219 4.929,
- y4 REGRESSION LINE OF
xONy
14+
13F
12+
L 11 -
10}
¢ )
(1.213, B)- :
3 ‘( i i 1 1 1 1 o
it 2 3 4 5 6 7 %

The points (1.213, 8) and (4.929, 12) are on the regression line ofx on y. The
line joining these points is the required regTessmn line of x on .

Example 8. Show that regression coeﬁ"' cients are independent of the change of |
origin but not of scale. . . |

Solution. Let x and y be any two variables. Let A, B, k and & be any constant

xA and U'=J_'__\]_?_'- . . . ?
T _ |

. uand v are variables obtamed by changmg origin and scale of given vanables |

x and ¥ respectively. : |
: x=A+hu and y=B+kv |

Summmg both sides and dividing by the number of values, we get
=A+hu and ¥ = B+kv

Let _ u=

x—x—{A+hu) A+hg)=hlu-u) ' : N
and | =B+ k) (B +kF) = k(v-T).
o IR TR
Now byx=rq—y— Xx - .‘\‘.')(y y) .\_ rf,‘ .
. : : O, JE(x x)2\/2(y y)2 JZ_(A:—:?]Q
. nl.i..
_ Sx-XXy-¥) Hhu-w)xklv-0)]"

sx-EP T dk-mP
_ Bk Ew-mo-9y_k b
TRE Tw-w?® K

X
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- _ fii:{: ~ x)?
Also b o=p% . Ex-%Ny-3) —n
Xy

S JEx-m{Ey-5? Jz‘:('y"'— 72
n
_Zx-XNy=¥) ='E[h(u - u)x kiv=0)]
Iy -7 Slk(v - D)
he Tu-@Xv-7) _h
=H T xw-nr  k
Regression coefficients are ind_e;;endeqt of change of origin but not of scale.

*Yup .

EXERCISE 8 1

]

Find b from the followmg data:
Ex = 30, Ey 42, Txy = 199, Sx2 = 184,332 = 318, 2 = 6

Find b,, from the following data: .
Ix = 24, ny 306, £x2 = 164, Sy = 44, Sy2 = 574, n = 4.

Find the regresslon coefficient b, between x and y for the followmg data

=55, £y = 88, 3x? = 385 Ty? = 1114, Exy = 586 n=10.

Find the re_grt_asswnl coefficient bxy between x and y for t_.he following data: -
Tx = 24, Ty = 44, Txy = 306, Zx? = 164, Ty? = 674, n = 4.

Find b, from the following data: "

x 1 2 3
y | 6 8 7

Find the regression line of y on x, where:
Sx = 55, Sy = 88, Tx? = 385, Sy? = 1114, Sxy = 586, n ='10,

x and y are correlated variables. Eight observatmns of (x, ¥) have the following results:
Zx = 55, Iy = 55, Zxy = 350, Zx? = 385!

Predict the value of y when the value of xis 8.

For observations of pairs (x, y) of "vari_ables x and ¥, the following results are obtained:
Sx = 125, Ty = 100, Zx? = 1650, Zy% = 1500, Zxy = 50 and n = 25.

Find the equation of the line of regression ofx and y. Estimate the value of x if y = 5.

Find the value of X when Y = 60, and the value of Y when X = 50 from the following
information:

Variable X ’ Vaﬁab#e Y
" Mean : 24 ) 140
S.D. .18 ’ 48

Also,r_(]ﬁ - ) . \

Given the following data, ﬁnd what w1ll be: (a) the height of a policeman whose
we1ght is 200 pounds, {(b) the weight of a pohceman who is 5t tall.

"Average height = 68 inches, average weight = 150 pounds, coefficient of correlation

between height and weight = 0.6, S.D. of height = 25 inches, 8.D. of weight = 20 pounds.

Regression Analysis

NOTES
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Find the equations of regression lines for the following data:

x 1 2 3 T4 5
y 7 8 10 12 13

Find the equations of two regression lines from the following data:

x 1 2 3 4 5
¥ 7 6 5 4 3

Hence find the estimated value of y for x = 3.5 from the appropriate line of regression.
The data of sales and promotion expenditure on a product for 10 years are given below:

Sales (?_Iakh) 8§ |10 | 9112|1011 ] 12 13 14 | 15

Promotion expenditure | 2 2 3| 4 5 5 5| 6 7 8
(X thousand)

Use two-variable regression model to estimate the promotion expenditure for.a given
sale of T 20 lakh. Forecast the sales when the company wants to spends ¥ 10 thousand on

promaotion.

A computer while calculating the correlation coefficient. between two variables x and ¥

;:Jbtained the following constants:
n =25, Zx = 125, Iy = 100, Zx? = 650, Zy® = 460, Zxy = 508

It was however, later discovered at the time of checking that it had copied down two

pairs of observations as:| 8 | 14 | while the correct value were - |- 8 | 12
8 6 . 6 8

ter making the necessary corrections, find the:
() regression coefficients (ir} regression equations and
{iii) correlation coefficient.

Answers
—0.3235 ‘2.21 - 3. 0.3004 4, 0.4667
0.2 6. v=12364x + 1.9998 7. 2:2727
x=-04091y + 6.6364, 4.5909
8, 186.8 _
(a) 71.75 inches (4} 111.6 pounds 11.y = 1.8x + 5.2, x = 0.615y — 3:15

Regressionlineof yonx :y =—x + 8

Regression lineof xony:x=—-y + 8;y=4.5 whenx=3.5

. Af.

y = 0.815x — 4,591, when x = 20, y = 11.709 ; x = 1.003y + 6.686, when y = 10, x = 16.716.

@) b, =085, =0.555
(i) Regression equations of y on x : y = 0.8x
{ifi) Regression equation of xony : x = 0.55';5y +2.78
(iv) r = 0.667.




Regression Analysis

8.6. STEP DEVIATION METHOD

When the values of x and y are numerically high, the step deviation method is used.

.-Deviations of values of variables x and y are caleulated from some chosen NOTES
arbitrary numbers, called A and B. Let % be a positive common factor of all deviations
(x — A) of items in the x-series. Similarly let £ be a positive factor of all dewatlons
(y — B) of items in the y-series. The step deviations are :

u= x- A pe X2 B
In practical problems, if we do not.bother to divide the deviations by common
factors, then these deviations would be thought of as step de\natlons of items of given
series with ‘1’ as the common facior for both series.

The equation of regression line of ¥ on x in terms of step deviations is
. J’—§=byx(x—f),

where - E=A+(—z£)h,- §=B+(—E-U—)k
n n
' | b nZuv—(Su)Zv) k
= b P = __""_"'——"—""'_.
and.' . byx i 3 (Eu)2 R
| The equation of regression line of x on yin terms of step.deviations is
|
! x-x =b (y-¥), _
| _ =)
where X =A [ ] ¥y =B+ [?Jk :
o . h  nIuv-Cu)Zv) h
al‘ld bxy = b z nzv _ (ZU)2 : k - .
Remark. In particular ifu =x—A andv =y — B i.e., when h =1,k =1, we have
Zu Zv

x=A+— p y =B+ —
b = nEuu—(;u)(Zv} d b < nEuv - (Zu)XIv)
ye nEu® —(Su)? o = niv? - (2y)?

Example 9. For a bivariate data, you are given the following information :

S(x—44) =— 5, Xy - 26) = - 6, I(x — 44)? = 255,

| (5 —26)% = 704, S(x — 44)(y — 26) = - 306. -

Number of pairs of observations = 12.

Find the regression equations.

. Solutiom.Let u=x-44 and v-= ¥ - 26 :
: Zu=-5,3%=-86, Tu? = 255, Tv? = 704, Zuv = — 306, n = 12
Zu (- 5)

44+—=44+———4358
| n 12
| _. (-6), _ - .
=26+ 22 =26+ 58 _955 .
i Y n 12
| _nZuv—(TuXZw) 12(-306)-(-5)-6) _ -3702_ .,
| T hme? 2 —(-5)2 3035
| © nZu” -(Zu) 12(255)-(-5)
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Biisiness Mathematics _ n3uw = (S0)(Sv) | 12(= 306) = (= 5= 6) =3702

cnd Stattstics L T T ez 12704)- (-6 - saiz O |
. Regression equation'of y oix is y =¥ = b Ax =2, !
NOTES - - = y=255=-122(x 43.58)
- - = . _-122x+255+(122)(4358)
L= y=—-1.22x+78 6'7
Regression equationof xonyis x=x = =b,,(y - ¥).
> x —43.58 =— 0.44(y - 25.5) : -
= | x=-044y + 43558 + (0.44)X25.5) | :
= . x=-044y+548 |
Example 10. Obiain the regression equations of ‘xony ’ aird ¢ y on x’ taking origin
as 2 and 200 for xandy resPectzuely
x ! : [ s ] 4 5
y 166 184 o142 | 180 | | 338
Solution. bétnp’ﬁtation of Regression Equations _ o
S. No. x .y u=x=A U="y—m5-" Coub u? 2
- A=2 B=200 | . ... .
1 | 1 166 | =1 - 34 34 1 1156
2 2 184 0 =16 0 L0 256
3 3 142_ 1 -58 | - 58 1 3364
4 4 180G 2 =-2O =40 - 4 400
5 _ 5 338 3 138 l°414 9 o 19044 .
n=b | 1| 2B | Ee10 | nuv=360 | mulz 15 24220
Regression equation of 'z on y° _ _ ' ¢
The regression’equation of x onyis x-=x = b (y y )
i
We have x—A+&=2+—~3
_ n 5 |
y= B+——200+E —202
n 5
' _ nZuv = (2u)(3v),_ ‘%850) - (5)(10) 1700
- PwT Tam (2o 5(24220)-(10)° 121000 - 0014
_ The required equatlon isx-3=0. 014 (y.= 202)
or : x =0.014y + 3 = (0.014)(202)
or x = 0.014y + 0.172,
' Regresswn equation of ‘yonx’ _
The regression equation of yonxis y- 35 = by; (x= ). .
: ¥.=3, 5 202
b - nEuv ~(Zu)(Zv) , 5(350)=(5)10) _1700 _ 3
o =(Zu) . By (5)2 50 '
‘ The regression equatlon isy— 202 34(x - 3) . _
or y=34x+202-34(3) or y=34x+100. .
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Exampie 11, Find (i) r and (ii) regression equations for the following data : Regression Analysis

x | 7 89 97 | 69 59 | 79 | 68 | 61
y 125 137 156 | 112 | 107 | 136 123. | 108 ° o
- - . N . - ..- -] - - e - - lNO!‘[‘ES -
. Solution. - Computation of ‘r’ and Regression Equations
S. No: x y |u=x-A | v=y-B “uv u? v?
- A=100 | B=100 : _ '
1 75 125. -25 25 = 625 625 625
2 89 | 137 -11 37 - 407 121 | 1369 : |
3 97 156 -3 56 - 168 9 | 3136 i
4 69 112 -31 | 12 ~ 372 961 | 144 oo
5 59 107 - 41 7 - 287 1681° 49 |
6 79 136 -21 36 ~756 .| 441 | 1296 |
7 68 123 -32 23 - 736 1024 529
8, 61 | 108 =39 8 -312 | 1521 64
n=8 Su=-203{ Zv=204 Zuy = Sul= bTLES
o . ; _—3663 | 6383 | 7212

nEuv-(SuXIv)

© "7z () JnEo? - (30)?
2o B(-3663) - (- ?03)(204) o 12108 - 0.9619.
- 86383 - (- 203)% J8(7212) - (204)7 V985516080 |
(&) 'Igegression equation of ‘y on x’ l
The regression equationof yonxis y— % =b s, L= x). " |
F=As Zn—" =100+ = 2803) = 74.625
7=B+ 2100+ 22 _1955
n 8
' b o PEuY-(Zu)Tv) _ 8(-3663)- (~203)(204) 12108 . e
T onza®-(Zu)® §6383)-(-203° 9855 -
The required equation is y — 125.5 = 1.2286 (x — 74.625)
or ¥ = 1.2286x + 125.5 = (1:2286)(74.625)
.01 vy =1.2286x + 83.8157. X
Regression equation of x on y
The regression equation of x on y'is £ =% =b = ¥)
X =74.625, ¥ = 1255 '
rigiw - (Su)(5p) _ 8- 3663) - (= 203)(204) _ 12108
o= g (P | &1212)-(- 2047 16080 0703
The required equation is x — 74.625 = 0.753 (y — 125.5)
or x = 0.753y + 74.625 — (0.753)(125.5)
or : X = 0.753y - 19.8766.
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Example 12. A panel of judges A and B graded seven debtors and independently
awarded the following marks :

Debtors 1 2 | 3 4 5 6 7
/| Marksby A 40 34 28 30 44 38 31
Marks by B 32 39 26 30 | 38 34 28

The eighth debtor was awarded 36 marks by judge A while Judge B was not
present. If judge B was also present, how many marks would you expect him to award
to the eighth debtor. assuming that the same degree of relationskip exists in their
Jjudgement.

Solution. Let the variables ‘marks by A and ‘marks by B’ be denoted by x’ and
‘' respectively. We shall estimate the marks given by judge B to the eighth debtor by
using the fact that he has been awarded 36 marks by judge A. In other words, we
shall estirnate the value of y, when x = 36. For this, we shall need the régression
equation of ¥ on x.

Computation of Regression Line of y on x

Debtor x ¥ u=x-4 v=y~B uv u?
A=35 B=35 o

1 40 32 5 -3 - 15 25

.2 34 39 -1 4 -4 1

3 28 26 -7 -9 53 S 49

4 . 30 30 -5 -5 25 25

5 44 38 9 ' 3 27 81

6 38 34 3 -1 -3 9

7 31 | 28 -4 -1 28 16
n=T Su=0 So=-18 | Suw=121 | Zu?=206

The regression lineof y onxis. ¥y— 5 =5 (x -x)
Tu 0

We have . x=A+ —35+-'7_=35
. . n
B % —a5. (‘718) - 32.429
Suv — (S 121) - (-18) 121 _ -
p . PIuv (Zu)(Zv) _7021) - K- 18) = 0.6874

w5 onsu?-(Fu)® 7(206)-(0)° 206
“The required equation is y — 32.429 = 0.5874(x ~ 35)
or y ='0.5874x + 32.429 — (0.5874)35
or y = 0.5874x + 11.87.
When x = 36, the estimated value of
= ((.56874)36 + 11.87 = 33. 0164 ~ 33.
The judge B would have awarded 33 marks to the eighth debtor.
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Regression Analysis

EXERCISE 8.2 .

1. For a bivariate data, you are given the following information:
n = 10, Zx = 320, Zy = 380, I(x — 32)% = 140,
Sy — 38)2 = 398, x — 32)(y — 38) = — 93. NOTES
Find the: '
(i) regression coefficients (£i) regression equations
(iii) corrélation coefficient. '
(Hint. Let u =x - 32 and v =y - 38,
: fu?= 140, v? =398, Zuv=-93
Zu=Ex-32)=3x-32r=320-32x10=0
Sy=Zy~38)=Zy-382=380-38x10=0

Zu 0
= = = —_— 2
x 32+ ~ 32+12 3
- v 0
=38 —_— = — = .
y n 384»12 38

2. Find the regression equations for the following data:

Ageof husband, = | 36 | 23 | 27 [ 28 | 28 | 29 |30 {31 |33 | 35

| " Ageofwife, y | 20 |18 |20 | 22 | 27| 21 {20 27 |20 | 28
3. From the following data, obtain the two regression equations:
Sales 91 97 | 108 121 67 24 | 51
Purchase | 71 | 75 69 | 97 70 91 39

4. The following data gives the experience of machine operators and their performance
rating as given by the number of good pieces turned out per 100 pieces:

Operator 1 2 3 4 5 8 7 8
Experience (in years) | 16 12 18 4 3 10 5 12
Performance rating 87 88 | 89 | 68 78 80 75 83

Calculate the regression line of performance rating on experience and estimate the
: probable performance rating if an operator has seven years experience.
5. The following table gives the aptitude test scores and productivity indices of 10 workers
selected at random: . -

Aptirudescore,i_ 60 |62 |65 | 70 | 72 | 48 | 53 .| 73 65 [ 82
Productivity index,y | 68 | 60 | 62 | 80 ;. 85 40‘ b2 [ 62 [ 60 | 81

Calculate the two regression equations and eatimate the productivity index of a worker

whose test score is 78 and the test score of a worker whose productivity index is 88.
3

Answers
1. ()b, =-0.6643,b,, =-0.2337 .
{ii) Regression equation of y on x : y = — 0.6643x + 59.2576
Regression equation of x on y : x = ~ 0.2337y + 40.881
(iiiy r=—0.394
2. Regression equation of y on x : y = 0.8913x - 1.739

Regression equationof x ony :x = 0.75y + 11.25 ;
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3. Ifrxandy fepresent. the variables ‘sales’ and ‘purchases’ respectively, then
Regression equation of y onx : y = 0.607x + 15.998
Regression equation of x ony: x=1.286y + 0.081
4. ¥y=1133x +69.67,y =78 whenx=7 _
. 8. Regression equation of x on y : x = 0.596y + 26.26
Regression equation of y onx.:y = 1.168x — 10.92
y = 80,184 when x = 78, x = 78.708 when y = 88

8.7. REGRESSION LINES FOR GROUPED DATA

In case of grouped data if either x or y or both variables represent classes, then their
respective mid-points are taken as their representatives.

. A g
x pe?

’ - i

In this case, if u =

o k
then the regression line of yonxisy - y = byx x=-x);
(S ] N
where - X=A+ | |h,
_ L N- A
Ifv '
F.=B+ (FJ k

_ NZfuv - (Zfu)Zfo) k

and b = = .
* Nyul-(Zfu) A - | ‘
The regression line of x on y is ‘
| x—f:bxy(y—y),. |
where T =A+ (Efu—J k, ' o |
N _ '
¥y =B+ [&J 3 ' . ' ’
N . | .
NEfuv - (Sfu)Efu) h ' -
and = Z 2 P
¥ Nzt -(Efo)* R )
Example 18. Calculate regression lines for the following data :
x .
! - Total
_ 18 19 | 20 |- 21 | 22 |
0—5 0. 0 0 3 - 4
5—10 0 0 0 3 2 5.
y 10—15 0 0 7 10 0 17
15—20 0 (5] 4 0 4] g
2025 3 2 0 0 0 5
Total 3 7 11 16 3 40




-, Solution. . ' - Regression Analysis

Values of x- : 18 19 20 21 22
Deviation (u} -
_ ‘
A=20 : -2 -1 < 0 1 2 '
from A = b NOTES
Class of v L . 05 5—10 10—15 15—20 ' 20—25 )
Mid-point (y) 25 - 75. 125 17.5 225
Deuviation from ' .
B=125 : - 10 -5 0 5 10
Step deviation )
byk=5 .
L y-I125 % ’
v=s—==] -2 -1 0 1 2
5 p
Regression Table
x 1 .19 | 20 21 22 . Ll
. . ’ - - “F F | fuv
y | ¥ -2 -1 0 1 2 '
0 0 0 -8 -4 :
05| -2 [— ) L I— I-‘ 4 -8 16 -10
0 0 0 3 1 :
of [o] [of fof Lof
510 —1 - HE 5 -5 5 -7
0 1o 0 3 g "
N [o] [ [of Lo Lo .
loas o : : 17 - 0 o 0
0 0 7 10 0
0. -5 0 0 0 :
15-20( 1 I— l— |_ L 9 9 9 -5
. 0 5 4 0 0
' [~ b =l Lof [of [of
120-25| 2 ' at 5 10 20 -186
3 2 0 0 0 ' .
—
f 3 7 11 16 3 | N=a0 | Zfo=e | I | Ew
=50 =-138
fi | -6 | -7 o | 16 6 |zr=o )
|
. |
2 12 7 0 6. | 12 Zfu ' |
fu 1 =47
fuv 12 | -9 o | -8 | -8 fff”as .
o _ Sfu 9. :
N X =A+|=—|h=20+|~=]1=20.225
ow ( N 40
fo

_ (6
¥ =B+ [FJ k=12.5+(‘4—6J 5=13..25
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Business Mathematics NIfuv - (Zfu)(Sfv) k _ 40(-38)-(9)6) -5

and Statistics . by:c =_ sz‘uz — (qu 2 E 40(47) - (9)% T
| B
NOTES . : .

NZfuv - (Zful(Zfr) h _ 40(-38) - (9)(6) 1

2T Nsp?-(5f)? k 400)-6)F 5

-1574
= 9820 =~ 0.160.
The regression lineof yonxis y- ¥ = b,x-X)
or y—13.25 = - 4375 (x = 20.225)
| or ¥ =—4.875x + 13.25 + (4.375)20.225)
or y =-4.375x + 101.734.
The regression lineofxonyis x— % = b,, o - ¥)
or x—20.225 =~ 0.16 (y - 13. 25)
or o ©x=—0.16y + 20.225 + (0.16)13.25)
or . x = - 0,16y + 22.345.
EXERCISE 8.3

1. The fbllow@ng table shows the ages of daughters and mothers. Calculate the coefficients
of regression and the regression equations :

_ _ o _Age ofdaugﬁker () )
Age of 510 1015 15—20 2025 2530
mother (y) _ : -

15—25 6 3 ' 0 0 0
2535 3 6 .| 10 0 0
. 35—45 0. 10 15 . 7 . 0
. 45— 55 0 0. 7 ©10 4
‘ 55—65 0 0 0 4 5

2. Following is the data relating ‘Annual dividend (%) &nd ‘Security price (y)'. Coinpute the

regression lines : N
. " Annual Dividend (in &)
Security prices ' — ' - .
(in?) 6—8 8—10 | 10—I2 12—14 14—16 | 16—18
130—140 Iy 0 1 3 4 2
120—130 0 1 3 3 3 1
110120 0 1 2 3 5 0
100—110 0 2 3 2 0 0
90—100- 2 2 1 1 0 0
80—90 3 1 1. 0 (] 0
T0—80 2 1 0 0 0 0
Answers.

1. byx = 1.6045, b =0.4011, y = 1.6045x + 11.763, x = 0.4011y + 1.3769
2, y=4.8042x + 55.8869, x = 0,1186y — 1.6032 '
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8.8. PROPERTIES OF REGRESSION COEFFICIENTS
" AND REGRESSION LINES

NOTES
o

(i) We have b = Y and b_=r.—%.

x¥
Oy GJ’

o, and G, are always non-negative.
The signs of byx and bxy are same as that of r .

The signs of regression coefficients and correlation coefficient are same.
Thus byx, b}ry and r are all either positive or negative.

G b, . by=r -2 .rSz o2 -

3
NowO0<r2<lbecause—1<r<1.
. 0<h b <1,

yx ooxy ’
The product of regression coefficients is non-negatwe and cannot
exceed one.

Q
Q

o a, g
(zu)byx.bxyzr é . T S
i Lo r=z./b, b, .

The sign of r is taken as that of regression coefficients.

.w(iu) The regression lineof yonxisy-y = byx (x— X).
- - y=box+(§-b, F) .
When y is kept on the left side, then the coefficient of x on the right
side gives the regression coefﬁclent of yonx.
For example, let 4x + 7y — 9 = 0 be the regression line of y on x.

r e Wéwritethisas y=-—ix+§.
o 7 7
L . . 4
Regression coefficient of y on x = coefficient of x = - -

The régression lineofxonyis x—x =bxy(y;.-37).
= x=b y+(X-b,¥)

~ When x is kept on the left side, then the coefficient of y on the right
-side gives the regression coefficient of x on y.

For example, let 5x + 9y — 8 = § be the regression line of x on y,

8
We write this as x=—§y+ 5"

Regression coefficient of x on y = coefficient of y = —

cniw
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Business Mathematics

and Statistics (v) The regressmn lineofyonxis y—-y = b = X).
This equation is satisfied by the point (x, ). ThlS point also lies on the regression
_ lineofxony: = o
NOTES x—F =b - 5)

The point (%, ¥) is common to both regression lines. In other words,
if the correlation between the variables is not perfect, then the regression

lines intersect at (X;¥).

(vi) Angle between the lines of regression ' s
The regression line of y on xis y - j;_': byx (x-X).
= o y=b,x+(¥ -b,x) -~ Slope=b, =m, (say)
The regression line of fonyisx— x = b,y - 7).
! _ 1 .
= y=—x+{¥y--—Xx s Slope = 1 = m, (say)
. bxy bx_}' bﬂ
Let 6 be the acute angle between the regression lines: .
b= !
tan B = my =My byy |- bysb.y
i l+mumy 1+b. L by + by, |
- Xy
P22 .G
_|_S%x Sy _ rf-1
ey, |t fol+e) )
Iy O .G,
Ir? - lliozo,1  (A-rd)o,0,
_IrII62+02I_Ir[(Ux2+Gf) ' "
: (1-r )cs o
tan 9= *Y

Particular cases :
. (i) r = 0. In this case, tan-8 is not defined.
B =90°ie., the regression lines-are perpendicular to each other.
(ii)r = 1 (or - 1). In this case; tan 8 = 0.
The regression lines are coincident, because the point (%, y) is on both the
regression lines.. | '
Thus, we see that if the variables are not correlated, then the regression lines
are perpendicular to each other and if the variables are perfectly correlated then the

regression lines are coincident. The closeness of regression lines measure the degree
of linear correlation between the variables.
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r=1 =0

Example 14. Are the following statements correct ¢ Give reasons :
(i) The regression coefficient of y on x is 3.2 and that of x on y'is 0.8.
(ii} The two regression coefficients are 0.8.and - 0.2.

(iit) The two regression coefficients are given to be 0.8 and 0.2 and the coefficient of
correlation-is 0.4.

{iv) 40x — 18y = 5 and 8x — 10y + 7 = 0 are respectively the re_gressi’on equations of
yonxandxony.
Solution. (i) We have b,=320b,=08.
byx -'bxy =32x08=256>1. {
This is impossible, because 0<6 .. &, < 1.
The given statement is false.
(ii) We have b —OSandb =-0.2,

This:is 1mp0331b1e because the régression coefﬁclents are’ either-both +ve or
both —ve. *

‘The statement is false.
(fii)yWe have b, =08 and b =0.2.

r=+ \/by,. =+(08)(02) = + 0.4.
The statement is true.

(iv} The regression line of ¥ on x is 40x — 18y = 5.

18y =40x -5 = ﬂ‘ 5
= A AT T
_40 .20
18 9
The regressmn lineofxonyis 8x— 10y + 7=0. .
10 7
= Bx=10y-7 = x= PR
. 10 5
b, = 5 "1
20 5 100 . .
b, by, = 9 X2- 36 > 1. This is impossible.

The given statement is false.

Example 15. Out of the following two regressmn lines, find the line of. regressmn
ofxony:2x+3y=7and 5x+4y=9.
Solution. The regression lines are . _
. . 2w+3y=T1 DT and bx+4y=9. (2}
Let (1) be the regression line of x on y.

(2) is the regression line'of y on x.
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(1) =

(2) =

bxy and b,, are of same sign.

b b (...E](—E):.}.s_)]
v "=\ 20 4) 8 '

This is impossible because 0 < bxy . byx -

Also

‘Qur choice of regression line is incorrect.
(1} is not the regression line of x and y.:
The regression lineof xony is8x + 4y =9. o

Example 186. The equations of two regression lines obtained in a correlation
analysis are 3x + 12y = 19 and 3y + 9x = 46. Obtain :
(i) the mean values of x and y, '
(ii) the value of correlation coefficient.
Solution. The regression equations are
3x+ 12y =19 1) 9x + 3y = 46 A2)
(£) We know that the regression lines passes through the point (x, ¥).

The values of ¥ and ¥ can be obtained by solving the regression equations.

(Hx3 = . 9x + 36y = 57 .(3)
2)-(3) = 0-33y=~11
-11 1 1 g
> =T33 T VT3
’ 1 = 3x + 12(1/3) = 19 = T=5

The means of x and y are 5 and 1/3 respectively,

(i) We don’t know exactly as to which of the above equations is regression equation
of y on x. Let us suppose that (1) is regression equation of x on y and (2) is regression
equation of yon x.- '

19

1) = x=—-4y+? R bxy=—4
46

2) = y=—3x+? byx=—3

b, b, =(~ 4}~ 3) = 12 > 1. This is'impossible.
Our supposition is wrong. ’

(1) is the regression equation of y on x and (2) is the regression equation of

xony
119 1
1 = A EAR T bu=-7¢
I 46 1
(2) = r=-gy+g by=~3
1Y 1) -
e Y Y




Example 17, For the following observations, find the regression coeﬁ‘iczents b Regression Analysis

and b and hence find the correlation coefficient between x and y :
Wx, y) 54, 2), 2, 3), (3, 2), 4, 4, (2, 9).

Solution.

. Calculation of b, and b, _ NOTES
S. No. x ¥ xy - x2 ¥
1 4 2 8 16 4
2 2 3 6 4 9
3 i3 2 6 9 4
4 4 4 16 16 16
5 2 4 8 4 16
n=>5 Sx=15 Ty=15 Iry=44 | Zx?=49 Ty? = 49
_ nExy - (x)(%y) _544)- (1515 _-5 _ 1
> pye? - (3x)? 5(49)- (15)2 20 4
_ nZxy - (20(Zy) 544 -U5)15) _-5 1
¥ psy®o(sy)? 549 -(15°% 20 T T 4°

The regression coefficients are ~ve, so the correlation coefficient is also —ve.

@ D) 4
Example'ls. The two regression lines obtained by a student were as given below :-
3X-4Y=5; 8X+16Y=15
Do you agree with him ? Explain with reasons.
Sol. The regression lines are o
8X + 16Y = 15

3X-4Y=5 - (1) w(2)
Let (1) be the regression line of Y on X. _
(2) is the regression line of X on Y,
3.5 3
=—X-— =—
(1) ‘ = 2 i byx - 4
' 15 _ :
@ = X=-2Y+ o bey==2 .

This is impossible because regression coefficients cannot be of different signs.
Let (1) be the regression line of X on Y.
(2) is the regression-line of Y on X.

4 & . 4

==Y +— =2

1) = 3 +3 I’XY"3
o 1, 15 . 1
2) = Y——2X+16 . byx=—§

" This is also impossible,
We do not agree with the student.
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EXERCISE 8.4

If two regression coefficients are 2 and 0.45, what will be the coefficient of correlation ?
Out of the following two regression lines, find the regression line of y onx : )
()3x+12y=8,3y+B%x =46

(fi)x+2y—-5=0,2¢+3y=8

From the following data :

x 4 | 7 | 10 12 18
y 12 15 8 | 13 18

Verify that correlation ceefficient is G.M. between the regression coefficients.
The regression lines betwéen two variables x and y are found to be
4x - By + 33 = 0 and 20x — 9y = 107.
Find the coefficient of correlation. . .
The equations of two regression lines obtained in a correlation analysis are as follows :
20+ 3y —10=0,4x+y—-5=0. '
CObtain (i¥the means of r and ¥
(it) the regression coefficients b, and b ey
(¢ii) the correlation coefficient.
A student obtained the two regression equations as :
2% —By~T=0and3x+2y-8=0. ' )
Do you agree with him ? .
The lines of regression in a bivariate distribution are x + 2y =5 and 2¢ + 3y —-8=10.Find
means of x and y. Also find the correlation coefficient Ty and regression coefficients b,
and b,
The equations of regression lines are giveri to be
3x + 2y =26 and 6x +y = 31,
A student obtained the mean values ¥ =7, ¥ = 4 ant coefficient of correlation r = 0.5.
Do you agree with him'? If not, suggest your results,
Two regression equations are given below :
Find out :
(i) Mean valuesof X and Y :
{f{) Standard d?watlon of Y.

(iii} Coefficient of correlation between X and Y
The regression equations are 8X — 10Y + 70 = 0, 15X — 6Y = 60, variance of X =9,

Answers
0.9487 2.{()3x+12y=8 (i)x+2y-5=0
r=086
-1 _ 2 1 i
(i x =E’y=3 (u)b 5,6}3:—: . (m)r:—ﬁ
"No
¥=1,¥=2r=-0866,b,=-050b_,=-15
No. ¥ =4,y =T7,r=-05
X =10,Y =15 (i) oy = 3Y2 . i) r = 242/5.




EXERCISE 8.5 )

-

B'ﬁeﬂy explain the concept of ‘regression’ and write down the equations of regression
lines:

What are regression coefficients ? Show that =4 . b, .

“What is regression ? Why are there, in general two regression lines ? Under what,
-conditions can there be only one regressmn line ?

. Explain the concept of regression ? How doés-it differ from correlatmn ? Why are there
_two regression lines ? Under what circumstances. can Tegression lines coincides ? *

Explain the concept of r(;gres'sion. Discuss its uses. What is difference between ‘correlation’
and ‘regression’ ?
What do you mean by regression coefficients ? What are the uses of regression analysis ?

I

SUMMABY

There are two types of variables. The variable whose value is mﬂuenced or is to

be predlcted is called dependent variable (or regressed variable or predicted
variable or explained variable). The variable which influences the value of

dependent variable is called independent variable (or regressor or predictor or -

explanator). Prediction is.possible in regression analysis, because here we study
the average relationship between related variables.

Regressmn analysis is specially used in Economics for estimating demand
functmn productlon function, consumption function, supply function ete. A very

: 1mportant branch of Economics, called Econometrics, is based onthe techniques

of regression ana]ysls

“If there are only two wvariables under consideration, then the regression is called

simple regression. For example, the study of regression betwéen ‘income’ and
‘expenditure’ for a group of family would be termed as simple regression. If

. -there are more than two variables under consideration then the regression is

called multiple regression In this text, we shall restrict ourselves to the study
of only gsimple regression. The regression is called partial regression if there
are more than two variables under consideration and relation between only two
variables is established after excluding the effect of other variables. Thé simple
regression is called linear regression if the point on the scatter diagram of
variables lies almost along a line otherwise it is termed as non-linear
regression or curvilinear regression.

Self-instructioncl Material
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9. INDEX NUMBERS

NOTES.

9.1. Introduction -
9.2. Purpose of Constructing Index Numbers
9.3. Types of Index Numbers
9.4. Methods of Price Index Numbers
9.5. Laspeyre’s Method
9.6. Paasche’s Method
9.7. Dorbish and Bowley’s Methed
9.8. Fisher's Method
9.8. Marshall Edgeworth’s Method
9.10. Kelly's Method
9.11. Weighted Average of Price Relatives Method
9.12, Chain Base Method '
9.13. Methods of Quantity Index Numbers
- 9.14. Index Numbers of Industrial Production
9.15. Simple Aggregative Method of Value Index Numbers
9.16. Mean of Index Numbers
9.17." Meaning of Adequacy of Index Number
9.18. Meaning of Consumer Price Index
9.19. Summary

II

9.1. INTRODUCTION

The index numbers are defined as specialized averages used to measure change in a
variable or a group of related variables with respect to time or geographical location or
some other characteristic.

In our course of discussion, we shall restrict ourselves to the study of changeé in
a group of related variables with respect to time only. Changes in related variables ar
expressed clearly by using index numbers, because these are generally. expressed aj
percentages, s : :

etc., in related variables over time or geographical location. The barometers are used
to study changes in whether conditions, similarly the index numbers are used to stud
the changes in economic and business activities. That is, why, the index numbers ard
also called ‘Economic Barometers’,

The index numbers are used to measure the change in production, prices, valuez
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Index Numbers

9.2. PURPOSE OF CONSTRUCTING INDEX NUMBERS

1. Index numbers are used for computing real incomes from money incomes.
The _wages, dearness allowances etc., are fixed on the basis of real income. The money NOTES
inecome-is divided by -an appropriate consumer’s price index number to get real income.,

2, Index numbers are constructed to compare the changes in related variables
oover time. Index numbers of industrial production can be used to see the change in the
production that has oceurred in the current period.

3. Index numbers are used to study the changes occurred in the past. This
knowledge help in forecasting.

4. Index numbers are used to study the changes in prices, industrial production,
purchasing powers of money, agricultural production etc., of different countries. With
the use of index numbers, the comparative study is also made possible for such variables.

9.3. TYPES OF INDEX NUMBERS

There are mainly three of index numbers :
I. Price Index Numbers. _
I1. Quantity Index Numbers.
I1I. Value Index Numbers.

In our course of discussion, we shall confine mainly to ‘Price Index Numbers'.
Price index numbers measure-the changes is prices of commodities in the current
period in comparison with the prices of commodities in the base period.

I. PRICE INDEX NUMBERS

).4. METHODS OF PRICE INDEX NUMBERS

"or constructing pi'ice index numbers, the following method are used :
(i) Simple Aggregative Method
(i) Simple Average of Price Relatives Method
(iii) Laspeyre’s Method
(iv) Paasche’s Method
(v) Dorbish and Bowley's Method
(vi) Fisher's Method
{vii} Marshall Edgeworth’s Method
(viif) Kelly’s Method
(ix) Weighted Average of Price Relatives Method
(x) Chain Base Method.
First nine methods are fixed base methods of constricting price index number. |

<
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‘current period except for the item D. On the other hand, the index number is declarin
"a decrease in prices on an average. This is not in consistency with the definition ¢

“item (D) in the seriés. So, in the presence of extreme items, this method is liable {

9.4.1. Simple Aggregative Method

-This is the simplest method of computing index number. In this method, we have

Zp,

P, = x 100

Po .
where 0 and 1-suffixes stand for base period and current period respectiyely.

P, = price index number for the current period
' Zp, = sum of prices of commodities per unit in the current period
Zp, = sum of prices of commodities per unit in the base period.

In other words, this price index number is the sum of prices of commodities in
the current period expressed as percentage of the sum of prices in the base period
Consider the.data :

]

Item Price in base period

Price in.current period
plin T Piin %)

¢ A 5 ' 6
B 8 . 10
C 18 - 27
- b 112 B4
E 12 15
F 6 9

Total Zpy=1861 Zp, =151

ip 151 -

Here | Py=3, x100=7ox 100 = 93.79.

Zpg 161
This index number shows that there is fall in the prices of commodities to th;
extent of 6.21%. It may be noted that the prices of every.item has increased in ¢

index numbers. In fact, this unwanted result is due to the presence of an extrem

give misleading results. This is & demerit of this method.

" Let us find price index number for the data given below : :
Price (in %)
ftem Unit 19594 1996
Py Py
Sugar kg 6 7
‘Milk . litre . 3 ; 4
‘Ghee ' kg 45 50
Here ‘ Ip,=6+3+45="54 - )
and. T Ip;=1+4+350=61 _ ¢
Spr 61, -
Poy = 3 X 100= ;%100 = 112,96

Here we have considered.the price of sugar per kg. Now we use the pnce
sugar per quintal, for calculatmg index number for the year 1996.




Price-(in %)
» Item Urit 1994 1996
! Py (o,
~Sugar | quintal 600 700
Milk | litre 3 4
‘Ghee kg 45 50
In this case, 3p, = 600 43 + 45 = 648
and ; Sp;=T00 +4 + 50 = 754
Epl 154
Py = 5o x 100 = o x 120 = 116.36,

. The index number has changed, whereas we have not affected any change in

the data except for wntmg the price of sugar in a different unit. This type of variation
in the value of 1ndexI numbers is beyond one’s expectation. This is another limitation
with this method. *

1 9.4.2. Simple Av'?rage of Price Relatives Method

Before introducing thls method of ﬁndlng index number, we shall first explain!the
concept of-‘price reiat.lve The price relative of a commodity in the current period
‘with respect to base period is defined as the price of the commodity in the current
period expressed as I:51 percentage of the price in the base period. Mathematically,

Price Relative {P) = p x 100.
o

For example, 1f the prices of a commodity be ¥ 5 'and ¥ 6 in the years 1995 and
1996 respectively, then the prlce relative of the commodity in 1996 w.r.t. 1995 is

8 100=120.
5

In the mmple}average of price relatives method of computing index numbers,
. simple average of price relatives of all the 1tems is the required index number.

Mathematlcally, S
| | Z(ﬂ X 10_0J
L ' Py = —P ' (if A.M. is used)
: . n
ie., ' P, = P

n
where P, is the required price index number,

P14 100 = Price relative = P

n = no. of commodities under consideration.

In averaging price relatives, geometric mean is also used. In this case, the formula
is i : ~

. Py, =Antilog [zbgp]

n
It has already been observed that the index number computed by using simple
hopregative metl_}od is unduly affected by. the extreme items; present in the series.

Index Numbers

NOTES
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We shall just show that this method of computing index number is not at all
affected by the extreme items. We compute the index number for the data considered
in the previous method. :

Index No. by simple A.M. of P.R. Method

Item " Price in the Price in the * Price Relatives
base period current period o
(py) in ) )Y P=- X100
A 6 _ 6 120
B 8 10 125
C 18 : 27 150
D 112 84 .15
- B 12 , - 19 125 °
F 6 9 - 150
ZP =745
ZP 745 '
Py =—=—7 =124.17.
113 n . 6 24

Here the index number is advocating the fact that the prices of commodities
have raised on an average. _
There is one more advantage of using this method. The index number, computed,

by averaging the price relatives is not affected by the change in measuring unit of any
commodity. We illustrate this by using the data taken in the previous method:

Item Unit Po P, P= -f;’; x 100
Sugar kg _ 6 7 116.67
Milk litre _ 3 4 133.33
Ghee kg 45 50 111.11
' TP = 361.11
TP 36111 ;
POI = ? = —3— = 120.:37.
Now, we consider this data once again and change the measuring units for sugar
L
Item Unit ' Py P, P=2Lx 100
Sugar quintal 600 700 116.67
Milk litre 3 4 133.33
Ghee kg 45 ' 50 111.11
P =361.11
p, = ZL-36L1 _ 49937,
n

We see that this index number is same as that for the data when the rate
sugar was expressed in kg.




Thus, the indéx number as calculated by this method is not affected by changing

Index Numbers
measuring units. _ _
In averaging, the price relatives, we can ‘also make use of median, harmonic
mean etc. But, only;A.M. and G.M. are generally used for this purpose. '
NOTES

Example 1. 'rConstruct index number for each year from the following annual
wholesale prices,of cotton with 1984 as base.

Year | Wholesale price Year Whole sale price
(in T ) (indy)
A 1984 | | 75 _ 1989 : 70
1985 50 1990 69
1986 | 65 1991 75
1987 .60 : 1992 84
1988 _ .72 1993 86
Solution. Calculation of Index Nos. (1984 = 100)
Year Whofg sale price in T . Index No. (1984 = 100}
1984 | ° 75 o 100
1985 | 50 : '@‘x 100 = 66.67
75
_ _ 65
1986 | - 65 — x 100 = 86.67
| 75
' ) ) 80 -
1987 | : 60 + e x 100 =80
1988 : 72 75 * 100 = 96
_ 70 _
1989 | 70 5 % 100 =93.33
: 69
1990 69 7 % 100 = 92
: 75
1991 | | 75 75 X 100 = 100
1992 | | 84 B L 100=112
| 75 X U=
J 0 ' ' a0
1993 80 75 X 100 = 106.67

Example 2.JPrepare index numbers of j)rice for three years with average price as.

base.
: : - " Rate per Rupee
Year
Wheat Cotton * il
“Ist year 10 seers 4 seers 3 seers
IInd year 9 seers 3.5 seers *3 seers
HIrd year 2 seers 3 seers . 8.5 seers

f’}
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Solution. Here the prices of commodities are given in the form of ‘quantity -

Business Mathematics
and Statistics  prices’, we shall convert these quantity prices into money prices.
Price of wheat in the Ist year is 10 seers per rupee.
NOTES Price of 1 maund wheat = ill-g— =4 A 1maund = 40 seers)

7

186 Self-Instructional Material

\

: Slmllarly, we shall express the prices of other commodities. per maund

Index numbers by Simple Aggregative Method
Index no. for Ist year

3

Iy, ' 27 33
=—="x100= 100 =
oy T 3010 9050
Inde’xl-no. for Iind year < b -
Zp, 2920
= ——x100 = == x 100 = 97.01
Ty 3010 © 0T

Index no. for ITIrd year

_2P1y100 2 3377 00 = 112.19
30,10 '

Index numbers by Simple A.M. of Price Relatives Method

. Index no. for Ist year -

_ZP _ 27326 _-gy 09
. n 3
Index no. for TInd year
_ZP _ 29586 _go
n 3
Index no. for IfIrd year
_ZP _ 33103 11034
R 3 \
. Fa
EXERCISE 9.1

Constru.ct. price index numBer for the y.ear 1995, by using the following series.i‘ Simple
aggregative method is to be used.

Commodity | A B | ¢ | b | E
Price (1994) 4 9 - 6 8 12
Gn® _ _
Price(1995) | 5 2 s 9. | 10
Gin? :
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For the data given below, calculate the index numbers by taking :
() 1980 as the base year
{{i) 1982 asg the base year.

Business Mathematics 2.
and Statisrics

NOTES Year 1978 19'__79 1980 | 1981 | 1982 | 1983 | 1984 | 1985
Price of &’ 4 7 10 10 | 12 11 15 16
{in T
8. Find the price index numbers for three years by simple aggregative method. The average
price is to be used as base :
Price. per- rupee
- Year A - B C
1 4kg 2 kg 10 kg
I 5 kg 2.5kg 12 kg
111 3 kg 2.5kg 8 kg
4. From the following data, construct the price index numbers with average price as base :
Rate per rupee
Year Wheat Rice Ol
1 10 kg 5kg 2kg
II 8 kg 4 kg 1.33 kg
I 6.67 kg 3.33 kg 1kg
Answers
1. 106.25
2. (i) 40, 70, 100, 100, 120, 110, 150, 160
(ii) 83.33, 58.33, 83.33, 83.33, 100, 91.67, 125, 133.33
3. 106.62, 85.71, 107.66
4. 75.23, 100, 124.4 by using simple A.M. of price relative method.
9.5. LASPEYRE’S METHOD
This is & method for finding weighted index numbers. In this method, base period
quantities (g,) are used as weights. If P, is the index number for the current peried,
then we have )
z
P,, = 2190 y 109
ZPolo
where ‘0’ and ‘1’ suffixes stand for base period and current period respectively.
2p,q, = sum of products of prices of the commaodities in the current period with their
corresponding quantities used in the base period. )
. Ipyq, = sum of product of prices of the commodities in the base period with their
. corresponding quantities used in the base period. -t
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9.6. PAASCHE’S METHOD

This i isa method for finding weighted index numhers In this methods, current period
quantltles (g,) are used as weights. NOTES

If Py, is the'required index number for the current period, then
R L T
ZPedy

where pg, p, represents prices per unit of commodities in the base period and current
period respectively.

L

9.7. DORBISH AND BOWLEY’S METHOD

This is a method for computing weighted index numbers.
IfP, is the required index number for the current period, then

[ZPl‘Io + ip,q,
P < ZPodo ZIpoq;

L1 N 2 i . .
where p,, p, represents prices per unit of commodities in the base period and current
period respectively, g,, ¢, represents number of units in the base period and current
period respectwely

J>&100

[zplq{: ; ZplqlJ 3090 100, ZPL 100
: R iy _ =
We have Pﬂl = Dodo 5 Zpoql - X 100 Epoqo 5 pﬂql
' _ Laspeyre’s index no + Paasche’s index no.
== >

Dorbish and Bowely’s index number can also be obtained by taking A.M. of
Laspeyre’s and Paasche’s index numbers.

This is a method for computing weighted index numbers.
If P;, is the required index number for the current period, then

P szl(h ipdy % 100
¥pode  ZPoW:

where symbols p,, q,, Pp g,-have their usual meaning':

~Pado zPl‘h 0190 . 1%
W ’ x 100 _ [— X 100} (——— x 100
ehave For Zpodo Zpoq 1 Zpoedo Ipeq) _
‘Laspeyre’s)( Paasche’s
~ VlIndex no. }\Index no. . : :
Fisher’s index numbers can also be obtained by taking G.M. of Laspeyre’s
and Paasche’s index numbers. Fisher’s method is considered to be the best method of

9.8. FISHER'S METHOD - | '
|
|
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Business Maf_f_!etmaﬁcs .computing index numbers beéause this method, satisfies unit test, tifme reversal test
and Stafistics and factor reversal test. That is why, this method is also known as Fisher’s Ideal
Method.

NOTES.

9.9. MARSHALL EDGEWORTH’S METHOD

.| This is a method of computing weighted index numbers. In this method the sum of
base period quantities and current period quantities are used as weights.

If P, is thé required index number for the current period, then
RS A0 VR VLN

" Zpylap +qu)
where py, g, Py, g, have their usual meaning.

a1

We can also write this index numbers as »

1
= _ZPIQO + EPIQI x 100
IpgQo + Ty

This form is generally used for computing index numbers.

N P,

9.10. KELLY’S METHOD

*This is a method of computing weighted index numbers. In this method, the quantities
{g) corresponding to any period can be used as weights. We can also use the average of
quantities for two or more periods as weights.

If Py, is the required index numbers for the current period, then

- 2P, 149
%" Zpeq
where g represents the quantities which are to'be used as weights. p,, p, have their
usual meanings. This index number is also known as Fixed Weights Aggregative
Method. '

9.11. WEIGHTED AVERAGE OF PRICE RELATIVES
METHOD

This is a method of computing weighted index numbers. In weighted index numbers, .
we give weights to every commodity in the series so that each commodity may have
due influence on the index number. Till now quantity weights were used for constructing
price index numbers. P

In the weighted-a\rerage of price relatives method;'va}ue weights (W) are tised.
The values of commodities may correspond to either base period or current period or
any other period. ‘

If P;, is the required index numbéer for the current period, then
iwp . P
W where P = o x 100.
Py b, have their usnal meanings.

Py =
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In this method, we have infact taken the \‘veighted arithmetic mean of the price
relatives. In constructing this index number, geometric mean is also used. In this
case, the formula is

P,, = Anitilog (

2
-

IW log P)

Example 3. Calculate Laspeyre’s and Paasche’s price index-numbers for the
year 1991 from the following data :

1981 1991

Commodity. - .
Quantity Price Y Quantity Price
{in kg) (in3%) (in kg) (in¥)
Wheat 60 1.00 « 50 1.25
Rice 25 . 1.50 20 2.50
> Sugar 10 2.00 10 3.00
Ghee 3 12.00 4 18.00
Fuel 40 0.10 &0 0.15

Solution. Calculation of Index Nos. (1981 = 100)

. Commodity Py, dy p, g Py py; by P
Wheat "1.00 60 1.25 50 60.0 62.5 .60.0 75.0
-Rice 150 |7 25 2.50 20 37.5 50.5 30.0 62.5
Bugar 2.00 10 3.00 10 20.0 30.0 20.0 30.0
Ghee- 12.00 3 1800 [ 4 36.0 72.0 48.0 | 54.0
Fuel 0.10 40 0.15 60 4.0 9.0 6.0 6.0

.| Total 157.5 2235 | 154.0 | 2275
: o . z 2275
Laspeyre’s price index number = “Pdo 190 = — x 100 = 144.44,
' oo 1575
i 2235
Paasche’s price index number = Znay x 100 =———x 100 = 145.13.
ZDods 154.0 o

Example 4. Calculate Fisher's Ideal Index No. from the following informations
and-also give three reversibility tests :-

ftem Base Year _ Current Year
Price Quantity Price " Quantity
‘A T2 4’ 6 5
B 4 5 8 4
- C 6 2 9 3
D 8 1 6 2
E 10 1 5 2

Index Numbers

NOTES
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Solution. Calculation of Index Number
ltem Py i) Py 9 Py P, Pl P1o
A 2’ 4 6 5 8 30 10, 24
B "4 5 8 4 20 32 i6 40 .
C 6 2 9 3 12 - | 27 18 18
D 8 1 6 2 8 12 16 | 6
B 10 1 b 2 10 10 20 5
Total | ' 58 111 80 | o3

Fisher’s price index number

,Eplqo pig f93 11
= X100 = x 100 = 149.16.
Ipogo  Ipody 58 80 _
The reversibility tests : Time Reversal Test, Factor Reversal Test and Circular
Tests are discussed in the section “Test of adequacy of index numbers

Example 5. Calculate Paasche’s index number and Fisher’s ideal index number
for the year 1995 from the follozpmg data :

1992 1995
Commodity - -
Price Quantity Price Quantiy
A 6 50 10 - 56
B 2 100 2 120
C 4 60 6 60
D 10 -30 12 24
E 8 20 12 36
Solution. Calculation of Index Nos. (1992 = 100)
Commodity _ Py 9o By a; Pody Py, B, P
A 6 50 | 10 56 300 560 336 | 500
B 2 100 2 120 200 240 -| 240 | 200
C 4 60 6 60 240 360 240 360
D 10 30 12 24 300 288 | 240 360
E 8 40 12 36 320 432 288 480
Total 1360 | 1880 | 1344 | 1900
. . Z, .
Paasche’s price index number = =y x 100 = 1880 x 100 = 139.88.
Zpoqy 1344 \

Fisher's price index number
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zplq(l s A9 zplql X 100
ULPOQO Zpoy

1900 1880
1360 1344

x 100 = 139.79.




‘Example 6. Construct index numbers of price for the year 1994 from the followmg Index Numbers
data by applying :

1. Laspeyre’s method 2. Paasche’s method -
3. Bowley’s method 4. Fisher's method '
wley’s metho Fisher’s metho NOTES
5. Marshall Edgeworth’s method
1993 19594
Commodity
: Price Quantity Price _Quantity
A 2 8 4 6
B 5 10 - 6 5
C 4 ) 14 ' 5 . 10
D 2 18 ' 2 L 13
Solution. Calculation of Index Nos. (1993 = 100)
Commodity | py T by 9. Pgy PAr | Py Bl
A 2 8 4 6 16 24 12 32
B 5 10 6 5 | 50 30 25 60
C 4 14 b 1¢ - 56 50 40 70
D 2 19 | 2 13- | 38 26 26 38
Total : | 160 | 130 103 | 200
Laspeyre’s price index number = 1d x 100 = 200 x 100 = 125,
' Zpoqo 160
z
Paasche’s price’index number = Pd1 100 = 130 x 100 = 126.21

. Zpoqy 103 )
- Bowley’s price index number- ' :

(Zplqo + ZP1Q1) _ (_2@ ‘ £3_(_)H)

_\¥a%  EPedi) .0 \160 103
N 2 - 2

Fisher’s price index number )

_zplqﬂ X Zplql % 100 = @
Zpods  Zpoqy 160
Marshall Edgeworth’s price index number

_ 2Zplgy +q0) x 100 = Ipgy + Ipgy % 100

x 100 = 125.607.

-

x 100 = 125.605.

" Zpolay +qy), ZPo%0 + Zpoh
200+ 130 :
= ——— % 100 = 125.47.
160 + 103 125.47
Example 7. Prepare the index number for 1982 on the basis of 1962 for the
following data :
Year Commodity Commodity Commodity
A _ B C
. Price | Expenditure Price Expenditure Price Expenditure
1962 5 ’ 50 8 48 & . 24
1982 | 4 48 7 49 5 15
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Solutlon. We caleulate price index number for the year 1982 by using Flsher’s
method. :

- Calculation of Index Number

1962 - 1982 pg; | P
Comnodity | '
' ‘ Py Pgdy 9o 7 pay | 4 N
A 5 50 10 4 48 12 | 60 40
B 8 48 6, T 49 7 56 42
C 6 24 | 4 5 15 3 18 20
"Total . 122 ST 134 | 102

Flsher s price index number

ZP1%o  IDs o g 102 112 100 _ 5959,
009 ZPoty 122 134

Example 8. Show that Fisher’s price index number lies between Laspeyr:z’s and
Paasche’s price index numbers.

_ Solution. Let L, P and F represent Laspeyre's Pasasche s and Fisher's price
index numbers respectively. -

i

L= 220 100, p - 2Py 100
2pyqo . Zpody

z:91‘1'0 i
and F= ® ==t x 100
_ \/ Ipoqe  ZPoq1 .
2p1q0 ¥ 100)( ZPIQI 5 100 ’ ZPP?G Epl(h X 100
J =, o — = .
LP prpqo _ Zpoh U Zpodo EPOQI

Also, L, P, F are positive numbers.

Let L<P.

. L<P = LL<LP = JiL <JIP = L<F
Also, L<P = LP<PP = JOp <PP- = F<P
: L<F <P. : ) '

EXERCISE 9.2

1. From the following data calculate price index by using:
(i} Laspeyre’s method '
(ii) Paasche’s method.

: Base year ) Current year
Commodity e - - e
Quantity Price . Quantity " Price
A 20 4 30 6.
B 40, 5 60 T
c 60 3 70 4
D .30 .2 50 3
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2. Calculate price index numbers for the year 1990, by using | the following methods:
(i) Laspeyre's method

(iii) Bowley’s method
() Marshall’s method.

(ii) Paasche's method
(iv) Fisher’s method

A

1989 1990
Commaodity
Price Quantity Price Quantity
A 20 -8 40 6
B 50 10 60 6
C 40 15 - 50 15
D . 20 20 20 25
3. Compute price index number by using Fisher’s method.
Base year Current year
Lommodity ] _ —
Price _ Quantity Price Quantity
A 10 Y 12 T 15
B 7 15 5 20
C 5 24 3 9 20
D 16 5 14 5

-

4. From the following data construct a price index number of the group 6f four commodities
by using an appropriate formula:

E]

_ Base yéar Current year
Commodity - — - -
Price per unit Expenditure Price per unit Expenditure
e (in%) {in%y
A 2 .40 5 75
B 4 18 8 40
C 1 10 2 24
D 5 25 10 80

8. Calculate weighted aggregatwe price index number taking 1992 as base, from the

followmg data:

Commodity Quantity Units Price in Base | Price in current
consumed in 1992 _ year 1992 year 1997
Wheat 4 Qtls per Qtl 80 100
Rice '1Qtd per Qtl 120 250
Gram 1Qtl per Qtl . 100 150
Pulses 2Qtls per Qtl %00 300

8. Construct Fisher's and Marshall's price index numbers by using the following data:

Commodity Base year Base year Current year Current year
price gquantity price quantity
A 12 100 - .20 120
B 4 200 N 4 240
C 8 120 12 120
D 20 60 24 48
B 16 80 . .24 52 .

Index Numbers

NOTES
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4. The prices of four d1f‘ferent commodities for 1995 and 1996 are given below. Calculate
the price index number for 1996 with 1989 as base, by using welghted AM. of price |

relatwes
Commodity Weight Price in 1995 Price in f996‘
' fin T (in3)
A 5 4.5 2.0
B 7 3.2 2.5
C 6 4.5 3.0
b 2 1.8 1.0

8. 'Itis stated that Marshal Edge worth index number is a good approximation to the Fisher's

index number. Verify this by using the following data:

, 1999 2001
Item :
Price Quantity Price Quantity
A T2 74 3 82
B 5 125 4 140
C 7 40 6 33
9. Given the data :
) Commodity
A B
Py 1 1
a6 10 5
Py 2 x
a 5 2 ’

NRDe

where p and g respectively stand for price and quantity and subscripts stand for time
periods. Find x if the ratio between Laspeyre's (L) and Paasche’s (P) index numbers is
L:P::28:27,

Answers
{f) 140.38 (i) 141.14
124.699, 121.769, 123.234, 123.225, 123.323 3. 115.75
Fisher’s price index no. = 219.12 5. 148.94 6. 139.729, 139.728

64.01 9.4

9.12. 'CHAIN BASE METHOD

'In this method of computing index numbers, link relatives are required. The prices of
commodities in ‘the current period are- expressed as the percentages of their
prices in the preceding period. These are called link relatives.

Mathematically,

Price in current period
Price in preceding period :

If there are more than one commodity under consideration then averages

x 100

Link Relative (L.R.) =

of link relatives (A.L.R.) are calculated for each period. Generally AM. is used for




‘averaging link relatives. These averages of link relatives (A.L.R.) for different time
periods are called chain index numbers. The chain index. number of a particular
period represent the index number of that period with precedmg penod as the base
 period. This would be so except for this first period.
These chain indices can further be'used to get index numbers for various periods
‘with a particular period as the base period. These index numbers are called chain
index numbers chained to a fixed base,
For calculatmg these index numbers, the following formula is used
C.B.L for current period (Base fixed) .
_ A.L.R. for current period x C.B.L. for preceding period (Base fixed)
" 100
There are certain advantages of using this method. By using chain base method,
comparison is possible between any two successive periods. The average of link relatives
represent the index number with preceding period as the base period. This characteristic
of chain base index numbers benefit businessmen to a good extent. In calculating chain
base index number, some items can be introduced or withdrawned during any period.
‘In practice, the chain base index numbers are used only in those circumstances, where
't‘,he list of items changes very frequently. .

Example 9. From the following data, find index numbers with 1998 as base
by using (i) fixed base method (ii) chain base method -

| vear 1998 1999 | 2000 | 2001 2002
[ Price per unit (in ¥ 40 50 60 75 20 |, -
Solution. Calculation of index numbers (1998 = 100)
}
| Year P FBI 1. Link Relative CB.IL
[ 1998 40 100 : 100 100
1999 50 50,100 =126 | 50,100 =125 |125X100 . .¢
: 40 40 100 -
2000 | 60 | 894100 < 150 80 100 =120 120x125 _ .0
40 50 ~ 100
2001 | 75 Ex 100 =1875 | 2x100=-125 |125x150 _ g0 p
‘ 40 60 100
2002 120 120 5 900 =300 -1,% x 100 = 160 &";‘%‘E = 300

FB.L for 1999 2000, 2001, 2002 with base 1998 are 125, 150 187.5, 300
espectively.
C.B.L for 1999, 2000, 2001, 2002 with base 1998 are 125, 150, 187.5, 300
espectively.
‘Remark. If there is only one series then F.B.1. and C B.I. with fix base are always same.
Example 10. The average wholesale prices of three groups of commodities for
bhe years 1988 to 1992 are given below. Compute chain base index numbers with 1988
s base :

Group' 1988 1989 1990- 1991 1992
I 6 9 15 | o | 24
i 24 30 36 4z 54
ur 12 15 21 27 36

index Numbers

NOTES
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Business Mathematics Solution, Calculation of C.B.1L (1988 = 100)
-and Statistics — — —
Link Re!atwes
Group —_— R
. 1988 1989 1990 1981 1992
: : I 100 | 2x100=150 15 00= 16667 Zix 100=140 | 2 x100=11429.
6 9 15 21
30 36 | a2 54
9 100=125 | 2x100=120 | Z=x100=11667] -= x 100 = 12857
1 190 | o™ 30 36 oM e
15 21 1 27 36
= =125 | = 140 | = BT Sx1 a3
111 100 12><10lfJ 15><100 21><100 12857 2?x 00=133. _
Total 300 400 426.87 385.24 376.19
Average of T
LR.or CBI 100 % =138.38 42667 _ 142.22 3824 _ o841 .37?3‘19 = 126.40 }
CEBI o | 18388x 100 14222 13333 | 12841x 18962 .| 12540x24349° |
B 100 100 100 100
(1988 =100 = 1393.33 = 189.62 =243.49_ = 305.34 ,

. "C.BLL for years 1989 1990, 1991, 1992 with base. 1988 are 133.38, 189 62,

243.49, 305.34 respectively:

Example'-l 1. Construct, by chain base method, index number of prices in Kanpur

on base 1990, for the following data :

o Year
Commodity - . -
1990 - 1991 1992 1993 .
Rice 7.5, 8.0 6.0 55
Wheat 8.0 6.0 5.5 5.0
Pulses 7.0 8.0 6,5 55
Gur 6.5 7.5 6.0 5.0 .
Cotton 34.0 30.0 28.0 25.0
. N oy
Solution. Calculation of C.B.L (1880 = 100)
Link Relatives "
Commadity, - - 7 s
I 1990 1991 1992 1993
. 8 . 100< <8 1002 55, )
Rice 100 T » 100 = 10667 3 x 100 =75 o x 100 = 9167
. 6 55 B oo
Wheat 100 =% 100=175 —x 100 91.67 —x100=9091
8 6 55 -
Pulses 100 | Ex100-11429 85 100=8125 | 35 100-=8461
70 1.8 - | 65
5 6 : 5 v
100=11538 | ——x100=8 2 x100=283
Gur 100 65 - % 75 x 100=80 o x 100 33
30 28. ‘ 25 -
- == %100 = 8823 %100 = 1
Cotton 100 a1 30 X 93.33 8 — x 100 = §9.29
Total 500 499.57 421.25 '439.81_
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- 4995 42125 439.81
ALR.. 100 | = 09,91 =84.25 ° =87.96
3 3 3
or.CBI )
- 99.91x100 . 8425x.9991 87.96 x 84,17
C.BIL 100 | i B Tv e ST
(1990 = 100) = 84.17 = 74.04

C. B I for years 1991, 1992, -1993 w1th base 1990 are 99.91, 84,17, 74.04

respectively,

1. From the.following- data find 1ndex numbers with 1996 as base by using (i) fixed base,

wt

EXERCISE 9.3

method (ii) cham base method. Verify that the mdex numhers are same :

Year 1996 | 1997 | 1998 | 1999 3009 2001 2002
Price per 5 7 0. | 8 15 (" 12 | 17
unit (in 3) : '

2. Compute the fixed base index numbers and chain base index numbers with 1982 as

basge, for the following data :

-

Price in®
Commodity - : — -
1982 1983 1984 1985 1986
. A 2 3 6 6 9
B 10 10 10 16 15
C 4 6 12 15 18

8. The followmg table gives the average wholesale prices of three groups of commodltles
for the year 1993 to 1996, Compute chain base mdex number chamed to 1993.

Year
Group — - — -
1993 1994 1995 1996
I | 400 400 . 550 600
I 225 400 00 850
1 400 400 425 500
-Answers

1. 100, 140, 200, 160, 300, 240, 340
2. 100, 133.33, 233.33, 275, 350 ; 100, 133.33, 222.22, 277.77, 342 567
3. 100, 125.93, 133.80, 153.16

wn

Index Numbers
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i St _J1. QUANTITY INDEX NUMBERS
NOTES 9.13. METHODS OF QUANTITY INDEX NUMBERS

Quantity index numbers are used to show the average change in the quantities of
related goods with respect to time. These index numbers are also used to measure the
level of production. In computing quantiy index numbers, either prices or values are
used as weights. .

Let Q,, denotes the quantity index number for the current period., The formulae.
for calcu]atmg quantity index numbers are obtained by interchanging the role_ of ‘p’
and ‘g’ in the formulae for computing price index numbers. Various methods for
computmg quantity index numbers are as follows :

1. Simple Aggregative Method v

g
= ——=x 100,
Qo1 Zqp
2. Simple Average of Quantity Relative Method

. _ _
Qq = —f— _ (Using A.M.)
= Antilog (ilwg_Q) ' (Using G.M.)

n

where @ = quantity relative = 9D 100.
o

3. Laspeyre’s Method

Zgypy
= —20 5700,
Qo Zgoa g :

4. Paasche’s Method
Qy, = 8L 100,

' D Zgom
5. Dorbish and Bowley’s Method
[z‘hpo . ):411’:}
Q, = 0Py 20P1) 100,

6. Fisher’s Ideal Method

Q, = ’g;ig x 2Py E‘M’l x 100,

7. Marshall Edgeworth’s Method

2q1(py + By
—L L w100,
Qo = Zqo(pg + Pl)
8. Kelly’s Method
_ 4P 100
R Zqop
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9. Weighted Average of Quantity Relative Method

IW
Q= z—‘f (Using A.M.)
- Antilog (&VEI;LQJ (Using G.M.)

10. Chain Base Method

Here 'also, we define chain base quantity index numbers for a period. as the
average of link relatives (L.R.} for that particular period. These chain indices can be
used to obtain quantity index numbers with a common base.

In all the above formulae, suffixes ‘0’ and ‘1"stand for base.period and current
period respectively and
p, = current period price of an item
Pq = base period price of an item
g, = current period quantity of an item
q, = base period quantity of an item
@ = quantity relative of an item = N, 100

o
W = value weight for an item

p = price of an item in a fixed period
n = no, of item under c¢onsideration.

_ 9._14.’ INDEX NUMBERS OF INDUSTRIAL PRODUCTION

The indices of industrial production are calculated by using the methods of quantity
‘index numbers. In the formulae for quantity index numbers, we shall take production
in place of quantities.

Example 12. From the following data, construct the index of industrial
production for the year 1996 and 1997 by the methods : '

(i) Simple aggregative method.

(ii) Simple A M. of production relatives.
(i41) Simple G.M. o]r"production relatives,

Annual Production
Commodity =
1935 1996 1997
A 20,000 units 25,000 units* 26,000 units
B . 4,000 units 5,000 units 4,000 units
C 7,000 units 7.000 units 12,000 units

Solution. Let the suffixes'0, 1, 2 refer to the data relating to years 1995, 1996
and 1997 respectively.

Self-instructional Material
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Annual Production Production Relatives’
_ Commodity - : - -
NOTES' : % | g a; |9,=Lx100|Q,=2& <100} 1gQ, | logQ,
. do o _. _ .-
A 20,000 | 25,000 | 26,000 | 125 . 130 | 2.0969 | 2.1139
B 4,000 | 5,000 | 4,000 125 100 | 2.0969 | 2.0000 ;
- C 7,000 | 7,000 °| 12,000 100 171.43 2.0000 | 2.2340 i
Total | 31,000 | 37,000 | 42,000 350 40148 | 6.1938 | 6.3479 i
(i) Index of industrial productlon of 1996 with base 1995 - ” |
' 37000 - N
= = ——— x 100 = 119.
Qp = 5- x 100-= Z7oo0 x 100 = 119.35 :
Index of industrial productmn of 1997 with base 1995
_ ' 42000
) = = --— x 100 = x 100 = 135.48.
. . Qs . 31000

(it) Index of industrial produc_twn of 1996 with base 1995

_2Q _ 350
=Qy == 2= 1667

Index of industrial production of 1997 with base 1995

_Q02=T=Tﬁl3381
(éif) Index of industrial production of 1996 with base 1995
6.1 o
=Q, = (E log @, ) = AL (6 .,;’38) = AL (2.0646) = 116.10

Index of industrial productlon of 1997 w1th base 1995
- Q= AL (z log Qz} = AL [63:79) - AL (2,1160) = 130.60,
. n _ .

Example 13. From the following data, consiruct quantity indéx numbers for
1986, by using the following methods :
(i} Simple aggregative method
(ii} Laspeyre’s method
(iiiy Paasche’s method
~ (tv) Dorbish and Bowley’s method
(v) Fisher’s method :
i(m} Marshall Edgeworth’s method

, 1995 ' 1996
Commodity — —
L Price Valice - _ Price * Valize
A 8 8- 10 110
B 10 - 90 12 - 108
c 6 256 20 340
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Solutiﬁn. Calculation .c;t‘ Quantity Index Nos, (1995 = 100) “Index Numbers

Commodity | p, Value ¢ | »p, .| Value q; Q,Pg QP
o . 9dlg qiPy
A 8 80 10 | 10 | 110 11 88 100 NOTES
B . 10 80 g 12 108- 9 90 108
c 16 256 16 20 340 17 - 272 320
Total | 426 35 558 | 37 450 528
{) Q,, by simple aggregative method >
_ Zqy ' 37 :
x 100 = — x 100 = 105.71
"~ Zgq 35 ’
(ii} Laspeyre’s quantity index no.
_ Zqypg 450 ' . ’ ‘
x 100 = —— x 100 = 105.63 ‘
. " Zgopy 426
(ii5) Paasche 8 quantity index no, -
_ I 558
ZQG br x 100 = 528 x 100 = 105.68
(iv) DOI‘blSh and Bowley’s quantity index no.
S, Zaypy) 450 558) ] :
Zqopo  Zqom 426 " 528
- : = S50 5 x 100 = “=————%x 100 = 105.66
(v) Fisher’s quantity index no. -
0100  HP1 | q00 . B0, 558 o
X7 x 100 = | —=X—= x'100 = 105.66
IqoPo oy 426 528 S

(vi) Marshall Edgeworth’s quantity index no.

= Z0(Po* Py 1gg . Z01P0 + H0iPy
2q9(po + p1) Zgopo + Zqo Py
450+ 558

m % 100 = 105.66. 3

III. VALUE INDEX NUMBERS

| 9. 15 SIMPLE AGGREGATIVE METHOD OF VALUE
| | INDE)( NUMBERS

The snmple aggregatwe method of computmg value index number (V,,) is given by
Ipiq,

Zpodo _
where Zp,q, = sum of values of items in the current period

01< x106 .

Ipdo.= sum of values of items in the base period.
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Business Mathematics Example 14. Calculate value index number for 2000 for the following data :
and Statisiics -
\ ) . 1998 . 2000
Item . _ :
NOTES Price quantity Price Quantity
A 4 12 5 24
B 8 . 15 12 10
c 12 6 10 8"
D 5 10 5 2
Sohition. Calculation of value index number (1999 = 100)
dtem | pg g P 4 Peo Pa;
A 4 12 5 18 43 120
B 8 15 12 10 120 120
C 12 "6 10 -8 72 80 .
T 2 10 3 12 - . B0 - 60
Total . . 290 - 380
. : 380
Value index number = P11, x 100 = —— x 100 = 131.03.
Zpoqy 290
. EXERCISE 94
1. Compute by Fisher’s index formula, the quantity index number for the data given below :
- Base year .‘ Current year. I
| Commaodity
. Price | Total value ~ Price Total value
A 10 100 8 96
. B 16 96 14 98 -
C ' 12 36 10 C o 40
2. By using the following methods, calculate quantity index numbers for the year 1995 for
the following data :
' (i) Simple AM. of quantity relatives * (i) Laspeyre’s method
(iii) Paasche’s method (i) Dorbish’s method '
(v} Fisher's method ' (vi} Marshall's methed.
1993 1995
Commodity - :
, Price Quantity Price Quantity-
A 4 - 10 5 .12
B 6 8 7 10
c 10 5 12 .4
D 3 - 12 4 15
E 5 T 5 8

3. Calculate' quantity index numbers for the given data, by using the following methods :
(i} Dorbish’s method {ii) Fisher's method
(i} Marshall’s method. :
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Index Numbers
Base year - Current year
Item g — T
" Price.per unit Quantity Price per unit  Quantity
A 5 7 7 4 ' '
B 4 9 4 g NOTES
C 1 5 1 5
D 4 4 3 6
E 2 ' 8 2 10
F 1 2 2 6
G 4 5 6 4

4, Calculate value index number for the following data :

T Base year Current year
Commodity '
Price Quantity. Price Quantity
, A 2 8 4 6
1 B 5 10 & 5
C 4 14 - 5 10
b 2 19 2 13
" Answers
1. 120.654 ,
2. 112.857,111.483, 111.647, 111.565, 111.565, 111.572
3. 97.984, 97.963, 97.768 4. 81.25.

9.16. MEAN OF INDEX NUMBERS

IfL, I, .. , 1, are'the index numbers of n groups of related items, then the index
numbers of all the items of n group taken together is calculated by taking the average
of these index numbers. Generally, A.M. is used for averaging the index numbers. If
weights are attached with different index numbers, then weighted A.M. is to be
calculated. ' : R

© Let I be the index number of all the items of n groups taken together, then

. I=Il.+I2 e i '=§£
n n
If ’Wl, Wy,....o., W, be the weights of index numbers I, I, ......: I respectively,
then :
I= Wi, + Wl +. .+ W, 1, or I—E
Wi+ Wy 4+ + W, Iw

-If G.M. is to be used for finding index number of combined group, then

W logTly+ Wylogly+...+ W, log I} (ZW]ogIJ_
W, + W, +....+ W, or I=AL|™Gw )

oL
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Business Mathematics’ Example 15. Construct the index number of business activity in India for the
and Statisiics followmg data : |
Item ' Weightage . Index
NOTES - (I} Industrial Production . 38 250
(ii) Mineral Production .7 -l 135
(iii) Internal Trade 24 200
(iv) Financial Activity ' 20 135"
(v).Exports and Imports _ 7 325
(vi) Shipping Actibity 6 300
Solution. Calculation of Index No. of Business Activity
Ttem : : Weightage W Index] - Wr
(i) Industrial Production 36 250" 9000 |
(i) Mineral Production 7 135 945 |
(iif) Internal Trade 24 200 4800 :
. (iv) Financial Activity 20 135 2700 |
{v) Exports and Imports S 325 2275 i
(vi) Shipping Activity 6 300 1800 i
Total 100 © 21520
: IWI _ 21520
; i = =— = 2.
Index No. of combined group W - 100 215
Example 16. Calculate the index number of crime for 1994 with 1993 as base.
Crime group ' 1993 v 1994°  Weight
Robberies N % 8 6
Car thefits 15 28 5
-Cycie thefts 249 185 4
Pocket picking 328 o 259 1
Thefts by servants . 497 : 448 2 -
Solution. Calculation of Index No. of Crime
Crime group C‘o C, . w = % x 100 w!
. : : 0
Robberies 13 8 6 61.54. 369.24
.| Car thefts 15 , 22 5 146.67 733.35
. Cycle thi_zfts 249 185 4 74.30 297.20
Pocket picking 328 259 1 +78.96 -78.96
Thefts by servants 497 448 2 90.14 180.28
Total | 18 1659.03
IWI 1659.03
No. of i = ——=—— =92.17.
Index No. of combined group W 18 92.17
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'EXERCISE 9.5
Constmgt index number of combined group for the following data :
Group A B C D E
Index No. 110 95 160 170 - 200
Weight 4 2 1 1 2

The following are the group index numbers and group weights of an average working

class family’s budget. Construct the cost of living index.

~ Group Food " Fuel Clothing Rent Mise.
Index Nos. 352 220 230 160 190
Weight . 48 10 8. 12 15

4. The combmed index number for the following data is 138.858. You are required to find
the group index for the group ‘D’. ;

Group A B C - D -~ E 4 F
Index No. 185 152 124 ? 107 , | 139
Weight 61 73 19 41 .| 26 | 82
. Answers
1. 136 ' 2.276.409

3. 148

IV TESTS OF ADEQUACY OF INDEX NUMBER FORMULAE

9.17. MEANING OF ADEQUENCY OF INDEX NUMBER

We have studied a lé.rge number of methods of construeting index numbers. Statisticians
have developed certain mathematical criterion for deciding the superiority of one method
over others. The following are the tests for judging the adequacy of.a particular index
number method :

(i} Unit Test,
(iif) Factor Revetsal Test.

(ii) Time Reversal Test.
(iv) Circular Test.

9.17.1. Unit Test (U.T.) -

An index number methad is said to satisfy unit test if it is not changed by a change in
the measuring units of some items, under consideration. All methods, except simple
aggregative method, satisfies this test.

Index Numbers

NOTES
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Business Mathematics 9. 17,2, Time Reversal Test (T.R.T.)
and Statistics

Anindex numbers method is said to satisfy time reversal test, if
Iy x1p=1
NOTES where I, and I, are the ‘index numbers for two periods with base period and current
period reversed. Here the index numbers I, and 1,4 are not expressed as percentages.
The following methods of constructing index numbers satisfies this test :
(i) Simple Aggregative Method. '
(i) Simple G.M. of Price {or Quanity) Relati‘vee Method.
(i) Fisher’s Method. |
(iv) Marshall Edgeworth’s_Method. _ . :
(®) Kelly’s Method. - |

Now, we shall illustrate this test by verifying its validity for Fisher’s price mdex
number method.

' IDiqe |, 20 Zpaqy . ZPoo
We have —_— and',P = |———
2Paqo ZPo‘h 10 Img Ipg,

where Po, and P, are the price index numbers.for the periods.z, and L, w1th base
periods to and t, respectively.

-

' 22190 EP9y IZPofh Zpogo
Now Po x P =J2¥’090 Zpogy VZP1Q1 2151%

_ szﬂ?o ) ZpG % Zpog; x Zpogo _ JI -1
Zpogn  Zoq1 MG I
Py xPyp=1 ' :
" Example 17. Calculate price index number for the year 1996 from the following

data. Use geometric mean of price relatives. Also reverse-the base (1996 as base) and
'show whether the two results are consistent or not. :

Commodity Average price 1980 (%) Average Price 1996 (7
A ' 16.1 14.2
B 9.2 8.7
C 5.1 12.5
D . 5.6 p 4.8
E 1.7 13.4
F 100 117
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Solution. Index No. for 1996

Commodity P, P, P= pﬂ‘ x 100 log'P
0.
A 16.1 14.2 14.2 & 100 = 80.20 1.9455
16.1 -
8.7
B , 9.2 8.7 53 % 100=9457 1.9757
, 125
C 15.1 125 =2 % 100 = 82.78 1.9179
151 -
48
D 5.6 48 | L4 x100=8571 1.9331
. 134
E 11.7 13.4 117 X 100=11453 2.0589
F 100 117 17 100 =117 1.0682
, 100
n=6 ' ' % log P = 11.8993

Price index no. for 1996 = AL (z log P } = AL (“86993 ] = AL 1.9832 = 96.20.

n
Index No. for 1990
Commaodity Po r; P= » x 100 log P
2
' 161 "
A - 14.2 16.1 m x 100 = 113.38 2.0547
' 9.2
B 8.7 9.2~ E x 100 ="105.75 2.0244
i 151
C 12.5 15.1 Eg » 100 = 120.80 2.0820
56
D 4_.8 5.6 E x 100 = 116.67 2.0671
‘ 117
E 13.4 11.7 = x 100 = 87.31 1.9410
134
100
F 117 100 m x 100 = 85.47 1.9319
n=6 Zlog P =12.1011
L ZlogP 121011
Price index no: for 1990 = AL A 5 = AL 2.0169 = 104.

Product of index numbers = 96.20 x 104 = 10004.8 = 10000 {nearly)

Since the index numbers are expressed as percentages, the T.R.T. is satisfied if
their products is (100)2, which is 10000.

The index numbers are consistent.

Index Numbers
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9.17.3.. Factor Reversal Test (FR.T.)

_An index number method is said to satisfy factor reversal test if the product of price |

index number and quantity index number, as calculated by the same method, is equal
to the value index number.

In gther words, if P, and Qoz are the price index number and _qua_htity index
number for the period ¢, corresponding to base period ¢, then ‘we must have

ipqy
Py X Qg =V = %

Fisher’s index number method is the only method which satisfies this test.

Let Py, and Q,, be the Fisher’s price index number and qqantlty index numbers
respectively, then . : '

I;go | Iy ' Zqpy | Py
— X and Q=T - e .
Ipede  ZPod1 07 YZgope Zgop
Inge | Ingy |, |40 | Zqup
Now Py x'Q = szlox VAT 120 1Py
odo  2Poth 2g4Po 24091
szﬂn < P19 z@nPo o« ZA1Py
Ipeda  ZPod1 Zqopu Zq0m .
JZPIQD b2 2L x- Ippq, zplQl _ prﬂh X.EP1Q1__ _ I
Ipoe  ZPodr  Po%o ZPJQO ~ Y Zpogo X Zpede oo
= Value index number. .
Fisher's method satisfies this test.
9.17.4. Circular Test(C.T.).
An index number method is said to satisfy the eircular test if I, 1,,, L5, -..... N |
and1_, are the index numbers for the periods ¢,, Lyr gy oo s ¢, t, corregponding te base
periods 2y, £}, g, -..... 2t 13 tn respectwely, then
Iy % Ly X Log % v x I x Tg = 1.

Here, also, the index numbers- have not been expressed as percentages by
multiplying by 100.
Ifn=1we havel; x1,,=1.
This is nothing but the condition of T.R.T. Thus, we see that the circular test is
an extension of T.R.T. .
Ifn = 2, we have ' _
Iy xTgxLyy=1 or Iy xI,=1I4. (.

Ty xlyp=1
The following methods satisfies circular test : .
(i) Simple Aggregative Method. :

(ii} Simple-G.M. of Price (or Quantity) Relatives Method.

(ii7) Kelly’s Method.
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“ Now, we shall illustrate this test by verifying its validity for simple aggregative
| method for price index numbers.

. Ip 2p Zpy
Here - P,=-L P, ="2P
o 2py 12 E1331 2= 2p
Py % Py x Py = 54 x 2 ¢ -1

_ _ 2py z3113’1 sz
Simple aggregative method satisfies this test.. _
Example 18. With the.help of following data show that Fisher’s ideal index
satisfies timé and faptor reversal tests.

1994

i 1993
Commodity -

| ;

| _ Price. - Value Price Value

| A 8 80 10 100
B, 10 20 . 12 36
C. ) 25 5 36
D 4 16 8 40

Solution. i._et suffixes ‘0’ and ‘1’ refers to data for periods 1993 and 1994

respectively.

Verification of T.R.T. and F.R.T. for Fisher’s Method

Commodity Dy Pdo P; PAa; g q; Piqp. Py
A 8 80 - 10 100 10 '10 100 80 .

B 10 20. 12 36 2 3 24 30.

C 5 25 5 30 5 6 25 30

D 4 16 8 40 4 5 32 20
Total 141 206 181 |* 160

Verification of: T.R.T. _
Py,:= Fisher’s price index number for 1984 with base 1993 (= 1}
Ipiqa | G 181 206
J Pido Bt \,— = 1.28559
090 Ipeq; V14l 160
P o= Fisher’s price index number for 1993 with base 1994 (= 1)
Ipodl | Do 160 141
=J o1 °“=\( X == = 0.77785.
Ipa,  Ipgg 206 181
Now P, x"Pm = 1:28559 x 0.77785 = 0.9999961 = 1 (nearly). g
_ T.R.T. is verified.,
Venfcauon of F.R.T.
Pm = Fisher’s price index number for 1994 with base 1993 (= 1)
1208y, E019, Jlsl
=T X = _128559
JZP{;% IPody 141 160
Qg = Fisher’s quantity index number for 1994 with base 1993 (= 1)

Zq,py _ X4\P Ipoq o 2P19 160 206
=J_ \WPo AP 041 191 20920 1 13643
2q¢Pg 141 181

+

2901 Y 2o Zpﬁu
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= Value index number for 1994 with base 1993 (= 1)’

'Evl Img, 206
=V, EPU% = 141 = 1.46099.
Now, P, x Q(Jl =1.28559 x 1.13643 = 1, 46098

F:R.T. is verified.

‘Business Mathematics VDI
and Statistics

NOTES V01 {nearly):

Base year Current year
Commodity _ :
+  Price Quantity Price Quantity
A 6 50 10 56
"B 2 100 2 120
C 4 60 6 60
D 10 30 12 24
B B - 40 12 36
8.. Verify the ‘factor reversal test’ by using the following data ;
1993 1994
Ttem
Price per unit .Expenditure | Price per unit Expenditure
A 5 125 6 180
B 10 50 15 90
C 30. 60
D 36 - 75

EXERCISE 9.6

1. Compute Fisher's ideal index number for the following data and show that it satlsﬁes
time reversal test and factor reversal test,

1989 . 1890
Commodity :
_ Price Quantity Price Quantity
A 4 40 & . 50
B 8 64 9 80
C 10 70 10 70
D 2 10 4 16

2, s Prove using the following data that time reversal test and factor reversal test are satisfizd’
by Fisher’s Ideal Formula for Index Numbers :

.4, With the help of data given below, compute Fisher's Ideal Index and show that it
satisfies the time reversal al_)d factor reversal tests.

1996 (Base year) 2002 (Current year}
Commodity - E—
Price (¥) Qty. Price (T) Qty.
A 40 30 60 20 |
B 50 40 - 60 40
C 70 20 90 20
D 20 30 10 50
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9.18. MEANING OF CONSUMER PRICE INDEX NOTES

There is no denying the fact that the rise or fall in the prices of commodities affect
every family. But, this effect is not same for every family because different families
consume different commodities and in different quantities. Car is not found is every
house. Milk is used in almost every family but there are very few families who can
afford to purchase even more than 5 litres of it, daily.

The index numbers which measures the effect of rise or fall in the prices of
various goods.and services, consumed by a particulai' group of people are called
consumer price index numbers for that particular group of people. The consumer
price index numbers help in estimating the average change in the cost of mamtalmng
particular standard of living by a particular class of people.

9.18.1. Procedure

The first-step in computing consumer price index number is to decide the category of
people for whom the index is to be computed. While fixing the domain of the index, the
income and occupation of families must be taken in to consideration. Different families
consume different commodities and that too in different quantitiés. For a particular
category of people, it can be expected that their expenditure on different commodities
will be almost same. _ S

| For computing index, enquiry is made about the expenditure of families on -

. various commodities. The commodities are generally classified in the following heads:

(a) Food (b} Clothing
| (¢} Fuel and lighting : (d} House rent
{e) Miscellaneous.

After the demsmn about commodities is taken, the next step is 1o collect prices
of these commodities. The price quotations must be obtained from that market, from
where the concer'led class of people purchase commeodities. The price quotations must
be absolutely free from the personal bias of the agent obtaining price quotations. The
price quotations must preferably be cross checked in order to eliminate any possibility
of personal bias.

All the commodities which are used by a particular class of people cannot be
expected to have equal importance. For example, entertainment and house rent can - ' .
not be given equal weightage. Weights are taken in accordance with the consumption '
in the base period. Either base period quantities or base period expenditure on different
items are generally used as weights for constructing C.P.1. The base period selected
for this purpose must also be normal.
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and Statistics ' )
: There are two methods of computing consumer price index numbers.
(i) Aggregate expenditure method.

NOTES (i) Family budget method.

9.18.3. Aggregate Expenditure Method

In this method, generaily base period quantities are used as weights.

¢

by
Consumer Price Index No. = “Piflo x 100
ZPoY0

where ‘0’ and ‘1’ suffixes stand for base period and current period respeciiveiy. .

Zp,q, =sum ofthe pfoducts of the prices of commodities in the ¢urreiit period
with their corresponding quantities used in the base period.’

5pyq, = sum of the products of the prices of cofmodities in the base period
with their corresponding quantities used in the base penod

Sometimes, current period quantities are also.used for finding consumer price.
index numbers. ' ‘

Example 19. Calculate weighted average of price relative index number from .

| the following data : . ,
Ttem Unit ‘Base year Base year Current_ yédr .
' quantity Price (3 - Pr_iée %)
Wheat Per Qtl 4Qt 200 250
Sugar Per hg 50 kg 5 7
Milk Per litre 50 litres 5 ki
Cloth Per meter 20 metres. 10 15
House Per house 1 _ 50 80
Solution. Calcilation of Cost of Living Index Number
Item o q;, By P; By - Py
' Wheat 4 200 50 800 1000
Sugar 50 5 7 250 350
Milk 50 5 6 250 300
Cloth ' 20 10 .15 < 200 -300
House 1 50 80 50 80 .
_ Total 1550 2030
Py ... 2030 .
Cost of living index number =-— x 100 = - x 100 = 130,97,
. g Zpogy - 1550 .
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9.18.4. Family Budget Method

In this method the expenditure on different commodities in the base period, are used
as weights.

.

Consumer Price Index No. = ZPW

W

where P = Price relative = g—l x 100.
0
Pg: P, refers to prices of commodities in the base period and current period
respectively.

W= Poqo-

SPW z(& X 100] Podo 5 5100
WX
We have C.P.I = = Lo =28 Mo _ 1% 100

W Ppdo h ZPoq0 b X270 P8

Therefore, the C.P.1. calculated by using both methods would be same. Family |

budget method is particularly used when the expenditures on various items used in
the base period are given on percentage basis.

Example 20. An enquiry into the budgets of middle class families in a certain
city gave.the following mformatwn

Item . % of torai ) Price in 2000 Price in 2002

_ . Expenditure . {in%) _ (in %)
Food 35% T 150 145
Fuel 10% . 25 23
Clothing 20% 7, 65
Rent ' 15% 30 30
M;sceiianeous . 20% 40 45

What is the cost af' living index number of 2002 as compared with 2000 ?

Solution. Calculation of C.P.I, by Family Budget Method

Item F: 2 Py P= —H—I— X 100 w PW
. . - Po . .
Food 150 145 96.67 35 3383.45
Fuel 25 23 92 10 920
Clothing 75 65 86.67 .20 1733.4
Rent 30 30 100 15, 1500
Miscellaneous 40 45 © 1125 20 2250
Total ] : 100 9786.85
ZPW 9786.85 ’
C P dex No. = = 97.865.
onsumer Price Index W 100 5]

Index Numbers

NOTES
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‘| as in 1999.

Example 21. From the following data relating to working class consumer price
index of a city, calculate index numbers for 1999 and 2001. |

Group Food Clsthing Fuel House rent Misc. |
Weight 48 18 7 | o1a ;
Index number 1999 110 120 110 100 1o |
Index number 2001 130 125 20 160 135 |
The wages were increased by 8% in 2001. Is this increase sufficient ?
Solution. Calculation of C.P.1. for 1999 and 2001
Group Weight (W) | I No.1999(1) |1 No.2001(I) | WI, Wi,
Food 48 110 130 5280 6240
Clothing 18 120 125 2160 2250
Fuel ' 7 110 120 770 840
House rent 13 100 : 100 1300 1300
Mise. ) 14 110 . 135 1540 1890
Total 100 11050 | 12520
- ,_.WII 11050
P.L = =110.
C.P.I. for 1999 = ZW 100 0.5
IWI; 12520
CPI fOI‘ 2001 = ZW = 100 = 125.2
1252 - 1105 147
i i FY T 1 i 1 = — = = .
% increase in C P‘I in 200 1105 x 100 1105 x 100 = 13.3%

An increase of 8% in wages is insufficient to maintain the standard of living

Example 22, From the information given below, calculate the cost of lwmg index
number for 1975; with 1 974 as base year by the Family Budget method: :

Item Quantity Unit Price

consumed

) 1974 1875
Wheat 2 Quintals Ruintal - 75 125
Rice 25 kilograms kg 12 16

8 ugar 10 kilograms kg 12 16

Ghee 5 kilograms kg 10. 15
Clothing -25 metres metre 4.5 5
Fuel 40 litres litre 10 12
Rent one house one = - 25 40
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Solution. Calculation of C.P.L by Family Budget Method Index Numbers

Item | g 2, ‘b P=%x100 W=pyg WP
- 0
Wheat 2 75 125 | 16667 150 25000.50 NOTES
Rice 25 12 16 133.33 300. | 39999.00
Sugar 10 12 16 133.33 120 15999.60
Ghee 5 10 15 150.00 50 7500.00 ,
. Clothing 25 45 5 111,11 112.5 12499.87

Fuel 40 10 12 120.00 400 48000.00
Rent 1 25 40 160.00 26 4000.00

Total 11575 | 152998.97

SWP _ 15299897

‘Now, consumer price index number = W o 157E - 132.18.
EXERCISE 9.7
1. Construct the cost of living index number from the following data:
Group Index for 1992 % of Expenditure
Food ' 550 46
Clothing 215 10
Fuel and Lighting 220 7
House rent 160 12
Miscellaneous . 275 25

2. Calculate the cost of living index for the following data:

Gr:oup' Price in Base year Price in Current year Weight
Food ’ 39 47 4
Fuel 8 . 12 1
Clothing 14 18 3
House rent - 12 15 2
Miscellaneous 25 - 30 1

3. Construct a cost of living index number from the following price relatives for the year
1985 and 1986 with 1982 as base giving weightage to the following groups in the
proportion of 30, 8, 6, 4 and 2 respectively.

Group 1982 1985 ' 1986

Food 100 114 116
Rent 100 115 125
Clothing 100 108 110

Fuel 100 105 104

Misc. 100 102 104
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4. From the following data, find the cost of living index number of 1980 on the basis of 1970
by the Family budget method:

Item Qualntity Unit Prices
consumed 1970 1980
Wheat 2 quintals Qtl. 50 75
Rice " 95 kilograms Qtl. 100 120
Sugar 10 kilograms Qtl. 80 120
Ghee (Desi) 5 kilograms ke 10 10
Ghee (Dalda) '5 kilograms kg 3 5
0il 25 kilograms Qtl. 200 200
Clothing 25 metres . metre 4 5
Fuel 4 quintals Qtl. 8 10
Rent One House Hé}use 20 25 -
5. Taking 1996 as base, construct a consumer index for the year 1998 from the following
data:
Item: Unit Price (1996) Price (1998) Weight
A Kg. 0.50 .0.75 10%
B ’ Litre 0.60 0.75 25%
C Dozen 2.00 2.40 20%
D Kg. 0.80 1.00 40%
E One pair 8.00 10.00 5%
An enquiry into the budgets of the middle ¢lass families of a certain city revealed that on
an average the percentage expenses on the different groups were:
Food 45, Rent 15, Clothing 12, Fuel 8, Miscellaneous 20. ’
The group index numbers for the current year as compared with a fixed base year were
respectively 410, 150, 343, 248 and 285. Calculaté the cost of living mdex number for the
current year,
Mr. X was getting 7200 p.m. in the base year and T 12900 p.m in the current year. State
how much he ¢ught to have receivéd as extra allowance to maintain his former standard
of living,.
Answers
. 377.85 2, 126.18 3. 112.24, 115.28 4; 126.75 _
126.50 6. T 10500,
"EXERCISE 9.8
“Index Numbers are economic.barometers”. Discuss this statement. What precautions
will you take while construction an index riumber ?
Distinguish 'between fixed base and chain base index numbers. -
State the different uses of index numbers,
Explain the use of index numbers. What are the difficulties in the construction of index
number?
Explain differént types of index numbers. Exarine the various problems involved in the

218 Self-Instructional Material

construction of an index. Discuss in brief the use of an index fiumber.




6. State and explain the fisher’s ideal formula for price index number. Show how it satisfies

the time reversal and factor reversal test. Why is it used little in practice?
Discuss the problems invelved in the construction of an index number.

9.19. SUMMARY

The index numbers are defined as specialized averages used to measure change
in a variable or a group of related variables with respect to time or geographical
location or some other characteristic.

The index numbers are used to measure the change in production, prices, values
ete., in related variables over time or geographical location. The barometers are
used to study changes in whether conditions, similarly the index numbers are
used to study the changes.in economic and business activities. That is, why, the

index numbers are also called *‘Economic Barometers’.

Index numbers are used for computing real incomes from money incomes. The

wages, dearness allowances etc., are fixed on the basis of real income. The money.
income is divided by an appropriate consumer’s price index number to get real
income.

Index numbers are constructed to compare the changes in related variables |.

over time. Index numbers of industrial production can be used to see the change
in the production that has occurred in the current period.

Index numbers are used to study the changes-occurred in the past. This
knowledge help in forecasting.

:Index numbers are used to study the changes in prices, indi}stria] production,

purchasingpowers of money, agricultural production etc., of different countries.

With the use of index numbers, the comparative study is also made possuble for
such variables.

Quantity index numbers are used to show the average change in the quantities
of related goods with respect to time. These index numbers are also used to
measure the level of production.

An index number method is said to satisfy unit test if it is not changed by a
change in the measuring units of some items, under consideration. All methods,

"except simple aggregative method, satifies this test.

The index numbers which measures the effect of rise or fall in the prices of
various goods and services, consumed by a particular group of people and called
consumer price index numbers for that particular group of people. The
consumer price index numbers help in estimating the average change in the
cost of maintaing partlcular standard of living by a particular class of people.

Pl
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10. ANALYSIS OF TIME SERIES

Iﬁtroduction

10.2. Meaning of Time Series

10.3. Components of Time Series
10.4.. Secular Trend or Long Term Variations .
10.5. Seasonal Variations
10.6. Cyclical Variations
10.7. Irregular Variations
10.8: .Additive and Multiplicative models of Decomposition of ,.Time' Series
10.8. Determination of Trend '
10.10. Free Hand Gi-aphic Method
10.11. Semi Average Method
10.12, Moving Average Method
10.13. Least Squares Method
10.14. Linear Trend _ .
10.15. Non-linear Trend (Parabolic) L | |
10.16. Non-linear Trend (Exponential)
10.17. Summary

'10.1. INTRODUCTION

We know that a time series is a collection of values of a variable taken at different
time periods. If ¥, ¥5, ...... , ¥, be the values of a variable y taken at time periods
E1s Egy venenn t,» then we write this time series as {(¢,,y,) ;i =1, 2, ..., n}. The g"ivéh time
series data is arranged chronologieally. if we consider the sale figures of a company
for over 20 years, the-data will constitute a time series. Population of a town, taken
annually for 15 years, would form a time series. There are plenty of variables whose
value depends on time.

Fl
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10.2. MEANING OF TIME SERIES

In a time series, the values of the concerned variable is not expected to be same for
every time period. For example, if we consider the price of 1 kg tea of a particular
brand, for over twenty years, we will note that the price is not the same for every year.
What has caused the price to vary ? In fact, there is nothing special with tea, this can
happen for any variable, we consider.

There are number of economic, psychological, sociclogical and other forces which
may cause the value of.the variable to change with time. In this chapter, we shall
locate, measure and interpret the changes in the values of the variable, in: a time
series. We shall investigate the factors, which may be held responsible for causing
changes in the values of the variable with respect to time.

10.3. COMPONENTS OF TIME SERIES

We have already noted that the value of variable in a time series are very rarely
constant. The graph of its time series will be a zig-zag line. The variation in the values
of time series are due to psychological, sociological, economic etc. forces. The variations
in a time series are classified in to four types and are called components of the time
series. The components are as follows :

{iySecular trend or long-term variations
{ii} Seasonal variations
(iif)y Cyclical variations

{iv) Irregular variations.

10.4. SECULAR TREND OR LONG TERM_ VARIATIONS

The general tendency of the values of the variable in a time series to grow or to decline
over a long period of time is called secular trend of the times series. It indicates the
general direction in which the graph of the time series appears to be going over a long
period of time. The graph of the secular trend is either a straight line or a curve. This
graph depends upon the nature of data and the method used to determine secular
trend.

The secular trend of a time series depends much on factors which changes very
slowly, e.g., population, habits, technical development, scientific research etc.
" If the secular trend for a particular time series is upward (downward), it does
not necessarily imply that the values of the variable must be strictly increasing
(decreasing). For example, consider the data :

Year 1978 | 1979 | 1980 | 1981 | 1982 | 1983 | 1984 | 1985 | 1986 | 1987
Profit 18 | 17 20 21 25 29 | 28 27 28 35
(000 T) :

We observe that the profit figures for the yvears 1979 and 1983 are less than
those of their corresponding previous years, but for all other years the profit figures
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Business Mathematics  are greater than their corresponding previous years. In this time series, the general
and Statistics tendency of the.profit figures is to grow.

If from the definition of secular trénd, we drop the condition of having time
series data for a long period of time, the definition will become meamngless For

NOTES example, if we consider the data :
Year ' 2002 2003
Price of sugar (1 kg) T4 ¥ 14.50

From this time series, we cannot have the.idea of the general tendency of the
time series. In this connection, it is not justified to assert that the values of the variable
must be taken for time periods covering 6 months or 10 years or 15 years. Rather we
must see that the values of the variable are sufficient in number. Thus, in estimating
trend, it is not the total time period that matters, but it is the number of time periods
for which the values of the variable are known.

-

10.5. SEASONAL VARIATIONS

The seasonal variations in a time series counts, for those variations in the series
which occur annually. In & time series, seasonal variations occurs quite regularly:
These variations play a very important role in “business activities. There are number
of factors which causes such variations. We know that the demand for raincoats rises
automatically during rainy season. Producers of tea and coffee feels that the demand
: of their products is more in winter season rather than in summer season. Similarly,
there is greater demand for cold drinks during summer season. Retailers on Hill stations
are also affected by the seasonal variationg. Their profits are heavily increased during
summer Seasomn. .

Even Banks have not escaped from seasonal variations. Banks observe heavy
withdrawals in the first week of every month. Agricultural yield is also seasenal and
g0 the farmers income is unevenly divided over the year. This has direct efféct on
business activities.

Customs and habits also plays an important role in causing seasonal variations
in time series. On the eve of festivals, we are accustumed of purchasing sweets and
new clothes. Generally, people get their houses white washed before Deepawali. Sale
figures of retailers dealing with fireworks immediately boost up on the eve of Deepawali
and in the season of marriages.

The study of seasonal variations in a time series is also very useful. By studying
the seasonal variations, the bugsinessman can adjust his stock holding during the year.
He will not feel the danger of shortfa_ll of stock during any particular period, in the
year.

10.6. CYCLICAL VAmATloNs

‘The cyelical variations in a time series counts for the swings of graph of time series I
about its trend line (curve). Cyclical variations are seldom periodic and they may or
| may not follow same pattern after equal interval of time.
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In particular, business and economic time Boom
series are-said to have cyclical variations if these '
variations recur after time interval of more than ' Decline

‘one year. In business and economic time series,

business cycles are example of cyclical variations.
There are four phases of a business cycle. These
are :

(a) Depresgsion (b) Recovery
" “(¢) Boom {(d) Decline. Depression
These four phases of business cycle follows each other in this order.

{(a) Depression. We start with the situation of depression in business cycle, In
this phase, the employment is very limited. Employees get very low wages. The
purchasing power of money is high. This is the period of pessimism in business. New
equilibrium is achieved in business at low level of cost, profit and prices.

(b) Recovery. The new equilibrium in the depression.phase of a cycle; last for
few years. This phase is not going to continue for ever. In the phase of depression, even
efficient workers dre available at very low wages. In the depression period, prices are
low and the costs -also toe low. These factors replaces pessimism by optimism.
Businessman, with good financial support is optimistic in such circumstances. He
invests money in repairing plants. New plants are purchased. This also boost the
business of allied industries. People get employment and spend money on consumers
good. So, the situation changes altogether. This is called the phase of recovery in
business cycle.

(¢) Boom. There is also limit:to recovery, In\;estmen_t..is revived in recovery

phase. Investment in one industry affects investment in other industries, People get

employment Extension in demand is felt. Prices go high. Profits are made very easily.

All these leads to over development of business. This phase of business eycle is described

as boom.

_ (d) Decline. In the phase of boom, the business is over developed. This is because
of heavy profits. Wages are increased and on-the contrary their efficiency decreases,
Money is demanded everywhere. This results in the increase in rate of interest. In

other words, the demand for production factors increases very much and this results |

in increase in their prices. This results in the increases in the cost of production. Profits

are decreased. Banks insists for'repayment of loans under these circumstances..

Businessmen give concession in prices so that cash may be secured. Consumers start
expecting more reduction in prices. Condition become more worse. Products accumulates
with businessmen and repayment of loan does not take place. Many business houses
fails. All these leads to depression phase and the business cycle continues itself.

The length of a business cycle is in general between 3 to 10 years. Moreover, the .

lengths of business cycles are not equal.

10.7. IRREGULAR VARIATIONS

The irregular variations in a time series counts for those variations which cannot
be predicted before hand. This component is different from the other three components
in the sense that 1rregular variations in a time series are very irregular. Nothing can
be predicted about the cccurrence of irregular variations. It is very true that floods,
famines, wars, earthquakes, strikes ete. do affect the economic and business activities.

Analysis of Time Series

NOTES.
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Business Mathematics  The component irregular variations refers to the variations in time series which are
and Statistics caused due to the occurrence of events like flood, famine, war, earthquake, strike, etc.

NOTES 10.8. ADDITIVE AND MULTIPLICATIVE MODELS OF
DECOMPOSITION OF TIME SERIES

Let T, 8, C and I represent the trend component, seasonal component, cyclical
component and irregular component of a time series, respectively. Let the variable of
the time series be denoted by Y. There are mainly two models of decomposition.of time |
series.

1. Additive model. In this'model, we have
Y=T+5+C+L
In this case, the components T, S, C and I represent absolute values. Here 8, C
and [ may admit of negative values. In this model, we assume that all the four
components are independent of each other,
2. Multiplicative model. In this model, we have .
Y=TxS8SxCxL
In this case, the components T is in abosolute value where as the components S,

C and I represent relative indices with base value unity. In this model, the four
components are not necessarily independent of each other.

10.9. DETERMINATION OF TREND

Before we go in the detail of methods of measuring secular trend, we must be clear
about the purpose of measuring trend. We know that the secular trend is the tendency
of time series to grow or to decline over a long period of time. By studying the trend
line {or curve) of the profits of a company for a number of years, it can be well-decided
as to whether the company is progressing or not. Similarly, by studying the trend of
consumer price index numbers, we can have an idea about the rate of growth (or decline)
in the prices of commeodities.

We can also make use of trend characteristics in comparing the behaviour of
two different industries in India. It can equally be used for comparing the growth of
industries in India with those functioning in some other country.

The secular trend is also used for forecasting, This is achieved by projecting the
trend line (curve) for the required future value.

The secular trend is also measured in order to elimminate itself from the given
time series. After this, only three components are left and these are studied separaiely.
The following are the methods of measuring the secular trend of a time series :

(i) Free Hand Graphic Method
(if) Semi-Average Method
(iit) Moving Average Method
{iv) Least Squares Method.
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10.10. FREE HAND GRAPHIC ME_TI'IO!)

This is a graphic rhethod. Let {(¢, y,) : i = 1, 2, ......, n} be the given time series. On the
graph paper, time is measured honzontally, whereas the values of the variable y are NOTES
measured vertically. Points (2,, y,) (£5, ¥,), ...... , (¢,, ¥,) are plotted on the graph paper.
These plotted points are joined by straight lines to get the graph of actual time series
data.

In this method, trend line (or curve) is fitted by inspection. This is a subjective
method. The trend line (or curve) is drawn through the graph of actual data so-that
the following are satisfied as far as possible :

(£) The algebraic sum of the deviations of actual values from the trend values is
ZETO.

(iiy The sum of the squares of the deviations of actual values from-the trend
values is'least.

(iii} The area above the trend is equa] to area below it.
(iv) The trend line (or curve) is smooth.

Example 1. Fit g straight line trend to the following data, by using free hand
graphic method :

'Year 1980 1981 1982 1983 1984 1985 1986
Profit of Firm 20 30 25 40 42 30 50
X000
Solution.
4 TREND BY FREEHAND METHOD . g
50 :
o
=
3 40
x
E a0
w
5
B 20
o
0 1 i i 1 1 1 >
1980 81 82 83 B84 85 86
" Years

10.10.1 Merits and Demerits

Merits
1. This is the simplest of all the methods of measuring trend.

2. This is-a non-mathematical method and it can be used by any one who does
not have mathematical background.

3. This method proves very useful for one who is well -acquainted with the |
economic history of the concern, under consideration.

4. For rough estimates, this method is best suited.
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Demerits :
1. This method is not ngldly defined.
+ 2. This method is not suited when accurate results are desired.

3. This is a subjective method and can be affected by the personal bias of the
peTson, drawing it.

EXERCISE 10.1

1, Fita stra_ight line trend to the following data by using free hand graphic method:

Year | 1992 | 1893 | 1994 | 1995 | 1996

Import 45 47 30 32 27
(in crores of 1) '

2. Fit a straight line trend to the following data by using free hand graphic method:

Year 1931 1941 1951 1961 1971 1981
Population of 45 47 50 55 | 60 | 70
city X (in lakhs)

3. Fita st:_r"aight line trend to the follq‘wiflg data by using free hand graphic method:

Year 1992 1993 1994 1995 | 1996 1997 1998
X 10 8 T 15 16 25 30

10.11. SEMI AVERAGE METHOD

H

This is a method of fitting trend line to the given time series. In this method, we divide
the given values of the variable (¥} into two parts If the number of items is odd, then
we make two equal parts by leaving the middle most value. And in case, the ‘number of
items is even, then we will not have to leave any item. After making two equal parts,
the A M. of both parts are calculated.

On graph paper, the graph of actual data is plotted. The A.M. of two parts-are
considered to correspond to the mid-peints of the time interval considered in making

*the parts. The peints corresponding to these averages of two parts are also plotted on

the graph paper. These points are then joined by a straight line. This line represents
the trend by semi average method. From the trend line, we can easily get the trend
values. This trend hne can also be used for predicting the value of the variable for any
future period. : .

Example 2. Fit a straight line o_rréhd to the following data by using semi average

method : .
Year 1981 1982 1983 1984 1985 1986
Cost of Living 100 110 120 ‘118 130 159
Index No. i
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Solution. Trend line by Semi-Average Method Analysis of Time Series

Year Cost of Libing Index Year  Cost of Living Index
1981 100 1984 © 118 o
: NOTE
330 407 S
1982 110 [~ =110 1985 : 130 [ —5— = 185.67
1983 120 | | 1988 159
4 ) ' '
160 | TREND 8Y SEMI-AVERAGE METHOD
5 150
=
g
£ 130 -
§120
s 110 1
§ 100
0 . L >
1881

Years

Example 3. Fit a straight :Zine trend by using the following data:

Year 1981 | 1982 | 1983 | 198¢ | 1985 | 1986 | 1987
Profit (000 ) 20 | 2 27 26 30 29 40
Semi-Average Method is to be used. Also estimate the profit for the year 1988.
Solution. Trend Line by Semi-Average Method
Year. Profit (,000 %) . Year Profit (,000
1981 . 20 . 1985 30
. .
1982 22 % =23 1986 29 %‘3 = 33.
1983 27 1987 40
1984 26

-
L

T‘REND BY SEMI-AVERAGE METHOD

W
[E e N =

8

]
(4]

Profit {,000 7)

I3
(=3

1981 82 83 84 85 86 87 88
Yoars

The estimated profit for the year 1988 is ¥ 37000. ) .
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Merits
1. This.method is rigidly defined.
NOTES 2. This method is simple to understand.
Demerits '

1. This method assumes a straight line trend, which is not alwayé true.

2. Since this method is based on A.M,, all the demerits of A M. 'I'J:ecomes the
demerits of this method also. .

EXERCISE 10.2 _

L. Fit a straight line trend by the method of semi-average from the following data:

Year 1993 | 1994 | 1995 | 1996 | 1997 | 1998

Sales 20 24 22 30 28 32
('060 Units)

2. Fit a straight line trend for the following data, by using semi-average method:

Year 1980 1981 1982 1983 1984 1985 1986
Profit (000 %) ‘80 82 85 70 89 95 105

3. Fit a straight line trend for the following data, by using semi-average method:

Yeor | 1980 | 1981 | 1982 | 1983 | 1084 | 1985 | 1986 | 1987
Y . 12 14 18 20 25 29 31 28

Also estimate the value of the variable Y for the year 1988.
4. Determine the trend of the following by semi-average method. Graph should be neat.

Year -Sales (,000 3T} , Year © Sales (0000
1965 18 ) 1971 30

. 1966 25 1972 20
1967 : 21 1973 35
1968 ' 15 1974 32
1969 26 1975 .23
1970 31

10.12. MOVING AVERAGE METHOD .

Let {2, y}:i=1,2,.... . nt be the given time series. Here y,, y,, ...... , ¥, are the
values of the variable (y} corresponding to time periods ¢,, ¢,, ...... , t, respectively..

We define moving totals of order m as y, + y, + ...... Vs Yot Vgt o
Yo Y F Ve F e ¥ Yppyns oeeee
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The moving averages of order m are defined as Analysis of Time Series

Vit Yo+t y, Yat ¥t Vpa1 - YaFyitoit Ve
. m ’ m " m ’
- These moving averages will be called m yearly moving averages if the values,
NOTES
V1oV oo ¥, of y aregiven annuaily. Similarly, if the data ate given monthly, then the

 moving averages will be called m monthly moving averages.

|
|
I
|
.’
|

| In using moving averages in estimating the trend, we shall have to decide as te

- what should be the order of the moving averages. The order of the moving averages

" should be equal to the length of the cycles in the time series. In case, the order of the

- moving averages is given in the problem itself, then we shall use that order for
computing the moving averages. The order of the moving averages may either be odd
Or averl.

.Let the order of moving averages be 3. The moving averages will be

Ntyetys  YotYst¥s  Yat¥itys Yn-2t¥n_-1t¥,
3 H 3 H 3 pasary 3 -
These moving averages will be considered to correspond to 2nd, 3rd, 4th, ......
(n = Dth years respectively.

Similarly, the 5 yearly moving averages will be

Yi+Yatys+tyst+¥; Yo+ + ¥ Yn_g+ooty,
s , 5 yeeeees , 5 .
These 5 yearly moving averages will be considered to correspond to 3rd, 4th,
...... s v (B~ 2)th years respectively. These moving averages are called the trend
values,

Calculation of trend values, by using moving averages of even order is slightly '
complicated. Suppose we are to find trend values by using 4 yearly moving averages.
The 4 yearly moving averages are :

YitYetyst¥s Yot ¥styatys Yn-3tVi-a+t¥u-11V,
4 , p yreeen , 1 .
These moving averages will not correspond to time periods, under consideration.
The first moving average will correspond to the mid of ¢, and ¢,. Similarly, others.

In order that these moving averages may correspond to original periods, we will
have to resort to a process, called centering of moving averages. There are two methods
of finding centered moving averages. Suppose we are to find 4 yearly centered moving
averages for the times series :

{(tp y!)} = 1, 2, ...... s n}.

10.12.1 Method |

In this method, we first calculate 4 yearly moving td‘ials from the given data. Of these |
4 year moving totals, 2 yearly moving totals are computed. These 2 yearly moving
totals are then divided by 8 to get 4 yearly centered moving averages. These centered
moving averages will correspond to 3rd, 4th, ...... (n = 2)th years, in the table.
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10.12.2 Method f '

In this method, we first calculate 4 yearly moving averages. The first 4 yearly moving

avérage will correspond to the mid of 2nd and 3rd years. Similarly, others. We now -
calculate 2 yearly moving averages of these 4 yearly moving averages. These averages '
will be 4 yearly centered moving averages. These averages will correspond to 3rd, 4th, |

weeni (0 — 2)th years, in the table.

Jt may be carefully noted ‘that the centered moving averages as calculated by '.

using these methods will be exactly same.

In the moving average method of finding trend, the moving averages wi_ll be the
trend values. These trend values may be plotted on the graph. The graph of the trend -

values will not be a straight line, in general.

Example 4. Find the trend values by taking three yearly movmg averages for

the followmg data :
Year 1980 | 1981 | 1982 | 1983 | 1884 | 1985 | 1986 | 1987
Profit(o06d) | 18 | 21 | 20 | 25 | 29 | 27| 35 | 42
Also find short term fluctuations assuming additive model.
Solution. Trend by 3 year Moving Averages
Year Profit (000'%) 3 yéarly ' Trend value 3 yearly
" moving total moving average
1980 18 — —
1981 21 18 + 21+ 20 = 59 19.667
1982 20 21 +20+25=66 22
1983 25 20 +25+29="T4 24.667
1984 29 25 + 29 + 27 = 81 27
1985 27 29 + 27 + 35=91 30.333
1986 35 27 + 35 + 42 = 104 34.667
1987 42’ — -
Short term fluctuations
Year Actual value Trend value Short term ﬂuctmtio'n's .
¥ Y. Y=Y,
1980 18 — —
1981 21 19.667 1.333
1982 20 . 22 -2
1983 25 24:667 - 0.338
. 1984 29 27 2
1985 27 -30.333 -3.333
'1986 35 34.667 " 0.383
1987 42 — _
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. Example 5. From the following data, find trend, using five yearly moving
averages and plot the results on a graph paper :

Year Annual Year Annual Year Annual
production production production
1 156 _ 11 135 21 122
2 143 12 127 22 114
3 148 13 130 23 110
4 150 4. 135 24 115
5 155 15 140 25 120
6 145 15 130 26 109
7 135 17 118 27 105
8 138 18 122 28 98
9 142 19 127 29 104
10 146 20 130 30 110
Solution. Trend by 5 yearly Moving Averages
Year Annual 5 yearly 5 ;ear!y moving average
_ Praduction mouing totel i.e. trend value
1 156 — -
2 143 — -
3 148 752 . 150.4
4 150 741 148.2
5 155 733 146.6
6 145 723 144.8
7 135 715 143
'8 138 706 141.2
9 142 696 139.2
10 146° 688 137.6
11 135 680 136
12 127 673 134.6
13 130 667 133.4
14 135 662 132.4
15 140 653 130.6
16 130 645 129
17 118 637 127.4
" 18 122 627 125.4
19 127 619 123.8
20 130 615 123
21. 122 s 603 120.6
22 114 591 118.2
23 110 , 581 116.2
24 115 : 568 113.6
25 120 559 111.8
26 109 . 547 109.4
27 105 536 107.2
© 28 98 526 - 105.2
29 104 — —_
30 110 — —_

Analysis of Time Series,

NOTES
|
|
|
|
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Annual Production

150
140
13¢
120
110
100

80 -

f Y

TREND BY 5 YEARLY MOVING AVERAGES

Actual Data

e e e
0'Ii{IIIIIIlIIIIIIIIIIII'lIIllI.J.

4 8 12 16 20 24 28 30
Years

v

T

Example 8. Estimate the trend values using the data given below: by taking a'

four yearly moving average. Also plot the actual and trend values on the graph paper :

Year Value . I;Gar Value
1969 4 1975 24
1970 7 1978 36
1971 20 1977 25
1972 15 1978 40
1973 30 1979 42
1974 28 1980 45
Solution, " Trend by Moving Avérage Method
Year Value 4 yearly moving < yearly moving 4 yearly _centered
total average moving average
1969 -
1970 —
46 11.5
1971 20 14.75
T2 18 .
1972 - 15 20.625
93 : 23.25
1973 30 23.75
97 24.25
1974 28 26.875
118 29.5
1975 24 28,875
113 28.25
1976 | 36 29.75
125 31.25
1977 25 335
) 143 . 35.75
1978 40 ' . 36.875
152 : 38
1979 42 ' —
1980 45 —
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Remark. In the above two examples centering of moving averages has been done by |

Q 1
1969 70

TFIE!:\ID' BY 4 YEARLY MOVING AVERAGES

8 ' Actual Data

Trénd

72 76

Yaars

k|

;adoptlng method 1 and method 2 respectively.
Example 7. Calculate 4 yearly moving averages from the followmg

—f

A‘na-lysis of Time Serié_s

NOTES

Year 1972 1973 1974 | 1875 | 1976 | 1977 | 1978 | 1979 | 1980 | 1981
Sale. | 30 | 40 | 80 | 60 | 70 | 110 | 90 | 100 | 140 | 120 | I
- ' ;
Solution. Trend by Movmg Average Method l
Year Sale 4 yearly 2 yearly movmg totals | 4 yearly centered
' moving total of column 3. moving average
1972 30 — - ‘
1973 40 — —
. 210
1974 80 460 67.6
2500 -
1975 60 570" 71.25
N 320 . .
1976 70 650" 81.95
330 : .
1977 110 700 87.5 P
370 .
1978 90 810 101.25
440 - . i
‘1979 160 : ‘890 111.265
' 450
1980 140 — _
1981 120 — —

10.12.3 Merits and Demerits

Merits

1. This method is ng'ldlly defined, so it cannot ‘be affected by the personal | * |
prejudice of the person computmg it.
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2. If the order of the moving averages is exactly equal to the length of the cycle
in the time series, the cyclical variations are eliminated.

3. If some more values of the variable are added at the end of the time series,
the entire calculations are not changed. :

4. This method is best suited for the time series whose trend is not. linear. For
such series, the general.movement of the variable will be best shown by moving
averages. :

Demerits _ . .

1. Moving averages are strongly affected by the presence of extreme items, in
the series, .

2. It is difficult to decide the order of the méving averages, because the cycles in
time series are seldom regular in duration.

3. In this method, we lose trend-values at each end of the series. For examp]e if
the order of the movmg averages is ﬁve we lose trend values for two years at each end
of the series.

4. Forecasting is not possible in this method, because we cannot objectively
project the graph of the trend values, for a future peried.

ki

EXERCISE 10.3

1. Calculate three yearly moving averages for the following data :

_ Year. . 1982 1983 1984 1985 1986

Production 15 17 20 - 28 30
fin tonnes)

2. Find trend values for the following data, by usmg 5 yearly movmg averagea Also plot.
the actual data and trend values on a graph.; .

. Year Prafit C000 V) Year Profit (000 %)
1970 80 1977 90
1971 82 1978 92
1972 . 84 1979 97
1973 - 88 1980 ' 95
1974 70 1981 99
1975 72 1982 . 80
1976 " 90 1983 99

3. Compute 3 yearly and 5 yearly moving averages of the followmg data. Also plot them on
a graph paper along with-original data ’ .

Year Value Year - Value

11
12’
13
14
15
16
17
18
19
20

QW =] G LN
BO 03 GO B3 — B L0 B e
[CNE T - - NI N

[
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4. The following table gives the number of workers employed in a small industry during
1980-87. Calculate the trend values by using 3 yearly moving averages :
Q - - X B

Year 1980 | 1981 | 1982 | 1983 |- 1984 | 1985 | 1986 | 1987
" No. of workers 20 24 25 18, | 27 26 28 30
5. Compute 4 yearly and 5 yearly moving averages froin the fo]lowmg data :
 Year Value (in T) Year Value (m U
1960 365 1871 255
1961 360 1972 250
1962 355 1973 245-
1963 330 1974 225
1964 300 1975 210
1965 330 1976 « . 200
1966 340 1977 230
. 19687 - 290 1978 225
1968 280 1979 200
1969 250 1980 195
1970 235 )

8. From the given data, compute trend by moving average method assuming ‘a four-yearly
cycle’ Also find short term variations assuming additive model.

. Year Sales Year Sales
1984 75 ' X 1950 70
1985 60 1991 75
1986 65 1992 85
1987 .60 1993 100
.1988 65 1994 70
1989 70 - '
7. Assuming a four year cycle calcualate the trend by the method of moving averages from
the.following-data : : -
 Year Value - “Year Value
1991 464 1996 540
1992 515 1997 557
1993 518 1998 571
1994 467 1999 586
1985 602 2000 612
Answers

1. 17 333, 21, 667 26

[

4, 23, 22333, 23.333, 23.667, 27, 28

5. 4 yearly moving averages : 344.375, 332.5, 326.875, 320, 312.5, 300, 276.875, 259,375,
© 251.25, 246.875, 245, 238.125, 226.25, 218.125, 216.25, 215, 213.125

808 79.2, 808 82 82.8, B8.2, 92.8, 94.6, 92.6, 94
8. 3 yearly moving averages: 2, 2.33, 2, 1.67, 2, 3, 3.33, 3, 2.67, 3, 4,4.38, 4, 367 4,5,6.335
5 yearly moving averages: 1.8,2,2.2,2.4,26,2.8,8,3.2,34,3.6,3.8,4,4.2, 4.4,4.6,48

\

NOTES
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5 yearly moving averages : 342, 335, 331, 318, 308, 298,-279, 262. 254, 247, 242, 237,
226, 222, 218, 213, 210

6. 61.25,61.265,64.38, 68.13, 72.50, 78.75, 82.5 ; - 6.25,~ 1.25, 0.62, 1.87, 2.50, - 3.75, 2.50
7. .495.75, b03.625, 511.625, 529.5, 553, 572.5. '

10.13. LEAST SQUARES METHOD

This is a mathemetical method. Let ((¢, y,) : ¢ =1,2,...... , i} be the given time series. By
using this method, we can find linear trend as well as non-linear trend of the
corresponding-data. .

In this method, trend values (y,) of the variable (¥) are computed so as to satisfy
the following two conditions : ’

(i} The sum of the®deviations of values of y (= Yir Yor ooy ¥p) from their
corresponding trend values, is zero, i.e., Z(y —y,) = 0.

(ii) The sum of the squares of the deviations of the values of y. from their
corresponding trend values is least i.e., Xy —y ) is least.

On the graph paper, we shall measure the actual values and the estimated
values (trend values) of the variabley, along the vertical axis. Let x denote the deviations
of the time periods (t,, £,, ...... , £,) from some fixed time period. The fixed time period is.
called the origin. '

| 10.14. LINEAR TREND .

" From the knowledge of coordinate geometry, we know that the equation of the required

trend line can be expressed as .
y, =+ bx,
where a@ and b are constants. We have already mentioned that our trend line will
satisfy the conditions :
)y -y,)=0and (ii) Z(y — 3,) is least.
In order to meet these requirements, we will have to use those values of e and b
in the trend line equation which satisfies the following normal equations :

-

Yy=an+bXx (1)
Sxy = aXx + bIx? . . A(2)
A In the equation y, = ¢ + bx, of the trend, a represents the trend value of the

variable when x = 0 and & represents the siope of the trend line. If b is positive, the
trend will be upward and if & is negative, the trend of the time series will’be downward-

It is very important to mention the origin and the x unit with the trend line
‘equation. If either of the two is not given with the equation of the trend, we will not be
"able to get.thé trend values of the variable, under consideration.

Example 8. Below are given the figures of production (in thousand maunds) of

a sugar factory : :
Year © 1981 1982 1983 | 1984 | 1985 1986 1987
Production 80 90 92 | 83 94. 99 .92
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v denote the variable production (in thousand maunds).

Linear Trend by Least Squares-Method

(i) Find the slope of a straight line trend of these figuires. Also ﬁﬁd trend values.
(ii) Plot these figures on a graph and show the trend line,
(ii) Do these figures show a rising or a falling trend. z

Solution. We shall fit a straight line trend. by the method of least squares. Let

8. No. Year y x = Year — 1981 o xy

1 1987 80 0 0 " 0

12 1982 9 | 1 1 90

3 1983 92 2 4 184

4 1984 83 3 "9 .249

5 1985 94 4 16 376 -

6 1986 99 5 25 495
n=17 1987 92 6" 36 552
Total 630, 21 91 1946

Let the equation of the trend line by y = a + ba.

The normal equations are : _
. Zy=an+ b%x 1)
and \ Sxy'= aSx + b3x?. A2

(1) = 630 = 7a + 21b .(3)

2) = 1946 = 21¢ + 916, (4 |

(3) %3 = 1890 =2lq + 635 .AB)
W= = 56 = 28b = b=2.

(3) = . 630="Te+212) = g =588/7 = 84.

The equation of trend is y, =84 + 2x, with-origin-1981 and x unit = 1 year.

(¢} The slope of straight line trend = 2.

For 1981, x=1981-1981=0,
For 1982, x=1982 - 1981 = 1.
For 1983 x=1983 — 1981 = 2.

For 1984 x=1984-1981 =3
For-1985 x =1985= 1981 = 4.
For 1986 x = 1986 — 1981 = 5.
For 1987 x = 1987 - 1981 = 6.

¥, (1981) = 84 + 2(0) =

y,(1982) =84 + 2(1) = 86

y, (1983) = 84 + 2(2) = 88

¥, (1984) = 84 + %(3) =

¥, (1985) = 84 + 2(4)
(1986) = 84 + 2(5)

¥, (1987) = 84 + 2(6) = 96.
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Production of Sugar
(,000 Maunds)

o D
[ I =

T TREND BY LEAST SQUARES METHOD

(i#i) The figures shows a rising trend..

Example 9. Below are given figures of production (in thousand tonnes) of a

sugar factory :
Year 1976 | 1977 | 1978 | 1979 1980 | 1981 | 1982
Production 77 88 94 85 91 98 90

values.

(i) Fita straight line trend by the method of least

(ii).What is the monthly increase in production.
(iit) Eliminate the trend by assuming
{a) additive model

(b) multiplicative model.

Solution. Here the number of periods, 7 is edd.

x = year— 1979

We take the middle most period 1979 as the origin.

Let y denotes the variable ‘production (in thousand tonnes)

Trend Line by Least Squares Method

squares and calculate the trend

S. No. Year y | x=year-1979 e xy
1 1976 77 ~3 g - —231
2 1977 88 -2 4 - 176
3 1978 94 -1 1 - 94
4 1979 85 : 0 0 0
5 1980 91 1 1 91 ,
6 1981 '98 2 4 196
n=1 1982 90 3 9 270
Total 623 0 28 56

and
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1 = 623 =a(N+b0) = a=—— =89
o 56 '
(2) = 56 =a{0)+5(28) = b=__ =2
28 , NOTES
The equation of the trend line is y_ = 89 + 2x, with origin 1979 and x unit o
=1 year. ' !

Trend values
For 1976, x=-3 o y,(1976) = 89 + 2(- 3) = 83
For 1977, x=-2 L ¥, (197T) =89+ 2(-2)=85
For 1978, ' x=—1. s 9,(1978) =89 + 2(- 1) = 87
For 1979, =0 o 9,(1979) =89 + 2(0) =89
For 1980, C x=1 f y,(1980Y =89+ 2(1) =91
For 1981, x=2 oo y,(1981) =89+ 2(2) =93
For 1982, i=3. ~  y,(1982)=89+2(3) =95.
(ii) Value of ‘b’ = 2 ' .

Annual increase of production = 2 x 1000 tonnes = 2000 tonnes

because the unit of ¥y is thousand tonnes

Monthly,increase in production = 12 tonnes = 166.87 tonnes.

(iii) (@) Time series model is additive: - :

The trend eliminated values are given by y — y,.

Year ¥ . ¥, ' Trend eliminated value
¥-3,
1976 77 " 83 77—83=-6
1977 88 85 88—85 = 3
1978 94 87 94—87 =17
1979 85 89 : 85—89 = -4
1980 o1 .91 © 91-91=0
1981 98 . 93 . 98-93=5
1982 90 95 90—95 = ~ 5

(b) Trend series model i3 muitiplicative.

The trend eliminated values are given hy.y/y .

Year ¥ ¥, Trend eleminated value
| ' e

. 1976 77 83 _ 77 + 83 = 0.928
1977 88 85 88 + 85 = 1.085
1978 94 _ 87 ' 94 + 87 = 1.080
1979 85 89 . 85 + 89 = 0,955
1980 | 91 ' 91 91 + 91 = 1.000
1981 98 93 98 + 93 = 1.054
1982, 90 95 90 + 95 = 0.947
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Example 10. The number of units of a product exported during 1980 — 1 987 are
given below. Fit a straight line trend to the data. Plot the data showing also the trend
line, Find an estimate for 1988.

Year 1980 | 1981 | 1982 | 1983 | 1984 | 1985 | 1986 | 1987

No. of units 12 13 13 16 19 23 | 21 23
(in thousands) .

w

. 1983 + 1984
Solution. Here the number of periods is eight. We take — 5 F 1983.5
as the origin. In order to avoid decimals in the deviations, we define
x = (year — 1983.5)2. _ )
Let y denote the variable ‘no. of units in thousands’
Trend Line by Least Squares Method
8. No. Year _ y x x? [ xy
1 . 1980 | 12 -7 49 -84
2 1981 13 5. % 65
3 1982 - 13 -3 9 : -39
4 1983 16 -1 . 1 - 16
5 1984 19 . 1 1 19
6 1985 23 3 o8 | 69
7 1986 21 5.5 25 - 106
n=8 1987 23 - 7 49 i 161
Total 140 0 168 | 150
Let the equation of the trend linebe y, =a + bx.
~ The normal equations are : '
Sy=an+bix D
and Zxy = aXx + bZx?, : -(2)
(1) = . 140 = 8a + b.0 = a=140/8=17.5
2 = = - b = 150/168 = 0.89.

150 = a.0 + 168b

TREND BY LEAST SQUARES METHOD

Trend

1wk Actusl Data

No. of Units {In Thousands)
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) The equation-of trend line is y, = 17.5 + 0.89x with grigin = 1983.5 and
X unit = 1/2 year. : .
For 1988, x=(1988-1983.5)2=45x2=8.
The estimate value of y(1988) = 17.5 + (0.89)9 = 25.51 thousand units.

' Example- 11. Find trend values by least squares méthod :

Year 1985 1986, 1987 1988 1989 1950 1991 1982

- 19
Solution. Here the number of periods is even, we take ___Sﬁ_‘;ﬂ =1988.5 as

the origin. In order to avoid decimals in the deviations, we take x = (year — 1988.5)2.
Let y denote the variable ‘production’. '

Trend Line by Least Squares Method

S. No. Year . ¥ . x X2 xy
1 1985 102.3 =T 49 -716.1
2 1986 © 1019 -5 .25 . —5095
3 1987 105.8 . -3 9 -3174
4 1988 112.0 -1 1 -112.0
5 1989 114.8 1 . 1 114.8
6 1990 118.7 3 : . 356.1
7 1991 1245 5 25 622.5
=8 1992 1029 | 7 49 720.3
Total . 8829 0 168 158.7

Production 102.3 101.9 1058 | 1120 | 1148 1187 | 1245 | 1029 |

.*, Letthe equationof the trend line by y, = a + bx.
The.normal equations are :

. Sy = an + bSx (1)
and T Zxy = aly + bXx? ' .(2)
. 2.9
1) = 8829 =a(8)+ b(0) . - o= a= % =110.363
: 1587
@ = 158.7 = a(0) + b(170) = b= =094

The equation of the trend lineis y, = 110.363 + 0.944x with origin = 1988.5
and x unit = 1/2 year.

Trend values
For 1985,  x=-17. .. y,(1985)=110.363 + (0.944)~ 7) = 103.755
For 1986,  x=-5. . . <y, (1986)=110.363 + (0.944)(-5) = 105.643
For 1987, x=-3. .~ y,(1987) = 110.363 + (0.944)(~ 3) = 107.531
For 1988,  x=-1. . y, (1988)= 110.363 + (0.944)(- 1) = 109.419
‘For 1989,  x=1. « y,(1989) = 110.363 + (0.944)1) = 111.807
For 1990, ~ x=3. cr 3, (1990) = 110.363 + (0.944)(3) = 113.195
For.1991,  x=5. ~ ,(1991) = 110.363 + (0.944)5) = 115.083
For 1992,  x=7- . y,(1992) = 110.363 + (0.944X7) = 116.971.

Analysis of Tilne Series,

NOTES
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EXERCISE 10.4

Fit a straight line trend and find trend values for the following data by the method of
least squares ; :

Year 1990 1991 1992 1998 | 1994

Profit 4 7 3 6 8

(in thousand Rupees)

The production figures ofa sugar factory are given below. Fita s_traigh_t line trend by the
method of least squares and draw it on a graph paper along with the actual production
figures :*

Year - 1951 | 1952 1953 { 1954 | 1955 | 1956 | 1957

Production ‘ 80 | 90 92 83 94 99 92
(in thousand quintals) )

Compute the straight line trend for the following data by using the method of least
squares and show it graphically :

Year 1973 | 1974 | 1975 | 1976 | 1977 1978 | 1979 | 1980

Production a8 40 65 72 69 60 87 1 95
(million tonnes) '

Fit a straight line trend by the method of least squares for the following data :

Year Mitk consumpfipn Year Milk consumption
{million galions) * (million gallons}

1960 1023 . 1965 ' 118.7

1961 101.9 1966 124.5

1962 105.8 1967 1299

1963 112.0 “1968: _ 134.8

1564 114.8

From the following data, determine the long-term trend, using* the méthod of least
squares :

Year 1963 | 1964 | 1965 | 1966 | 1967 | 1968 | 1968 | 1970
Income (in Lakh T) 38 40 65 | 72 69 87 95 106

Compute the trend values by the method of least squares from the data given below :

Year Ouipui - Year Output
1972 5600 .o1976 T 4200
1973 5500 1977 3800
1974 . 5100 1978 3500
1975 4700 1979 3200




-~

7. Calculate trend values by the method of least squares and estimate production for the = Analvsis of Time Series

year 1995:
Year 1984 | 1985 | 1986 | 1987 | 1988 | 1989 | 1990
Production of steel | 60 72 | 15 65 80 | 8 | 95 NOTES
(in 10 lakh tonnes) ' .

B. Fit a straight line trend bo the following data on the domestic demand for motor fuel :

Year Auerage monthly demand Year Average monthly demand ’
(million barrels) (million barrels)
1978 - 61 1984 |- 96
1979 66 1985 . 100
1980 72 1586 103
1981 76 1987 110
1982 82 1988 114 : s
1983 - 90 : - - 1
. ' . i -
9. From the data given below, fit a curve of the type y =a + bx : : Yo
Year - - 1980 | 1981 | 1982 | 1983 | 1984 i
Population (in ,000s) 132 142 157 174 ° 191 3

10. Fita t.re_ﬁd line by least squares method to the following dsta :~

Year 1997 | 1998 | 1999 | 2000 | 2001 | 2002 | 2003
Production  |. 170 75 90 91 95 98 100
(000 tonms)

What is the rate of growth of preduction?
11. Find the trend values by using least squares metheod. Also find the trend value for 2005.

Year 1995 | 1996 | 1997 | 1998 | 1999 | 2000 | 2001
" Production 700 743 | 816 834 907 860 961
(in QL)

Answers

ye = 5.8 + 0.7x, where origin = 1992 and x unit =‘1 yedr. Trend vajl_ues 14,2, 49,56,6.3,7

¥, = 84 + 2, with origin = 1951 and x unit = 1 year

¥, =85.75 + 7.3333 x, with origin = 1976.5, x unit = 1 year

¥, = 116.0778 + 4.3017 x with origin = 1964 and x unit = 1 year

5. y, =715+ 9.69 x, where origin = 1866.5 and x unit = 1 year

5750, 5378.57; 5007. 14 4635.71, 4264.28, 3892 85 3521.42, 3149.99 ’ ' :
7. 61.429, 66.286, 71.143, 76, 80.857, 85.714, 90.571 ; 114:856 o
8, y,= 88.18 + 5.418 x, where origin = 1983 and x unit = 1 year.
8. y,=159.2 + 15 x, where origin = 1982 and x unit = 1 year

10, y, = 88.429 4- 5.036 x, where origin = 2000 and x unit = 1 year ; 0.428

11. 712.86 Qtl., 752.43 Qtl., 792 Qtl., 831.57 Qtl., 871.14 Qt)., 910.71 Qtl., 950.28 Qtl.,
Estimated production of 2005 = 1108.56 Qtl.

Lol ol L ol
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10.15. NON-LINEAR TREND (PARABOLIC)

There are situations where linear trend is not found suitable. Linear trend is suitable
when the tendency of the actual data is to move approximately in one direction. There
are number of curves representing non-linear trend. In the present section, use shall
consider parabolic trends. Parabolic trends will give better trend then the stra1ght |
line trends. . i
Let {(tp ¥ ii=1,2, ... , n} be the given time series. Let x denote the deviations
of the time periods (¢, ¢, ...... , ¢,) from some fixed time periad, called the origin. Let y .
denote the estimated (trend) values of the variable.,

Let the equation of the required parabolic trend curve be

¥,=a +bx +cx?

where, a, b, ¢ are constants. This trend curve will satisfy the conditions :

B Xy —v,) =

(£0) Z(y -y )% is 1east ‘ _

In order to meet these requirements, we will have to use those values ofe, b and
¢ in the trend curve equation which satisfies the following normal equations

Iy = an + bIx 4 ¢Ex? . N6 § I
Tay = aZx.+ bIx? 4 cn® : A2)
xly = aZx? + bEx? + cXxt. .8}

Here also, it is very important to mention the origin and the x umt with the
trend curve equation. .

There is no specific rule for. choosing the origin. But if we manage to choose the
origin so as to make Sx = 0, then wé shall be reducing the calculation involved in
computing a, b and c. In case the time periods?,, £, ...... t, advances by equal intervals
and Zx = 0, then we will also have Zx® = (0. Here, the normal equations will reduce fo:

Sy =an +b.0 + cZx?
Yxy = a.0 + bZx? + .0
Sty = aZx? 4 b .0+ cZxt

| or ' Iyv=an + e ’ ' (1)
Sxy = bIx? _ S YL@
a2y = aZx? + oXxt. “ L (30

(2) = b = Zxy/Zx® The values. of e and ¢ will be obtained by solving ‘he
equations (1°) and (3).

Example 12. The prices of commodities cfurir‘zg 1978 — 1983 are given below. Fit
a parabola y = a + bx + cx? to this data. Estimaie thé price of commodity for the year
1984.,

Year 1978 | 1979 1980 1981 1982 1983
Price 100 107 128 140 181 192

Also plot actual and trend values on the graph.
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Sol. Here the number of periods is six. Therefore, we take M =1980.5 -
~ as the origin. In order to aveid decimals in‘the deviations, we define,

x-= (year_— 19805)‘{ NO‘TES

Let y denote the variable ‘price’.
Parabolic Trend by Least Squares Method
S.No. | Year | Y x {1 = - I N xy 2y
1 1978 100 -5 25 - 12_5 625 | -500 - 2500 A
2 1979 107 -3 9 - 27 81 —-321 963
3 1980 128 -1 1 -1 1| -128 128
4 1981 140 1 1 1 , 1 140 140
- 5 . .1982 181 3 - 27 81 '543 | 1629
n=6 - 1983 -192 ‘5 25 125 625 960 4800
Total . - 848 0 70 0 | 1414 694 | 10160
Let the equation of parébolic trend be
. ¥, =a+bx +cx? .
The normal equations are : ' .
, Sy =an + bZx+ cZx? L1
- Sxy = aZx + bEx® ¥ ¢Sd ' A2
_ Sxly = aZx? + b3x% + 3wt | _ ..(3)
or - 848 = 6a + b.0 + 70¢ '
o 694 = 0.0 + T0b + c.0 '
10160 = 70a + 5.0 + 1414¢
or 848 = 6a + T0c ' J ..(4)
694 =706 ' .A5)
10160 = 70a.+ 1444c o (6)
5 = b =694/70 = 9.914 . ",
(4)x 35: = 29680 = 210a + 2450c _ ! T
(6)x3  =>. 30480 = 210a + 4242 _ {8 ’
()-8 = -800=0-1792¢ = ¢ =0.446.
L (4 = 848=6a-70(0.446) .= a=136.13.
The equation of parabolic trend is : '
¥, = 136.13 + 9.914x + 0.446x® with origin = 1980.5 and x unit = %year.
Trend values
For 1978, . x=-5
¥, (1978) = 136.13 + 9.914 ( - 5) + (0.446) (- 5)% = 97,710,
: - For 1979, - x=-3 _ ;
! ¥, (1979) = 136.13:+,9.914 (-3) + (0.446) (-3)? = 110.402
| For 1980, x=-1 _
. ¥, (1980) = 136.13 +9.914 (—1) + (0.446) (— 1)2 = 126.662 ) ' .
- For 1981, . x =1 :

¥, (1981) = 136.13 + 9.914 (1) + (0.446) (1)? = 146.490
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For 1982, x=3
ye'('1982).= 136.13 + 9.914 (3) + (0.4486) (3)% = 169.886.
For 1983, x=5.
. y, (1983) = 136.13 + 9.914 (5) + (0.446) (5)* = 196.85
For 1984, x = 2 (1984 - 1980.5) =7.
The estimated value of ‘price’ for 1984 o
=y,(1984) =136.13 + 9.914(7) + (0.446) (7)? = ¥ 227.382.
The graph of actual and trend values is given below :

e PARABOLIC TREND
200

180
160
140

120

1978 79 80 81 82 83
Years

EXERCISE 10.5

Find the equation of paraholic trend of second degree to the following data : -

Year 1983 1984 1985 1986 1987
Variable 5 7 4 ] 12

Estimate the value of ¥ for the year 1979, by using the following data :

Year ' 1980 | 1981 | 1982 | 1983 | 1984

Variable (y) 10 12 13 10 8

For estimation, a parabolic trend ig to be used. _ L
Fit a straight line trend and a parabelic trend to the following data :

Year _' 1993 | 1994 1995 1996 1997° | 1998 | 1999
y 12 14 12 26 42 ‘40 50
Answers

¥, =5.97144 + 1.6x + 0.71428x%, where origin = 1985 and x unit = 1 year.
6.4003.
¥, = 25.9 + Tx + 0.524x? where origin = 1996 and x unit = 1 year.




Analysis of Time Series

10.16. NON-LINEAR TREND (EXPONENTIAL)

In this sécfion, we shall study the method of finding non-linear exponential trend of a

given time séries. NOTES
Leti, y):i= 1, 2, ...... , n} be the given time series. Let x denote the deviations
of the time periods {¢,, ¢,, ......, ¢} from some fixed time period, called the origin. Let y_ g

denote the estlmated (trend) values of the variable.
Let the equation of the required exponential trend curve be

¥, =ab* ..(1)
where a, b are constants. )
1 = ) logy, = log a +x log b. =:(2)
The exponential trend curve will satisfy the conditions : . A

(i) Z(log y ~logy,) = 0
(if) Z(log y ~ log y,)? is least.
In order to meet these requirements we will have to use those values of ¢ and &
in the trend curve equation which satisfies the following normel equations :

Zlogy = (log a)n + (log b)Zx . .(3) -
S x logy = (log a) Zx + (log b) Zx2. .{4)
Here also, it i5 very important to mention the origin and the x unit with the | -
trend curve equation.
If origin be chosen so that Zx = 0, then the above nermal equations reduces to

Zlogy = (log a)n + (log 5).0

and Zx log y = (log a).0 + (log &) Zx2.
1 Zx 1
loga =, z Zgy and logh = #.

Tlogy £x logs‘r)
n x? )
In practical problenis, we prefer to choose origin in such a way that Zx = 0. This
will facilitate the computation of constants a and b.

Example 13. The sales of a company in lakhs of rupees for the years 1996 to |

a=AL( ] and. b=AL(

2002 are given bel ow :
Year 1996 1997 1988 19899 2000 2001 2002
Sales 18 23 43 48 66 95 137
(in lakh '
ruppes)

Estimate the sales for the year 2003 using an exponential trend curve.
\ Solution. Here the number of periods is equal to seven, an 6dd number.
We take 1999 (the middle most period) as the origin.

-
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and Statistics
S. No. Year Sales logy x = year- £ xlogy
(in lakhs rupees) 1999
NOTES R4 : : |
1 1996 16 1.2041 -3 9 -3.6123
2 1997 23 1.3617 -2 4 -2.7234
3" 1998 33 1.5185 =1 1§ -1585
4 1999 46 1.6628 0 0 0
5 2000 66 1.8195 1. 1 " 1.8195
6 2001 95 1.9777 2 4 3.9554
7 2002 137 2.1367 3 9 6.4101
x=T Slogy=116810| Zr=0 | Ix2=28 | Zxlogy
= 4.3308
Let the equation of the exponential trend be y, = ab™.
logy, =loga +xlogd (1)
The normal equations are : ' .
T log y'= (log a)n + (log b)Zx (2
‘| and - 3x log y = (log a)Ex + (log b)Zx2.
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1.

2 =
=

3 =

+

=%

", .(1)' =

For 2003,

11.6810 = 7 log a + (log ). 0.

- 116810
loga = =

4.3308 = (log 2).0 + (log ) . 28

logb=
log y, = 1.6687 + 0.1547x.
For theyear 2003, x=2003 ~ 1999 =4.

logy, = 1.6687 + (0.1547)4 = 2.2875
y, =AL (2.2875) = 193.8
For the year 2003, the estimated sales are 2 193.8 lakh.

= 1.6687

4.3308

=0.1547 ~

EXERCISE 10.6

Fit an exponential trend to the following data :
Year 1998 15599 2000 2001 2002
y 1.6 45 13.8 40.2 '135.0

2. Fit an exponential trend to the following data :
Year ' 1997 1998 1999 ) 2000 2001
¥ 3.2 9.0 27.6 ‘80.4 250.0

(3) '



3. Given the following populatlon figures of India, est;lmate the population for 1991 and Analysis of Time Series
2001, using exponentlal trend : !

Year 1921 | 1931 | 1941 | 1951 | 1961 | 1971 | 1981
Population 251 | 279 | 319 | 361 | 439 | 548 | 685 ' NOTES
(in crores): . T ) .

Answers ) ' x

1. y=13.79 (2 977, where x = year — 2000
2. y=27.54 (2.98), where x = year — 1999.

year 1951

3. y= 3880{119}‘ where x = 10

, 77.81 crores, 92 59 crores.

EXERCISE 10.7

1. Deﬁne a time series. Explain: 1ts utility in Business and Economics.

2. What is secular trend ? Critically examine various methods of measuring trend.

3. Discuss the superiority of least square method over moving average method, in estunatmg
secular trend of time series.

4, What is me.ant by a trend ? How do you fit a straight line trend by the method of least .
squares. :

5. Distinguish between Free Hand Graphic. Method’ and ‘Simi-Average Method’ of
estimating trend of a tune series.

|
\
} 10.17. SUMMARY S

» 'The general tendency of the values of the variable in a time series to grow or to
Jecline over a long petiod of time is called secular trend of the time series. It
indicates the general direction in which the graph of the time series aoppears to
be going overa long period of time. The gaph of the secular trend i is; elther a
straight line or a curve.

e The seasonal variations in a time series counts for those variations in the

| series. which occur annually. In a time series, seasonal variations occurs quite

N regularly. These variations play a very important role in business activities.

- ¢ The cyclical variations in a time series counts for the swings of graph of time
series about its trend line (curve).

I
‘ » The.irregular variations in‘a time series counts for those variations which
I
]
]

cannot be predicted before hand. This component is different from the other
- three components in the sense that irregular variations in a-time series are S
very.irregular. : .
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