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1.1 HISTORY AND BACKGROUND OF OPERATIONS
RESEARCH _ : .
|
F

In the books of managemént one often finds a specific period'of the development
of management thought, cailed the Period of Scientific Management. It was in
1885 that Fredrick W. Taylor; “father of sciéntific management”, developed thé
scientific management ‘theories. It was also called the Modern era when rapid
development of concepts, theories and techniques of .management took place.
During World War I, production bottlenecks forced the government of Great
Britain to look up to scientists and: engmeers to help achieve maximum military
productioh. These scientists and engineers created mathematical models to find the
solution of the problems about increasing production of military equipments. This-

branch of study was called Operations Research {OR).-Since, it was ‘used in the
research in war operations of armed forces. These problems of the armed forces
seemed to be similar to those that ogeurred in production systems: Because of the
success of OR in military operations and approach to war problems it began to be
used in mdustry as well. . : .
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1.2 WHY STUDY OPERATIONS RESEARCH ?

We baswally helps in determining the best {optimum)} so}utlon (course. of acnon)
to problems where decision has to be taken under the restriction of limited resources. -
It is possible to convert any real life problem into a mathematical model.. The
basic feature of OR is to formulate a real world problem as - a mathematical-
model. Since in the production-industry, most of the manufacturers want to lower
their labour or production costs to achieve higher profits, OR can:be ‘very usefully
implied to real life production problems. '

OR should be seen as a problem-solving technique. Like management, OR is also
a both Science and an Art. The Science part of OR is using mathematical techniques
for solving decision problems. The Art part of OR is the ability of the OR team
to develop good rapport with those supplying information and those who have to
implement the recommended solutions. It is.important that both the Science and
the Art parts of the OR are understood propérly as a system of problem-solving,

In India,.OR society was formed in 1950°s. The Journal of Operations Research
has the mission to serve entire QR community including practitioners, researchers,
educators and students. It celebrated its 50th Anniversary of Operations Reésearch

“and published Anniversary issue in Jan.-Feb. 2001, fndustry has become” quite

aware of the potential of OR as'a technique and many industrial and business
houses have OR teams working to find solutions to their problems. Particularly,
Railways, Indian Airlines, Defence Forces, Telco, DCM, etc., are using OR to

‘ théir-advantage. As ‘a matter of fact, some teéhniqpes of OR like Programme

Evaluation and Reviewing Techniques (PERT) and Critical Path Method (CPM)

are ffequantly used by. many organizations for effective planning and ‘control of -
the construction pro_|ects '

OR helps in takmg decisions which optimize (maximize) the interest of the orgamzatlon,
itis a dec1snon-makmg tool and should be seen as such. Many individuals and

orgamzations see it as 2 managément fad, which has limited use to them. At the
same time, tendency of some ‘organizations to force—fit OR to prove that they use-
managenal techmques whether thelr ﬁmctlonlng needs demand OR or not must

be curbed.. However, this is also true that complex real life problems can be

solved for the advantage of the organizations by using OR techniques.

&

1.3 - DEFINITION OF OPERATIONS RESEARCH

Many authors have given different interpretation to the meaning of Qperatfons
Research as it'is not possible to restrict the scope*of Operations Research in-a
few sentences. Students must understand that there is no need to single definition -
of Operations Research which -is acceptable to everyone. Two of the widely
accepted definitions are prowdcd below for understanding the concept of Operations
Research.




' “Operations Research is concerned with scientifically deciding
how best to design and operate man-machine system usually
.under conditions requiring the allocation of scarce resources.”

—Operations Research Society of America
The salient features of the above definition are : * -
-(a) it is a scientific decision-making technique.
(5) It deals with optimizing {maximizing) the results.
{¢) It is concerned with ‘man-machine gystems.
(d) The resources are limited.

“Operations Research is a scientific approach to problem
solving for executive management.”
, .

—HM Wagner
The above definition lays émphasis on :
{a) OR being a scientific technique.
()] Itisa problem-s&lving technique.

(¢) It is for the use of executives who have to take decisions for the organizations.

A close observation of the essential aspécts of the above two definitions will make -

it clear that both are in reality conveying the same meaning. Other definitions of

~ OR also converge on these essential features. One need not remember the definitions

word by word but understand the true meaning of the definition provided by
different authors. The emphasis-has to be on the application of technique so that
organizations- are benefitted. Hence, the real work of any managerial technique is
the abi_lity of the organizations to take advantage for meeting their. objectives.

1.4 SALIENT FEATURES OF OPERATIONS RESEARCH

After having understood the basic concept of OR and the need, one can easily
understand its salient features.

I. System Approach : OR is a systematic approach as is clear from.the
conceptual model of OR explained above. It encompasses all the sub-
systems and departments of an orgamzatmn Since it is a technique that
effects the entire orgamzatlon, optimizing reSults of one part of the: organization
is not the proper iise of OR. Before applying OR techniques the management
must understand its impact and implications on the-entire organization.

2. OR is both a Science and an Art : OR has the scientific orientation
because of. its inherent methodology and scientific methods are used for

_problem-solving. But its implementation needs the art of taking the entire .

organization along. OR does not perform experiment but-helps-in finding
out solutions. OR must take into account the human‘factor which is the
most important factor in lmplementmg any technique/methods of problcm—
solving.

Operations Researeh
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3. [Interdependency Approach :.Problem-of organizations could be related
with economics, engineering, infrastructure related with markets, management
of human resources and so on. If OR has to find a solution to bmblems
;'ciated to diverse fields, the OR team must be constituted of members
with background disciplines of 'science rrianagemenf and engineering etc.
Only-then, practical solutions which can'be 1mplemented can be found to
the advantage of orgamzanons !

4. Management Declsmn-Makmg Management of any orgamzatlon has
to make decision, which has, impact on its profitability. All business organizations
exist to make profits. Non-business organizations like hospitals; educational

. institutions, NGOs etc., generate profits by reducing the inputs and increasing
_ the outputs thfough effective and efficient management. Decision-making
involves generating differént alternatives and selecting the best under, the

- given situation. OR helps in making the right decisions. X

5. Quantitative Technique : OR is a’ quantitative technique, which uses’
’ mathematical models and finds rational quantitative solutions to the managerial
problems. The management may use’ the OR inputs and take- info account
the quantltatwe analysis of the problem in finding the solution in the best
~  interest of the organization. '

6. Use of Information Technology (IT) : OR extensively uses: the IT for
complex mathematlcal problems to its advantage. OR approach to decmlon-
‘making deper_lds heavily on the use of computers.

1.5 OPERATION RESEARCH MODELS

What is a Model ? oo -
It is’ very difficult to represent the exact real life situations on a piece of paper.

A model attempts to represent reality of the situation by identifying all factors of-
situation and by establishing some relationship between them. In real life situations,

. there are so many uncertainties and complexities, which cannot be exactly reproduced. -

Model helps in identifying such uncertainties and complexities in terms of differerit”

factors. . -

Types of Operation Research Models

- Following are’ some’ important types-of operations research-models:

Symbolic or Mathemdtical Models

This is the most important type of_model. Mathematical modelling focuses on
creating a mathematical representation of management problems in organisations.
All the variables in a particular problem are expressed mathematically. The model®

P




then provides different outcomes, which will result from the different choices the Operations Research
management wishes to use. The best outcome in-a particular situation will help the.

management in decision-making. Thesemodpis use set of mathematical symbols

and hence are also called symbolic models. ’ '

" The variables in-many business and industry situations can be related together by NOTES
.mathematical equations. To understand the concepts of symbolic or mathematical
model, visualise 2 balance sheet or profit and loss account as a symbolic representation
of the budget. Similarly, the demand curve in economics can be seen as symbolic

representation of the buyers’ behaviour at-varying price levels, -
. N - - _,..\
Simulation Models ' k

In simulation ‘model, the behav:our of-the system under study is, ‘initiated over a
‘period of time’. Simulation models-do not need mathematical vanables to be related
in the form of equations, normally, these models are used for.solving such-problems
that cannot be.solved mathematically. Simulation, is a general technique, which
helps us in developing dyiamic models, which are similar to the real process.
‘Developing.good simulation models is difficult because ‘creating’ a real life sitvation
to perfection is extremely difficult.

Iconic Models = '
These models represent the physical simulations to the real life system under
stidy. Physical dlruensmns are scaled up or down to snmphfy the actual charactenstlcs
and specifications of the system. Preparatlon of prototype medels for say, an
automobile or 3-D plant layout are some examples of iconic models.

t These are the physical replica of a gystem and are based on a smaller scale than
‘the original. The models have all the operating features of the actual system. Flight
simulators, missile firing simulators, etc., are also examples of iconic models.

Analog Models _ | P
They are not the exact replica. Like the iconic models, thesc-are smaller, simple

physical systems as compared to the real life systems which are complex. These
models are used to explain an actual system by analogy.

Deterministic Models

When the change of one variable has 4 certain of definite change in the outcome,
the model is called a Deterministic model. In fact, everything is absolutely clearly
defined and the results are kngwn. Economic. Order Quantity (EOQ) is a deterministic

model, as economic lot size can be exactly known, with change in one of the
I variables in the EQQ formula.

6 METHODOLOGY OF OPERATION RESEARCH

There are many steps involved in application of* OR. The methodology to be
- adopted involves the following : “

.:'ieif-lnstmtioual Material &
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Quantitative Techniques 1. Observations of the Operiting Environment : OR is a. proble\m-
' solving technique. First step in solving the problem is the formulation of
the problem. This is done through observation of the system and its environment. .
As much.of information regarding the problem as posmble is generated by
NOTES using the rescarchers, observers etc.

2. Formulation of the Problem :" Any p_roble?n has inany interconnected
factors related to the situation. The factors may ér may not be in the
control of the management. The factors which are relevant to the situation
of the problem and are under the control of management must be identified.
Once the problem area is known, different variables considered responsible
for the problein are listed. Now, it is possible to define the problem in

~ terms ‘of the variables and their relationship.

3. Seleeting and Developing a Suitable Model : At this stage, a suitable -
model whlch best represents the real life situation has to be selected The
modeél is developed to show the relations and interrelation’ between a
cause and effect. Normally, the model is, fully tested and modified to
ensure that OR technique applied is able to solve the‘pro'blem

4. Collecting the Data.: Next- step is to collect the-data required by the
“selected model. The process of the OR model in finding the solution
depends to a.large extent on the quantity and quality of data. More the

. . data and lesser the errors in data, the quality of managerial decisions will

be better. The required information can be obtained through observations =

or from recorded data or even based on experience and maturity of the

OR team.

5. Finding the Solution : Once the model has been develc)ped, it is possible
to find the solution. OR solutions are under a particular situation and under
certain assumptions. Many assumptions have to,be made by the OR: team
‘o simplify the model. The solution is valid only under these assumptions.
Once the solution by the OR techmques is found, certain input variables
are changed .to see the output. By this method the best possible solution
can be found. .

e

6. Presenting the Solution to the Management The OR team has to
present the solution to the management in a proper manner. The conditions
under which- the solution cari be used and the condltmns under which
solution cannot work must be explained to the management The assumptions
made at arriving the solut:on and-the weakness of the solutions should also

. be explained to the. management N

7. 'Implementmg the Solution : This is the last step in the OR appiicatlon ‘
methodology. The solution provided by the OR technique is.scientific but
the application of this technique involves many behavioural aspects. This
is the ‘art’-part.of OR and is of utmost importance. Any gap between the
.perception. of 'the management and the approach -of'OR team must be
~removed. . :

8  Self-Instructional Material




1.7 . TOOLS OF OPERATION. RESEARCH Operations Research

Operation Research is a very versatile science and has many tools/techniques,

which can be used for problem solving. However, it is not possible to list all these~
techniques as everyday new methods.in the use of OR are being developed. Some NOTES
of the-tools of OR: are discussed in the succeeding paragraphs : '

1. Linear Programming (LP) : Most of the industrial and business organisations
have ;the objectives of minimizing costs and maximizing the profits. LP
deals with maximizing a given objective. Since the objectivé function and
boundry conditions are linear in nature, this mathematical model is called
Linear Programming Model. Tt is a mathematical technique used to allocate
Ilmlted resources amongst competmg demands in an optimal manner. The .
appllcatlon of LP requires that there must be a well-defined objective '
function (like maximizing profits and minimizing costs) and there must be . - 5
constraints on the amount and extent of resources available for satisfying
the objcctlve function. )

2.- Quening Theory : In real life situations, the phenomenon of waiting is
" involved whether it is the people waiting to buy goods in a shop, patients
waiting ‘outside an Qut Patient Department (OPD); vehicles waiting to be
serviced in 2 garage and so on. Because in general, customer’s arrival and
his service time is not known in advance; hence a queue is formed. Queuing
or waiting line theory aims at minimizing the overall cost due to servicing
~and- wamng How many servicing facilities can be added at what cost to

" minimize the time in queue is the aim in the appllcatlon of this theory

3. Network Analysis Technique : A network can be used to present ‘or |
-depict the activities necessary to complete a project. This helps us in -
_planning, scheduling, monitoring and control of large and complex projects. '
The project may be developing a new battle tank, construction of dam or *
"a space flight. The project managers are intérested in knowing the total .
project comple?ion time, probability that a project can be completed by a
particular time,.and the least cost method of reducing the total project
completion time. Techniques like Programme Evaluation and Reviewing
Technique (PERT)-and Critical Path Method (CPM) are part of network
analysis. These are popular techniques and widely used in project management.

~ 4. Replacement Theory Model : All plants, machinery,_and'equipngent needs
to be replaced at some point of time, either because there is deterioration

in _their-etﬁ'ciency or because new-.and better equipment is available and

the old one has become obsolete. Sooner or later. the. equipment needs to

be treplaced. The decision to be taken by the management involves consideration

. of the cost.of new equipment which is to be purchased and what can be
recovered from the old equipment through its sale, or its scrap value, the
residual ‘life of the old equipment and many other related aspects. These

" “are important decisions jnvolving investment of capital and need to be

« taken very-carefully. _ -
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Inventory Control Inventory 1ncludes all the stocks of matenal v'urhlch
an organization buys for productlonfmanufacture of goods and services for

“ sale. It will include raw matenal semi-finished and finished products,

spare parts of machines, etc. Managers face the problems of how much

. of'raw material should be purchased, when should it.be purchased and

how much should be-kept in stock. Overstocking will result in lock’efl"
cap:tal not available for other purposes, whereas  under-stocking will-mean
stock-out and idle manpower and machme resulting‘in reduced output. It
is desirable to have just the nght amount of inventory at the right time.

Inventory control models can help us in finding out.the optimal order size,

reorder level, etc 50 that the capital resources-are conserved and maximum
Integer,l’i‘ogramnling : Integer programming deals with certain situations
in which the variable ‘assumes non-negative integer (complete or whole
number) values only. In LP models the variable may take even a fraction -

value and the figures are rounded off.to the nearest integer to-get the

solution, i.e., number of vehicles available in a .problem cannot .be in
fractions. ‘When such roundmg off is done the solutlon does not remain an -
optimal solution. In integer programming the solution containing unacceptable
and fractional values are ruled out and the next best solution using whole

numbers ‘is. obtained. An- 1nteger programming may be called mixed or

pure depending on whethér some or all'the vanables are restricted to
integer values. .

Transportition Problems : Transportation problems are basically’ LP
model problems. This odel deals with finding out the minimum transportation LV
cost for-transporting the single commodity, from 2z number of sources to

-pumber of destinations Typical problem involves transportafion of some: -

manufactured products (say cars.in 3 different plants) ‘and these have to
be sént. to the warehouses of vanous dealers in different parts of country..
This may I_Je understood as a special case.of simplex method developed
for "I_‘.P‘problems, allocating scare resources 1o competing demands: The
main purpose of the. transportation is to schedule the dispatch of the single”
product from different sources like factori€s to different destinations as
total transportation cost is minimized. . - o

VN =4
ES M

Decision Theory and Games Theory : Information for making deoisio_ns
is the most important factor. Many models of OR assume availability of
perfect information which is called. aqcision-makfng under certainty.
Ho{vever in real life situations, only partial or ‘imperfect information is
available. In. suoh a situation we have two cases, either decision under

< risk or decision undcruncertamty Hence from the point of view of avaﬂablhry

of information, there are three cases, certainty and-uncertainty, the two
extreme cases_and risk’ is the. “in-betweén” case.

\ -




|
Games theory is concemed with decision-making in a conﬂi'ct_ situation . Operations Research
where two or more intelligent opponents tryto optimize their own decision. '
In Games theory, an opponent is. referred §o as a player and feach player
‘has & number of choices. The Games tlicory helps the decision maker to
a_nslyse_ the course of action available to his opponent. In decision theory, NOTES
we use deciston tree which can be graphically represented to solve the
decision-making problems. _ -

9. Assignment Problems : We have the problem of ass1gmng a number of
tasks to a number of persons who may use machines. “T'he objeetlve is to
assign the jobs to the machines in such a way that the ‘cost is least. This -
may be considered a special case of LP transportation 'model. Here jobs
-may be treated as ‘services’ and machines may be considered the “destinations’.
Assignment of a particular job to a particular person so that all the jobs can
be completed in shortest possible time hence incurring the least cost, is the
.asmgnment problem. ° .

10.. Markov Analysis : Markov analysm is used to predict future conditions.
It assumesthat the occurrence of a future state depends upon the immediately
preceding state and only on it. It is based on the jprobal:iility theory and
prec_iicts the change in a system over a period of time if the present’

- behaviour of the system is known. Predicting market share of the companies
in future as also vlvhether a'machine will function properly or not in future,
are examples of Markov analysis. T -

, 11 Simulation Techmques Since all real life situations cannot be represented
mathematically, certain.assumptions are made and dynamic. models which
act like the real processes are developed. It is"very difficult to develop | ¥
simulation:models which ‘can gwc accurate solutions to the problems, but
this 'is a- good méthod of problem solving, when the problems are very
complex and cannot be solved otherwise.

-

1.8 IMPORTANT APPLICATIONS OF-OPERATION
RESEARCH |

[y

In today’s world where de}.:is'ion—making does not depend on intuition, managerial
‘techniques are widely used. All the: 'applications of OR cannet be listed because
OR as a tool finds new appheatlon everyday. Tt ﬁnds typical-applications.in many
activities related to work planning. :

"Some 1mportantjapp11canops of OR are : u -
1. Manufacturing/Production
— Production planning and control

— Inventory management.

i
t
b
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Quantitative Techniques 2. Facilities Planning
— Design of logistic systems
_ — Factory/building location and size decisions
NOTES o - Transponatio;i, loading and unloagiihg
— Pianning warehouse Ioeations.
3. Accounting - ]
— Credit policy decisions _
r -— Cash flow and fund flow planning.
4. Construction Managementl
— Allocation of resources to different projects in heﬁd :
— ~“Workforce/labour planning . ' |
- Project managetﬁént (scheduling, meniteﬁng and'_eont_rol).
5. Financial Management

— Investment decisions

. \ : .
“. .. — Portfolio management.
6. . Marketing Management
- * —_ f’rbdhct-rqix decisions

— Advertisement/Promotion budget deeisionsI
— i.aupching new product decisions. -
7. Purchasing Decisions .
In\?entory management (optimal level of purchase), Optimial re-or@eriﬁg.
8 Personnel Management - -,
— Recrultment and selectlon of ernployees _
— DeSIgmng training and development progran‘[nies.
— Human Resources Planning (HRP)
9. Research and Development
— Plannmg and control of new fesearch and develop_ment pfojects.
-~ Product launch planning. '

»

1.9 PITFALLS IN THE USE OF OPERATION
RESEARCH FOR DECISION-MAKING

The first stage of OR application after collecting data/information through observati.on
is the formulation of the problem. It is the.most. imporiant and most difficult task
. in OR application. Have the OR team been able to identify the nght problem for

10 Self-Instructional Matericl




finding the solution ? Has the problem been accurately defined in unambiguous
' manner ? Selecting and developing a suitable model is not an easy task. The model
must represent the real \hfe situation as far as possible. Collection of data needs
a lot of time-by a iumber of people. It is time-consuming and expensive process.
Collecuon of data is done either by observation or from the previous recorded
data. When a system is |being observed by the OR team, it effects the behaviour
of the persons .performit}g the task. The very fact that the workers know that they
are being observed is likely to change their work behaviour. The second method
of data collection, the records, are never rellable and do not provide sufficient
information which is reqimred

As OR problem-solving thhmques is very time-consuming, the quality of decision-
making may become a causahty The management has to make a decision either
way. Decision based on iosufﬁcieqt or incomplete information will not be the best
decision. A reasonably good solution without the use of OR may be preferred by
the management as compared to a slightly better solution proviﬁed' by the use of
OR. which is very expen.l.ive in time and money.

Due to the above reasons, many OR specialists try and’ ﬁt the solution they have,
to the problem This is dangerous and unethical and orgamzatlons must guard

|

1.10 LIMITATIONS OF OPERATIONS RESEARCH

- ‘against this.

Operation Research is an extremely powerful tool in the hands of a decision-maker
and to that extent the advantage .of OR techniques are immense. Some of them
are :

(@) ‘It Kelps in optimum use of resources. LP techniques suggest many methods
of most effective and efficient ways of optimally using the production
factors.

(b) Quality of decisiont can be improved by suitable use of OR techniques.
If a mathematical model representing the real life situation is well-formulated
representing the real life situation, the computation tables give a clear
‘picture of the happenings (changes in the various elements i:e., variables)
in the model. The decision-maker can use it to his advantage, specially if
computerised soﬂwlare can be used to make changes 'in variables as per
requiretpent. ty

The limitations of OR emerge only out of the time and cost involved'as also the

problem of formulating a siuitable mathematical model, otherwise, as suggested

above, it is a very powerful medium of getting the best out of limited resources.

"So, the problem is its application rather than its-utility, which is beyond doubt. Some

of the limitations are !

Operations Research

NOTES
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(a)

(@)

(c)

Large | number of cumbersome computanons Formutation of mathematlcal
models which takes into account all possrble factors which define a real
life problem i is difficult. Because of this, the computations.invoived .in -
developing relationships in verj.y' large variables rieed the help of computers.
This discourages small companies and other orgamsatlons from gettmg the
~ best out 6f OR techmques . .

Quantification of problems. All the prbblems cannot be qualiﬁed-prope'rl)_‘(_‘

-as there are a large number of intangible factors, such as human emotions,

burhan relationship a‘n_c_i so on. If these intangible _elementsfvariablés"are- -
excluded from the problem even though they may be more impértai‘g} than

the tangible ones, the'best solution-cannot be. determined.

Difficult tq conceptualize and usé by the ‘managers. OR appl'icat__ion's
is a specialist’s job, these persons may be mathematicians or statisticians -
who understand the formulation of models, finding solution and recommending

_-the implémentation. The managers really do not have the:han'g of it. Those

who recommend a pamcular OR technique may not understand the problem”

“well enough and those ‘who have to use may not understand the ‘why? of
that recommendation. ThlS creates a ‘gap’ between the two and the.results

n

may not be optimal. ' .-

-

1.11

TIPS ON FORMULATING LINEAR R .
'PROGRAMMING MODELS :

(a)
)

- {€)-

)

(e)

Read the statement of the problem carefully. .

“Identify the decision: variables. These are the decisions that are to be .

made. What set of variables has.a direct impact on the level of ach_ieve'ﬁlent _
of the ébjecti{res and can be controlled by the decision-maker ? Once
these variables are identified, list them providing a written definition (e.g.,
x, = number of units producéd. and sold per week of prodﬁct 1, _xi‘=
number of' units:produced and sold per week of -p'roduct 2).

Idehr{sz the objective. What is to be maximised or minimised ? (e.g.,

maximize total weekly proﬁt from producmg product 1 and'2).

Identyfy rhe constraints. What conditions must be satisfied when we
assign values .to the decision variables? You may like to write a veérbal _
description of the restriction before writing the mathematical representation

'(e.'_g., total production of pfodu;:t 1 > 100 units). -

Write out the mathematical model. Depending on the problem, you might
start by defining the objective function on the constraints. Do not forget
to include the non-negativity constraints. :

P -~
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SUMMARY,

Operations Research is concerned with scientifically deciding how best to
design and operate man-machiné system usually under conditions requiring

“the allocation.of scarce resources, .

Operations Research is a scientific approach to.problem solving for executive "

managemeni. _

Economic Ordel-']Quantity (EOQ) is-a deterministic model,_’as economic lot
size can be exactly known, with change in one of the variables in the EOQ
formula. ’
Operation'Research is a very versatile science and has many tools/techniques,
which can be'used for problem solving. et

LP deals with maximizing a given objective. Since the objective function

and i)oundry conditions are linear in nature, this mathematical model is
called- Linear Prlogmmming Model. .

Fa

Operation Research is an extremely powerful tool in the hands of a decision-
maker and to that extent the advantage of OR techniques are immense.

-

2. Discuss ‘significance and scope of OR in business and industry.

80

9.
10.

~ of OR.

i P

_REVIEW QUESTIONS

‘What is the concept of Operation Research ? Write a detailed note on its

developmeiit. ; . .
What are the different phases of OR 7 'How is OR helpful in decision-
making ? _ ’

Discuss .brieﬂ)’r varilous steps involved in solving an OR problem. INustrate
with one example from the functional area of your choice.

Explain applications of Operations Research in business.

What is the significance and scope of Operation Research in the development
of Indian Economy ?: _ _ _

What is the role of OR in modern day business ? Give examples in‘suppon
of your answer. t I-n_ . ' '
Discuss the meaning significance and scope of Operations Research. Describe
some methods of O_IIR. - '

..

Ilustrate and explain vacious features of OR.

Define Operations Research in your own words and explain various tools

What is 2 model ? \}r'hat are the types of models you are familiar with ?
What are the advantages and pitfalls of models ?

Y

.Operations Research-
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12. Define an OR model. Give examples from industry and business to explain
the use of modeis. : :

13. Define OR and discuss its scope.

14. Discuss the significance and scope of Operations Research in modern
management, :

15; Write a detailed note“on the use of models for. decision-making: Your
answer should specifically cover the following :
{i) Need for model building .
(i) Type of model appropriate to the situation
(7ti) Steps involved in the construction of a model
(iv) Setting up criteria for evaluating different alternatives

(v) Role. of random numbers.

—
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AND TRANSPORTATION
PROBLEM '

t — -
2.1 .

Introduction to Operations Research

22 Intorduction to Linear Programming Problems (LPP)
2.3 Graphical Method
24  Simplex Methlod
25 Big M'-Met_ho%i e
2.6 Two Phase Method
2.7 Formulation Pil'oblen‘ls
2.8 Revised Simplex Method (RSM) ~
2.9 Introduction and Formulation i
2.10 Duality Theoréms ' . *
2.11 Duality of Sim[pI__ex Method
212 The Dual Simplex Method -
2.13  Economic Inter;gretation of Dual Variable
2.14 Introduction an1d Mathethatical Formulation
2.15 Finding Initial éasic Feasible Solution
2.16 UV-Metht_)dfMoldi Method.
2.17 Degeneracy in {T.P,
2.18 Max-type T.P. i
2.19 Unbalanced T.P.

220 Summary
221 Review Ql'xeslionls

‘ LINEAR PROGRAMMING

2.1 INTRODUCTION TO.OPERATIONS.RESEARCH

The roots of Operations Research (OR) can be traced many decades .ago. First
this term was coined by Mc Closky and Trefthen of United Kingdom in 1940 and
it came in existence during{world war II when the allocations of scarce resources
were done to the various military operations. Since then the field has developed
very rapidly. Some chronologlcal events are listed as follows:

1952 — Operations Research Society of America (ORSA).

1957 — Operations Rf]:search Society of India (ORSD)

~ International Federation of OR Societies

Linear Programming’
and

Transportation Problem
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1959 — First- Conference of ORSI

1963 _. Opsearch (the journal of OR by ORSI). _
However the term ‘Operations Research’ ﬁas a number of diff"ere'nt meaning. The.
Operational Research Society of Great Britain has adopted | the.following 1llaborate
deﬁnmon . -

Operatlonal Research'is_the appllcatlon of the methods of science to complex
problems arising in the direction and management of large systems of men, machmes,

* materials and money in’ industry, business, governrnent and defence. The ‘distinctive

approach is to develop a scientific method of the system, incorporating measurements

of- factors such ‘as -chance and risk, with which to predict and compare the

outcomes of alternative decisions, strategies and controls. The purpose is to help
management to determine its policy and actions scientifically.”

Whereas ORSA has offered the following shorter definition :
“Operations Research is concerned with scientifically deciding how to-best design

) and'operate man-machine systems, usually under conditions requiring the allocation

of scdrce resources.” - .
Many individuals have described OR according to their own view. Only three are

-quoted below

“OR is the art of giving bad answers to problems which otherwise have worse
answers” . - —T.L. Saaty

“OR is a scientific approach to problems solvmg for executive management.’
—H.M. Wagner

“OR is a scientific knowledge through intetdisciplinary team effort for the purpose

" of determining the best utilization of limited resources.” —HL.A. Taha

An abbreviated list of applications of OR techniques -are given below :

1. Manufacturing s Production scheduling
Inventory_coﬁtrol
Product mix
Replacement policies.

2. Marketing D Advertising budget allocation

] Supply chain management

3. Organizational behaviour.: Personne! plaaning

Scheduling of training programs )
. Recruitment policies «

4. Facility planning., : Factory location '
Hospital planﬁihg .
Telecommunication network planning
Warehouse location

5. Finance. " : Investment analysis * P
Portfolio analysis
- 6. Construction : Allocation of resources to pro;ects
Project scheduling
7. . Military N
8. Different fields of engineering.

e = e W i 1
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Linear Programming

2.2 INTRODUCTION TO LINEAR PROGRAMLﬂNG " and.
PROBLEMS (LPP) T Transportation Problem

I. When a_ problem 1s identified then the attempt is to" ‘make an mathematical _ _'
model. In’ dec1smn—makmg all the decisions are taken through some variables which | _NOTES _ T
are known as decision \variables. In engineering design, these variables are known
as design vectors. So i IP the formation of mathematical model the follow!ng three
phases aré carried out :

() Identufy theldecision variables. _ .
(if) Identify the lobjective using the decision variables and
(iii) Tdentify the constraints or restrictions using the decision variables. ’

Let there be » decision variable’ Apy gy cenny X, and the general form of the mathematlcal
model Whl(:h is called asEMathemancal programxmng problem under dec1s10n m&kmg
‘can be stated as follows :

Maximize/Minimize z =f(Xyy Xy ey Xp) , . ~

Subject to, ) -g{x;, Xy ey x) {S, 2 08 =} b,
' i i=",2,.

and the type of the decisions i.e., x 2 0

. or, _ x; < 0 or x ’s are unresmcted .
or . i combination types decisions.
In the above, if the ﬁmctlons fand g, (i= ..y m) are all linear, then the model

is called “Linear Programmmg Problem (LPP)" " If any one function is non-linear
then the. model is called “Non-linear Programming Problem (NLPP)”. )

I. We define some basri: aspects of LPP in-the following :
(a) Convex set : A set X is said to be convex if ’

£ - %, x, €X, then for 0 <A < 1,
X =y + (-, e X

7 }
Some examples of convex sets are :

-

Lpa-

e

Fig. 2'1 Convex sets.
Some examples of non-convex ‘sets are : .

2 74////7

/~ 7
0

Fig. 2.2 Non-convex sets

|
i +
.
!
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Basica-lly' if all the points on a line segment forming by two.points lies inside the
set/geometric figure then it is called convex. -

(5) Extreme point or vertex or corner peint-of a convex set : It is a point
in-the convex set which cannot be expressed as Ax, + (1 - A)x, where x| and

" x, are any two points in the convex set.

For a triangle, theré.are three vertices, for a rectangle there are four vertices and
for a circle there are infinite number of vertices. :

_{¢) Let Ax = b be the constraints of an LPP. The set X = {x| Ax = b, x 2 0}

is a convex set.

"Feasible Solution : A solution which satisfies-all the constraints in’LPP is:called ~

feasible solution.
Basic Solution : Let m = number of constraints and # = number of variables and

m < n. Then the solution from the system Ax = b is called basic solution. In this

system there afe "c_ number of basic solutions. By setting (n — m) variables to
zero at a time, the basic solutions are obtained. The variables which is set to zero
arc known as ‘nom-basic’ variables. Other variables are-called basic vanables. .
Basic_Feasible Solution (BFS) : A solution which is basic as well as feasible
is called basic feasible solution. o ' '
Degeénerate BFS : If a basic variable takes the value zero in a BFS, then the
solution-is said to be degenerate

Opﬁmal BFS : The BFS which optimizes the objective functlon is called Opnmai
BFS.

2.3 GRAPHICAL METHOD ?

Let us consider the constraint kl + x, = 1. The feasible région of this constraint
comprises the set of points on the straight line x, + x, = 1. '
If the constramt is x, + x,.= 1, then the feasible region comprises not only the’

set of pomts on the stralght line x; +x, =-1 but also the pomts above the line.
Here ahove means away from origin.

If the constraint is x, + x, < 1, then the feasible region comprisés not only the
set-of points on the straight line x, + x, = 1 but also the pomts below the line.
Here below means towards the origin.

The above three cases depicted as follows:

\

Fig. 2.3



L}

For'the constramts X, 2 11 x £1,x,21,x, <1 the feasible reglons are depicted

below :
1

X Xg PR .
:f '_L. & . ’ 1‘\?
MM ‘1
' . |1 o R
N = = R ! >
]
X1 1 %1 C <1
. Fig. 2.4

. \ : ’
For the constraints x, — x, = 0, x, —x,2 0 and Xp =Xy < 0 the feasible regions
are depicted in Fig. 2.5. |

The_steps of graphical method can be stated as follows :

(/) Plot all the bpnis&aints and identify the individual feasible regions.
: X2

%4

L
!
!
\
E
|
|

%%z 2 0

X% 0
Fig. 2.5
(if) Identify the common feasible region and 1dent1fy the corner points'i.e.,
vertices 'of the common feasible-region.

(i#if) Identify the optimal solution at the corner points if exists.
Example® 1. Using graphical method solve the following LPP :
Maximize z = 5x; + 3x; -
. Subject to, 'Zx‘, + 5x, < 10,
Sx; * 25,510,
2x, + 3x,2 6,
- “xJZO,xzéO.
Solution. Let us present all the constraints in intercept form ie.,
o

F+r <1 (D

A2 oy (D

2 5
i S
3 2 o
The common feasible region ABC is shown in Fig. 2.6 and the individual regions
are indicated by arrows. (Due to non-negativity constraints i.e., x, 2 0, x, 2 0, the
common feasible region is obtained in the first quadrant).

11D
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B(—?- ?-) and C (0, 2). The value of

Lthe objective function at the cormner points

are za=%—1091 z;=§_}9—1143

'andzc=6.

The comer points are A(

10 10

Here the common - feasible region is

- bounded and the maxinnmi has occurred

at the comer point B. Hence the optlmal
“'solution is

\ - ' — —> %,
. 10 . 10 L] 80 i 2 ] -
x = x1=7 and,z_——_r=ll43 1 Fig. 2.6 -
Example 2. Using graphical method solve the following LPP :
. Minimize z = 3x, .+ 10x, N
Subject to,, Jx; + 2x,2 6, '
9x; + x,2 4,
. 2x, } 3x,20, - s
- By 2020 . e
Solution. Let us present all the constraints in. intercept form i.e:,
' T | . X, X : ‘ '
» . . __+_2 > .
32l | D)
4 ) . x]‘ ﬁ
; R I I
P B _ (D).
. .
a2 .
R (IID)

Due to the non- negatwlty constraints.i.e., x, Z 0 and x, 2 0 the feasible region
w1ll be in the. first quadrant -

The common feasible region is shown in Fig. 2.7 where the individual feasible
regions.are shown by arrows. Here the common feasible region is unbounded.

N A
oY, /5 B
~ 3
Ch
2
1]
1 ~ \ B
a
I
| 1l /) . x
= > Xy
4] 1 2 A 4
. Fig. 2.7 -




i.e., open with the comer points A(3, 0), 3(3 8) C(z 12] and D (0, 4). The

55 55
value of the objective function at the corner points are z, 9 E _-8-59—= 17.8,
zc_1§6_252 and z;, =-40. .

Here. the minimum ‘has occurred at A and-there is no other point in the feasible
» region- at which the objective function value is lower than 9. Hence the optimal .
solution i is ~
x;=3 x:—O and ;" =9
Example 3. Sofve the following LPP by graphical method":
Maximize z = 3xJr - 1ix,
Sub_;ect to, x; + x258
x, - 4x2 <8,
X, 2 0, x, unrestricted in sign.

Solution. Since x,'is unrestricted in sign this means x, may be 2 0 or < 0. Also -
xy 2 0. Then the common feasible region will be in the first and fourth quadrant.
. " Let us present all the constraints in intercept forms i.e.,

X X
—
- PR <1 (1)
. h_oR . ;
P <1 . (D)
The common feasible region is shown in Fig. 2.8 where the individual feasible
-regions -are shown by ‘arrows. .
- xe .
» F
0,8)D
08 N
- ) \\ .
- 7 N
\,
N
6 \\\
h,
5 N
\\ . - .
4 )
\x :
3 I
N\ )
2
1] _ .
o TR TS
- ] 1L W (8.0)
EREARES | | L2
) L.——-h‘l‘"-‘ ] -
(0'—2}A -—-‘;u---‘ E
Fig. 2.8
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Quantitative Techniques The value of the objective function at thé corner points are z, = 30, z; = 24 and
’ ze = — 120. Since the commeon feasible region is bounded and the maximum has
occurred at A, the optimal solution is )

'NOTES , . :
| _ Exceptional Cases in Graphical Method ,
" - There are three cases may arise.- When the value of the objective function is
| . maximum/minimum at more than cne corner pomts then mulrtple opnma solutlons .
‘are obtamed ' ;
. Sometimes the optimum solution is obtained at infinity, then the solution is called
‘unbounded solution’. Generally, this type of solution is obtamed when the common
feasible region is unbounded and the type of the objective function leads to
unbounded solution, _ :
When there does not exist any cdmmo;'l feasible region, then there does not exist
any soiutlon Then the given LPP is called infeasible i.e., having no solution. For "
example consider the LPP which is infeasible
- i Maximize z = Sx; + 10x, |
Subject to, x, + x, < 2, o -
' x + x; >3, '
_ X, X 2 0.
‘ - Exampl:.‘ 4, Solve the following LPP using grap}u'cal method : i
-Maximize _ ‘ ) z=X +%x2'
- Subject 10, . | Sxy+ 3,2 05, S -

3x, + 4x,< 12,
Xp %2 0.

+

-Solution. Let us present all the constra'ints in-intercept forms ie.,
LI

o . o 5 <t D
-~ _x_l ‘i . . e
. el : <.(1D)

Due to nﬁn-l';ega}ivity constraints i.e.;
x, 20, x; 2 {) the common feasible regibn
is obtained in the first quadrant as shown
in Fig. 2.9 and the individual feasible
regiohs are shown by\arrows.

The comer points ‘are 00, 0), A (3, 0),

8(24 15

11
the objective function at the comner points

J and C(0, 3). The values of -

" areobtained as 7550,2,=3,2, =3,
9 )

900 A (3.0)
rh _ : ~ Fig. 2.9

Ze
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Since the common feasible region is bounded.and the maximum has occurred at
two corner. points i.e., at A and B respectively, these solutions are called multiple

optima. So the'solutions are

. . . 'lS - 24 . *
5=3, $=0 and =7, xp=irénd =3

Maximize z = 10x, +_3x2
Subject to, ~ 2x, + 3x,5 6,
- X, 2 4,
| Xp X, 20 - - ) .

Solution. Due to the non-negativity constraints i.e., x, 2 0and xz' 2 0 the common
- feasible region will be obtained in the first quadrant. Let us present the constraints
in the intercept forms ie.,

A i
Tyrysd (D)
L]
-—-—+_
3 > 1 ) 1IN

The common feasible region is shown in Fig. 2.10 which is unbounded i.e., open
region.

- (0281

(4,0} (5.0}
Fig. 2.10 y

There are two corner points A(4, 0) and B(0, 2). The objective function values are
z, = 40 and z; = 6. Here the maximum is 40. Since the region is open, let us éxamine
-some other points, :

Consider the point C(5, 0) and the value of the objective function is z. = 50 which
is greater than z,. Therefore z, is no longer optimal. If we move along x-axis, we
observe that the next value is higher than the previous value and we reach to
infinity for optimum value. Hence the problem is-unbounded.

Note. For the same p'roblém minimum exists which is the point B.

-
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PROBLEMS

Using grapliical method solve the following LPP :

1. Maximize z= 13x; + 117x,

Subject 'to,‘ xl"+ x5 15,

) - x2 0

4x, + 9x; 5 36

- : 0<x $2and 0<x, < 10,
Maximize z = 3x, + 15z,

Subject to, 4x, + 5x, < 20,

-

LTI

_:‘z =x 51
0<x, <4and 0<x, < 3.
Maximize z = Sx, + Tx, o .
Subject to, 3x, + 8x, < 12,
- X +tx, % 2,
24, 3,

x), X, 2. 0
Minimize z.= 2x, + 3x,
Subject to, x, — x> 2,

. ' Sk, + 35, < 15, T
22 1, .
%, < 4,
. _ x, %2 0
5. ¢ »  Minimizez= 10x, + 9x, . )
' Subject to, x;+ 2x, < 10, .
- . . X —.x <0, )
xs0,x,2 0
6. - Minimize z = 4x, +.3x,
-+ Subjéct t0, 20, + 3x, < 12,
' 3x°- 2,5 12, -
x, unrestricted in sign, x,2 0 .
7.. - : Maximize z = 10x, + 1lx,
Subjc_ct to, x, + x,2 4,
Y 0sx <3
ez 2,
x 2 00 -

Minimize z = - x, + 2x, ,

ar

8.
Subject to, X X _'2. 1,

xtx2 5 >
x, %2 0

.9, "Maximize z = 4x; + 5x,




Subject to, 4x, — Sx,% 20,
k-]

x—-x <1
0<x,< 3—
0<x £ 4
10. Maximize 7 = — 3%, + 4x,
) Subject to, ~ 3x, + dx, < 12, '
i, -x,;2 - 2,
x5 4
x 20, x2 0 - ' -
L X =2,x,=2, 2" =260 2. X{=§,' X ='§-, z =45
s et 6 a8 o n=l ol rall
: 5 5. 5 2 2
5. =0,x,=0,z2=0 ‘ -6 x,=4,x,=0,27 =16
Unbounded solution _ ) 8. Unbounded solution
Multiple optima : o
5=2, =T, and x, = 4 xz=i and z =.20 -
3 3 1= "7y
10. Multiple optima ; : .
% =% xz=% and x, = 4, x,= 6 and 2 = 12
~ P

‘24 SIMPLEX METHOD
The -algorithm is dlscussed below. with the help of a numerical example ie.,
consider :

Maximize z = 4x, + 8x, + 5x,
Subject to, X, + 2x, + 3x, 5 18,
) 2x, + 6x, + 4x, 5 15,
- X, tAx, + xS 6,
Xpy Xgy Xy 2 0
Step 1. If the problem is in mmumzatlon then converl it to maximization as
'Mmz—-Max(—z) '

Step 2. All the right s:de constants must be posmve Multrply by - 1 both sides

for negative constants. All the variables must be non-negative. .

Step 3. Make standard form by adding slack variables for ‘<’ type constraints,
surplus variables for. >’ type -constraints and incorporate these variables in the
objective function with zero coefficients.

Linear Programming
Tronsportation Problem
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For exampte, Maximum z =. 4x,
Subject to, x, -+ 2x, + 3x; + 5, = 18,
2x, + 6x, + 4x, + 5, = 15,

X+ 4.1:2 +x, F5; = 6,

v

Xps Xp5 X3 . 0,5, 5,520 -

Note that an unit matrix due to 5|, 5, and's, variables is present in the coeff' cient
matrix which is the key requirement for- simplex method. -

Step 4. Simplex method is an iterative method. Calculations ate done in a table

- which is called simplex table. For each constraint there will be a row and for each

variable there will be a,column. Objective function coefficients c; are kept on the

_ top of the table. xg stands for basis column in which the variables are called “basic

variables’. Solution column gives the solution, but in iteration 1, the nghl side
constants are kept. At the bottom z; — ¢; row is called ‘net evaluation’ row.

‘In each iteration one variable departs from the basis and is called departing

variable and in that place one variable enter which is called entering variable to

" improve the value of the objective function. -

Minimum ratio column determines the departing variable.

+8x,+ 5x;+ 0,5 + 0.5, + 0.5,

 Iteration 1. ' .
' G 4 8 S 0 0 0 | Min.
Cp Xg ;soln. | x| X, :x3 5 5, s, | ratio
0 sy 18 1 2 3 pa | oo
0 s, 5 2 6 4 o [ 1 0-
0 5 6 1| 4 1 ]o ol 1
Z}. - Cj . ) ”
_ Note. Variables which are forming the?columus 0? the unit matrix e;nter into the basis:coiumn. In
this tablf: the solution is s ='18, 5, = 15, 5, = 6, x; = 0,x,=0,x,=0and z=10.

To test optimality we have to calculate z; - ¢; for each column as follows : '

Z - ¢= aa-[x1] - ¢
1
For first column, (0,0,0[2|-4=-4
I
2‘ - 4
For second column, {6,0,0)| 6|-8=-8 and'so on.
" e




3

These are displayed ih the following table :

; ¢, 4 | 8 s {o o | o |Mn
g Xg soln. | =x, x, X - 5, | s 5y | ratio
0 s B |1 |2 [3 1[0 o
0 s, " 15 2 6 4 0 1 0
0 55 6 I J4 |1 ]0 |01
. z - ¢ -4 = 8 -5 0 ] 0O »0

)

Decisions : If all Z—¢ 2 0. Then the current solution is optimal and stop. Else,
Select the negative most value from z; — ¢; and the variable corresponding to this
value will be the entering variable and that column is called ‘key column’. Indicate
this column with an upward arrow symbol. i

In the given problem ‘- 8 is the most negative and variable x, is the entering
variable. If there is a tie in the most negative, break it arbitrarily.

To determine the departing variable, we have to use minimum ratio. Each ratio

) soln. . . s ..

*is calculated as i—l—‘J—, componentwise division only for positive elements
‘[ key column] S

(i.e.. > 0) of the key column. In this example,

1n.{%,'135-,-g} = min.{9,2.§, 15} = 1.5
The element corresponding to the min. ratio i.e., here s, will be ‘the departing
variable and the corresponding row is called ‘key row’ and indicate this row b_y
an outward arrow symbol. The intersection element of the key row and key
column is called key element. In the present example, 4 is the kéy element which
is highlighted. This is the end of this iterdtion, the final table is displayed as follow:

Iteration 1. -

¢ 4 8 | 5 “0 0 0 | Min.
cg | xg .| seln.| x X, X, 5, §y | sy [ ratio
. - 18 _ 9
0 |s 18 ‘ 1 2 3 1 0 0 2"
15
0|5, 15 2 6 4 ¢ 1 0 i 25|-
. ' 6 Ls
07 s 6 ‘ 1 4 1 0 0 | 1 ik
z-¢|’ -4 -8/ -spof of 0f,
- % T . *
.Step 5. For the construction of the next iteration (new) table the following_.calcﬁlations

_are to be made : ; . -
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(a) Update the x; column and the cB:' column.

(b) Divide the key row by the key' element:

(c) Other elerients are obtained by the following formula :

’ element "  element _ -
corresponding tb || correspending to [,
néw Y_{ old key row key column
A\ element /™ | element/ ™ ~- key element
« (d) Then go to step 4. ’
Iteration 2.
¢ 14 Lsfs [o] o] ofmMa -
cg | x5 soln.| x, | x| s s s ratio
1 5 1 -3
15+ | = = 0| -= | 15x2=6
0 fs o] 5 o] 5 1|of-3 -
’ ' 1 51 3 2’
~ 2 1|2} exZ=24l
0 |s, 6 3 _0 3 0 l. > 3
: 3 1 1 . 1 3
= | = = — | =x4=3
8 [ = 2 |3 Pz o] 9) 213
z; -l - 2 0 -3]1 0 0. 2
. 4 -
Iteration 3. B
¢ [4 [ 8 [s[o] ofolmn _
g | xp soln.;{ x, x | X | 8 s, [ 5y | ratio
0.] 5 9 -0 0 Jo |1 -1 1]-
12 1] 2 |3 fiz.s
- =] - S b2 Ex2n2
51 x s s ety s s s
9 1 | 2 9 5 -
= | = L— 12 [ Zx2zss]
81 = w0 | s P11 % o |5 )T
l 7+ - 6 | 1 :
AN 1 -3 9 0|10 ‘5" 3
) T .
iteration 4. .
¢, 4 8 5 0 0 0 | Min. |
g xp soln. | x, X, x| 5| s s, | ratio
o I 9« [o .o [ o 1| =1]1

T T,



3 |
5 X, 5 0 -1 1 0 7 -1
9 1
4 X, 5 1 5 0 ‘0 ) 2
) o [ 7 oo+ |3
5% 2
Since all-2, ~ ¢, 2 0, the current solution is optimal,
. « 51

- 9 - 3
xl.,=,E, 1;2:0, X3 =5, zZ =

Note .(exceptional cases).

() If in the key column, ail-the elements are non-positive i.e., zero-or negative, then min.
ratio cannot be calculated and the problem is said to be unbounded.

() In the net evaluation of the optimat table all the basic variables will give the value zero.
If any non-basic, variable give zero net evatuation then it indicates that there is an alternative
optimal solution. To obiain that selution, ¢onsider.the comesponding column as key column
and apply one simplex iteration.

{c} For negative Variai'iles, x50, setx = - xxlz 0. T
For unrestricted v_nriabl%s set x = x’ - x” where x', x™2 0,

Example 6. Solve the following by simplex method :

) Maximizeé z=x, + 3x,

Subject to, — x; + 2x, <7, x; - 2%, SZ,-‘xf: x, 2 0.
Solution. Standard form of the given LPP can be written as 'f:;llows -
) ‘ Maxjfmum z=x +3x, F 05 + Os,
Subject to, — x; + 2x, + 5, =2, x, - 2x, ts,= 2,
ng; x,2 0, 5, 8, slacks 20

Iteration 1,

£ 1 3 0 0 Min
cg | *g soln. | x, x, 5 55 ratio
o |« 2 | -il:2 rl oo 2a1ls
1 2
0 | s 2 1 “2 1 0 1 - i
z-¢ -1 -3 0 0
T
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" T

1teration 2.

" Min.

Since -all the elements in the key column are non-positive, we cannot calculate

¢’ 1 3 0 0
cg | *s soln X, . Xy 8 s, | ratio

7/ r 1 1 )

3 X, 1 ~3 1 32 0

0 | s 4 0 O 1
: 3 3

Z - ¢ ~3 0 2 0

T

min. ratio. Henée the given LPP'is said to be unbounded.

.
Solve

|

9.

1

PROBLEMS

the following LPP by simplex method:

Matimize z = 3x,+ 2x,

Sh, 5x, + x, < 10, 4x + 5x, < 60; x. x, 20

Maximize z = 5x; + 4x, + x,

S, 6x, + x, + 2, < 12, 8x, + 2x; + ¥ <730,

Sit, 3x; + x, + 2x, S 20, x; + 33, +.4x; S 16, x, x5, X3 2 0

S, 4x, + 4x, + 3x, S 12000, 0.4, + 0.5, + 0.3x, < 1800,
0.2x, + 0.2x, + 0.1x, £ 960, x,, X xy 20

8, 2x, ~ Xy, + 35, S 18, x, +xy 26 S 12, X Xy %, 2 0

Sit, < 2x, + 2%, + %, = 4, 3x; + x, + x, = 6,x,2 0 for all i

-

dx v x, = 2%, S 16, X}, X5y Xy 2 0
17 % 3 1 X2 Ky

Maximize z = 3x, + 2x,

Si, 3x, + 4x, < 12, 2%, + 5%, S 10, %, 5, 2 0

Maximize z = 3x, + 2z, + x5

Maximize z = 4x, — 2x, — x;

S, x, ¥ xp ¥ %, S 3, 2x) + 2x, +x; S 4, % - x5, S 0, 3,

xz,..xszo -

~

Maximize z = 5x, + 3x,"+ 3x;

Maximize'z = 3x, + 2x, + 2x,.
Maximize z = 3x;, +x, + x, + x,

Maximizez = x, + x
o1 2

Si, x, = D, <2, —x; + 20, S 2,2, %, 2 0~
10.Find all the optimai BFS 10 ‘the following

Maximizez = x; + x, + x; *+ x,

. Sh, x, +x,% 2, ntx, <5 X Xgs Xy .r420




o T e T mme———m—

ANSWERS
Nox;=0,x,=10,2 =20 (it 3) 2. x,=0,x,=12,x,=0,z =48 (It 3)
3. 0x,=4,x,=0,2 =12 (It 2) 4 x = Y- A 24 (It 3)
< 2 2 2 L] 1 2
5. x=1x,= -02-2(1t3) ) .
6. x, = 3000, x, = 0, X, = = 15000 (it 2)
7. x=10, x;= 2, x,;= 0, z' =34 (It 3) ’
8. Solution!:x =l x,=3,x=x,=0(t2)
Solution 2 :3:', =0,x2=2,x3=0,x4=4,z‘=6.
9. Unbounded solution (It 2) 1
10. (2,0,5,0), (0,25 0),(02,05), (20,0, 3).
AN

2.5 BIG M METHOD

“The method is also known as ‘penalty method’ due to Chames. If there is ‘2’ type

constraint, we add surplus variable and if there is ‘=" type, then the constraint is
in equilibrium. Generally, in these cases there.may not be any unit matrix in the
standard form of the coefficient matrix. .

To bring unit matrix we take help of another type of variable, known as ‘artificial
variable’. The addition of artificial variable creates infeasibility in the system which
was already in equilibrium. To overcome this, we give a very lafge number denoted
as M to the coefficient of the artificial variable in the objective function. For
maximization problem, we add “— M: (artificial variable)” in the objective function
so that the profit comes down. For minimization problem we add. “M.(artificial .
variable)” in the. ob_lectwe function so that the cost goes up. Therefore the simplex
method tries to reduce the artificial variable to the zero level so that the feasibility
is restored and the ob]ectlve function is optm'uzed

The only drawback of the big M method is that the value of M is not known but

it is a very large number. Therefore, we cannot develop computer program for this
method.

Note. (¢} Once the artificial variable departs from the basis, it will never agaiﬁ enter in the
subsequent iterations due to big M. Due to this we drop the artificial variable calumn in
the subsequent iterations once the variable departs from the -basis.

{6) If in the optimal table, the artificial variable remains with non-zero value, then.the
problem is said to be ‘infeasible’.

If the artificial variable remains in the optimal table with zero vaiue, then the solution is
said to be ‘pseudo optimal’.

(¢} The rule for ‘multiple solution’ and ‘unbounded solution’ are same as given by simplex
method. The big-M method is a simple variation of simplex method.

Example 7. Using Big-M method solve the following LPP :
Minimize z = I0x; + 3x,
,, S, x, + 2x,2 3, X, hdxy, 24 0, x, 20

o
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Solution. Standard form of the given LPP’is .

Min. z = — Max. (~ 2

= - 10x, - 3x, + 05 + Osz Ma, — Ma,)
.-S!t X, t 2%, =5, tq =3

x, + 4x; -JZ+ a,= 4

/

XXy 20, 5155 surplus > 0, g, r:z2 amf'clal Z:0
* Iteration 1.
¢ |-10]=3 [ 0.{-0 [~M|-M| Min
cg | xp ‘soln. X, x, | 8. | 55 | a | 4y | ratio
l. hd 3
-M{ g 3 -1 2 -1 0 1 0 5=l'5
- - . 4. | N IR
-M| a, 4 1 4 0 -1 0 i e
Z-c| 8 [-2M|-6M| M [ M [ 0 | 0
' #10 | +3
- 1 >
Iteration 2, ]
¢ - 10 -3 0 0 — M | Min.
“cg b Xg soln. X, X, 5 5, a, ratio
3. l . » 1 ) l'
- = - - = —=2 |-
M | g 1 o2 : 9 1 5 1 2
1 1 1 )
— =, = —_—=4
3 1% ! 4 O B B O |va
- M 37- . 3
- ~—+=| 0 . -+
L >t 01 M 3 0
T ) i
Iteration 3.
e, | -10|-3 0 | 0 | M
Ca Xy soln x, x; 5 83, ratio
-2 .
=10+  x 2 1 0 |-2 i n =2 B
' 1 B T N *1 ,
— 3 xz 5 0 ' ]. 2 . 2 . - {.i:_._z"’
37 17
z = ¢ 0 0 T Y
1 T R

i o e = LT e o Bag o ot

e e LA



Iteration 4. (Optimal) Linear Programming

. and
_ Transportation Problem
e | -10| -3 0 0 Min.
g £ soln. X, x, 5 s, ratio NOTES
0 5, 2 1 0 -2 i
3 1 1.
I k. 2 2 ! 2 0
17 3
LG BY 0 71 9.

Since all z; — ¢; 2 0, the current solution és'optimal. -
S x.=0, x;t-z—-, z°=5.
Example 8. Solve the following LPP by Big-M method -
’ Mirimize z = 2x, + x, + 3x,
S -3, Fxy -2, 2 L x -2, v x, 22 %, %, x5 2 0

Solution. The standarg_ form of the given problem can be_written as follows :

" Min. 7 = — Max. (—z==2¢ —x, - 3x; + 05, +0.5, - Ma, - Ma,)
S, - 3x, +x, - 2t -5, ta =1,

X =2 tx, -5, +a, =2,

‘ Xp, X0 X3 2 0, 5, 8, surplus s 2 0, a,,"a, artificial variables > 0.

N

Iteration 1.

¢ | -2 ~1 -3 10 0 [-M[-M|[Mmn -
‘ N soln, -il Xy X; 5 5, a, | a, }ratio
- M : a. | 1| -3 1 | =2 |-t ]o| 1]0O
-M |a, | 2 i -2 | 1 0 [-1]0]1
z; - ¢ 2M+'2 M+1|M+3|M [ M| 0 0

Since all z;~¢; 20, the first iteration itself give optimal solution. But in solution |-
ie, a =1, a,=2 present'with non-zero value. Hence the giveén problem does not
possess any feasible solution. '

2.6 TWO PHASE METHOD o

To overcome the drawback of Big-M method, two phase method has been framed.
In the first phase an auxiliary LP Problem is formulated as follows :

Minimize T = Sum of artificial variables

S/t, original constraints .
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which is solved by simplex method. Here artificial vanables actas decision variables.

So Blg-M is not required in the objective function. If T =09, then go to phase.two

calculatlons else (T # 0) write. the problem is infeasible. In phase’two, the
optimal table of phase one is considered with the following modifications :

Delete the amﬁcml vartable’s columns and incorporate the original objective function
and also update the cp values. Calculate z, — ¢; values. If all Zi-c 2 0, the.
current solution i§s optimal eise go to the next iteration:

" Note. () Multiple solutions, if it exists, can be detected from the optimal table of ‘phase

‘two.

(h) In phase I; the problem is always minimization -fype irrespective of. the type of the
original” given objective. function, -

' Example 9. Using two phase method solve the following LPP :

Minimize z= 10x, + 3x,
SH x, + 26,23, x, + 45,24, x, x,20 7
Solution. Standard form of the given-\.L'lf'P is

Minz = — Max. (- z = - 10x, — 3%, + 05, + 0.5, — Ma, - Ma,)
Sityx 42— ta, = 3, |
X, k4%, -5, ta, = 4 )
Xp, %, > 5, 5,, surplus > @, a, artificial > 0 -
Phase I Min T =q, +a, = — Max

(-T=0.x, +0x,+ 05 + .0.32 Z a,— a,)

Si, x, +2x, -5 +a 3 x A, - stz'+ a, = 4,

X Xy §1,5. a0y 2 0
| Tteration 1. ., -

¢ 0 0 0 0| -1 ]-1] Min

cg { X soln. | x, X, 3, 5, a, a, ratio )
3
~1|aq 3|1 2 [-v] 0 f 1| 0 5=t
LY 4 -
-1 ay f" 1 4 0 =~ 1 0 1 -'4-=I {—’
5 =< -2 -6 1 ] & y 0 0
Iteration 2." ’ ’

¢l ol 0 |0 o |-1]-1} M

cg | xg soln X, X, ' 5 5, a,~| a, ratio
1 |- 1 1|1

—_ — - el —_= —=21

o . N -



1 g 1 1
2 _t . 2 — =4
0 X 1 3 1 0 2| 0 2 V4
1 1 3
zZ - ¢ —5 ¢ 1 —-2- 0 5
T
Iteration. 3.

5 0 0 L0 0. ] -1 ]-1 [Min
cg |. xg soln. | -x, x, 5 8y a, | a, |ratio
o | x, 2 |1 0 -2 N B

I 1 1 1] 1
0 Xy 3 0 1 5 7 173 2

Z - g, -0 ] 0 0 0 . 1 . 1

Since all z; - c}z 0, the solution is optimal a, =0, a; 0 and T" = 0. Therefore
we go to phase I calculations. '

Phase II

Iteration 1.

¢ - 10 -3 0 0 .| Min
cq Xp soln. |. x,. x5 sy |15, | ratio
- ) 2
. 10| =z 2 |7 o { -2 1 | 3=2p
3 L 1| 2 |-2
- *2 2 2 2
3. | 17
i L= ; 0 .0 > |77
Iteration 2. ’
¢ - 10 =3 0 1] Min
g | Xg soln. | ¥, . X, . 5y s, |* ratio
' 0| s 2 1 0 -2 | 1
3 |1 1 .
o 3 Xy > 3 1 3 0
17 _ 3
z - ¢ Y 0 > 0

Linear_ngr-‘amming
and )
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Quantitative Techniques Since all z; —¢;2 0, the current solution is optimal.
- * 3 L] 9
x =0x== z ==,
* 2 3

Example 10, Solve the following LPP by two phase method.

Maximize z = 2x, + x, — 3x;

NOTES . _ ~
St x; + 2x, + 2x, 2 12, 3x, ~ 2x) + 4%, S 10
20, %, < 0,x; 2.0 .
. Solution. Set x, = —x"% x', 2 0.-
‘The standard form of the given LPP is ,
Maximize z = 2x; — x%, — 3x, +:0.5, + 0.5, — Ma,
i Sit, x, - 2x'y + 2y s, + a) = 12, '
3x, ¥ 2¢', + 4x, +5, = 10, !
X, X'y X3 2 0, 5, (surplus)2 0,5, (slack) = 0 and @, (artificial) = 0.
’ Phase I.- ' ) -
Minimize T = a, = — Max. (- T= 0x, + 0X/, +.0.x3 + 05, +05,—a))
Sit, x; — 2x', + 2x, — si‘ +a,=12
) 3x, + 20y + dxy 5= 10
X5 X'yy X35 Sy Sy, Gy 2. 0.
. Iteration 1. )
N ¢ 0 0 0 0 0 -1 Min.
g | *p soln. '| x, x“'z X, S s, | a ratio
12
-1} a 2 | 1 (-2} 2|-1|0[1[F=
. 10
0| s 10 3 2 4 0 I 0 T=2 50—
= zZ,~C -1}1"2 -2 1 0 0 !
K F |
k] * T
, ' Iteration 2. ’
| gl oo oo | o [-1]|Mn
cg | xg soln. | x, x'y Xy 5 5y a, ratio
3 1 w l
-1 a, 7 Ty -3 0 -1 ) 1
- 5 | 3 1 1
- 1% 2|3 |z [P 3 0
L .,
.
1, 1
Z; = ¢ ' 3 3 ¢ 1 2 0

86 Seif-Instructional Muaterial



Since all z; - ¢; 2 0, the current solution is optimal and T =7=0. * Linear P:;fimmmins
This implies that there does not exist any feasible solution to the given LPP, Transportation Problem
Note. In simplex, Big-M and two phase methods, if there is a tie in min. ratio or in negative .

most value of net evaluation, the'Optimal feasible solution will lead to degenerate solution.
’ ' - NOTES

PROBLEMS

Solve the follow{hg LPP using Big-M method and Two phase method :
1. - Minimize z = 2x, + 3x,
Sfe, 2x, + x22 Lx, +2,21;x,x20

2. : Maximize z = 5x; + 3x,-
S/t 2x, ~ 4x, <716, 3x) +4x, 212, %, 1, 2 0. .
3 Maximize z = 2x; + 3x, + 2x,

S, 3x, + 2x, + 2x, = is, 2x, +4x2+x3—20

0 X, unrestricted in sign, x; 2 0.

4 Maximize z = 2x; + 3x, + x;
Sft, 3x, + 2xy + xy = 15, 6 + 4x, = 10, _ ' ’
L) ) Co

.ox unrestricted i sign, x,, x, 2 0.
5.  Maximize z= 2x, + 2x, + 3x,
St, x, - 2.r2 + x5 8, 3x) +dx, + 2xy 2 2,
. z 0, .vc2 0,x,20
6.- _ Maximize z = ?-"1 + 2x, +x; - x,
Sit, x, + 2x, + 3x, = 16, 3x + x, + 2x,= 20,
_ _?_xl+x2+x3+x4=lZ;xl,xz,x§,x420. .
7. © Minimize z=x; + 2x,
Sit, 2x; + xy= 4, 30, + 4 2 5, 0+ x, S 4,
Xpp Xy 2 0.
8. Minimize z=x + 3x, + 5):3
$it, 2x, + 5xy + xy 2 12 Xt 2x, +3x32 10,

X4 Xgu X3 20,

9. | Minimize z = 5xy + xy
. 8/t, x| + 2,2 2, 3% 4z, 2 1 x, 1 2 0. i
10. Maximize z = x; - 3x, -

Sit, - x, + 20, S 15, x, + 3x,= 10; x, 2 0, x, < 0.
11. - Find a BFS of the following system : '
- ntxn2l,-2x +x2 22x+3x2$6xl,x220 -

ANSWERS

1. % =%, x2=%, z‘=§ Big-M 3_1t) 2. Unbounded solution. (Big-M 4 It)
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*

3. x, =0,x,=4,x =4, z‘ =20@igM4l) 4
5. x=0,x,=0,x,=8, Z =24 (BigM 5 It) 6.
7. x,=2,x,=02 =2 (BigM 3 It) 8.
9. Infeasible solution.

19.

1. x =0,x= 2 {(vse Phase-]) (3 It),

x;=10,Xx, =

Unbounded solution (Big-M 2 If)
0,z =

=4, x,=0,x,=4,x,=
6. (31ng 410

0, X3 = 0, 2

‘ra
I

-*(Big-M 5 It)

Unbounded solution.

Example 11. A manufacturer. produces ‘two types of machines M i “ana! Mé.
Each M, requires 4 -hrs. of .grinding and.2 hrs. of polishing whereas each
M, ‘model requires 2 hrs. of grinding and 4 hrs. of polishing. Manufacturer
has 2 grinders.and 3 polishers. Each ‘grinder works Jor740 hrs a week and
each polisher works. 40 hrs-a week. Profit on an M| model is X 3 and on an
M, model is T 4. Whatever is produced is sold in the market.-How should the
' manufacturer allocate his production capacity 10 two types of models so that
“he may make _the_maximum *prof ! in a week. Formulate the LPP and solve

graphically.
Solution. Let

27 FORMULATION PROBLEMS

;

= Number of M machmes and

.— Number of M, machmes to be produced ina week

The above data is summanzed as follows.:

Profit at A
Profit at B
Profit at C

. The graphical region is shown below.

60
126.67
120

-

Tk M, M2 ) | Time available per week
Grinding | 4 hrs. | 2 hrs, -2 Grinding " 80 Hirs.
Polishing | 2 brs. | 4 hrs.| | 3 Polishing 120 hrs.

Profit ? 3 T4 3
* Thereforé the LPP‘caﬁ_ be formulated as follows : .
Maximize profit = 3x, + 4x, )
Sit, 4x, + 2x, < 80 {grinding)
2x; + 4x,< 120 (polishing)
X, %20



L

C(0,30) 1

A (20,0} - .

.. The optimal solution is % =?, x =%. and max. profit = ¥ 126.67.
Example 12. A firm can producé three types of woolen clothes, say, A, B and
C using three kinds of wool, say red wool, green wool-and blue wool. One
unit of length of type A cloth needs 2 yards of red wool and 3 yards of blue
wool; one -unit length of type B cloth needs-3 yards' of red wool, 2 vards of
green wool and 2 yards of blue wool; and one unit length of type C cloth

needs-5 yards of, green wool and 4 yards of blue wool” The Jfirm has only a

stock of 8 yards of red wool, 10" yards of green wool and 15 vards of blue .

wool. It is assumed that income obtained from one unit length of type A cloth
is T 3, of type-B cloth is ¥ 5 and. that of type C cloth is X 4. Formulate the
above problem as a LP problem. -

Solution. The given data is summarized below. :

+

Wool Garment type Stock
A B C available .
" Red 2 3 . g
Green - 2.1 5 - 10
Blue . 3 2 4. a5
~ | Income (?) 3 5 4.

Suppose that he produces e and x, unit lengths of A, B and C clothes respectwely
Then the LPP is :
Maximize income™= 3x, +5x, + 4x;,
S/t, 2x, + 3x, < 8 (Red-wool)
.. <. 20,4+ 55,10 (Green wool)
- . 3%+ 26, F 5xy S 15 ~ (Blue wool)
' Xy Xpy X3 2 0
The solution is obtained as x; = 1.67,.x, = 1.56, x; £1.38,7 —IS 29 (It 4, Simplex).

Linear Programming
and
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1.

" PROBLEMS

. o, ‘i .
A manufacturer of furniture makes only chair and tables. A chair requires two hours

on m/c A and six hours on m/c B. A table nequlres five hours on m/c A and two

_hours on m/c B. .16 hours are available on m/c A and 22 hours on m/c B per day.

Profits for a chair and table be ¥ 1 and T 5 respectively. Formulate the LPP of finding
daily production of these itens for maximum profit and solve graphlcally

A tailor has. 80 sq. m of cotton material and 120 sq. m of woolen material. A suit
requlres 1 sq.m of cotton and 3 sq. m of woolen matetial and a dress requires 2
3q. m of each A’ suit sells for T 500 and.a dress for-T 400. Pose a LPP in terms of
maxlmlzmg the income. ) -

A company owns two mines : mine A produces | tonne of high grade ore, 3 tonnes
of medium grade ore and 5 tonnes of low grade ore each day; and mine B produces
2 tonnes of each of the three grades of ore each day. The company needs 80 tonnes
of high grade ore, 160 tonnes of medium grade ore and 200 tonnes of low grade ore.
If it costs T 200 per day to work each mine, find the number of days each. mine has
to be operated-for producing the ‘required output with minimum total cost.

A company manufactures two products A and B., The profit per unit sale of A and
B is T 10 and ¥ 15 respectively. The company can manufacture at most 40 units of

A and 20 units of B in a month. The total sale must not be below T 400 per month.

If the market demand of the two items be 40 units in all, %te the probiem of-finding
the optimum number of items to-be manufactured for maximum profit, as a problem,.
of LP. Solve the problem graphically or otherwise.

A company is con51denng two types of buses—ordinary and semideluxe for transpertation.
Ordinary bus can carry 40 passengers and requires 2 mechanics for servicing.

‘Semideluxe bus can carry 60 passengers and requires 3 mechanics for servicing.

The company can transport at least 304 persons daily and not more than 12
mechanics can be employed, The cost of purchasing busés is to be minimized,
given that the ordinary bus costs T 1,20,000 and.semideluxe bus costs ¥ 1,50,000.
Formulate this'problem as a LPF.

A phannaceutlcal company has 100 kg, of ingredient A 180 kg of 1ngred1ent B and
120 kg. of ingredient C available per month, They can use these ingredients to make
three basic pharmaceutical products namely 5-10-5; 5-5-10 and 20-5-10; where the

numbers in each case represent the percentage by weight of A, B and C respectively

in each of the f:rodtgcts._ The cost of these ingredients are given below :

) Ingredient Cost per kg. R}
A 80
. B. 0
C 50
Inert ingredients ' 20

Selling price of these products are T 40.5, T 43 and ¥ 45 per kg. respectively. There
is a Eépacity restriction of the company for the product 5-10-5, so they cannot
produce more than 30 kg per month. Determine how much of each of the products
they should produce in order to maximize their monthly profit.

A fruit squash manufacturing company manufactures three types of squashes. The
basi¢ formula are : .

5 litre_ lemonade : 2 oz. lemons, 2 kg of sugar, 2 oz, citric acid-and water.




TR

5 litre grape fruits : 1172 kg of grape fruit, 11/2 kg of sugar, 1172 oz. citric acid and
' water. :

5 litre ‘orangeade : 1172 dozen oranges, 11/2 kg of ‘sugar,
1 oz. citric acid- and water.

The squashes sell at : .

Lemonade : T 37.50 per 5 litre;

Grape fruit : T 40.00 per 5§ litre; _
Oraﬁge_ade o ¢ T.42.50 per 5 litre, C -

In the last week of the season they have in stock,2500 dozen lemons, 2000 kg grape
fruit, 750 dozen oranges, 5000 kg of sugar and 3000 ozs. C?ltﬁc acid. What should
be their manufacturing quantities in the week to maximize the tumover ?

A farmer is raising cows in his farm. He"wishes to determine the qualities of the
available types of feed that should be given to each cow to meet certain nutritional
requirements at 4 minimum cost. The numbers of each type of basic nutritional
ingredient contdined within a kg of each feed type is given in the following table,
along with the daily nutritional requirements and feed costs.

Nutritional § kg of kg of . kg of green Min. daily
ingredient corn tankage grass requirement
Carbohydrates 9 2 o 4 200 '
Proteins 3 B - 6 18

Vitamins 1 2 6 Th

Cost 7 T 6 s

Formulate a linear programming model for this problem so as to determine the
optimal mix of feeds, o

SWERS

~ No' chairs and 3.2 tables to be produced for max. profit of T 16:

Max. sells = 500x, + 400x,
Sit, x, + 2x, < 80, 3x, + 2x, € 120, x,’= no. of suits = 0 and x, = no. of dresses 2 0.

Mine A to be operated for' 40 days and mine B to be operated for 20 days and min.
cost = T 12000.

. Max. profit = 10x, + 15x, . .
"§/1, %, 540, x, € 20, x, +x, 240, 10x, + 15x, 2 400, x,, x, 2 0 and x; =40, x; = 20,

max, profit = I 700 )
Min, cost = 1,20,000x, + 1,50,000x,

" 84, 40x,-+ 60x, = 300, 2x, + 3x, £ 12, x, x, 2 0.

Let x), x,, X, bg: three products in kg.to be manufactured.

Max. profit = ]‘6xi T 17x, + 10x,

S, x, +%, + 4x; < 2000, 2x, + X, + x, < 3600,

X+ 2+ 2x,,2 2400, x, S 30, x, Fa, + a2 0

Solution. x, = 30, x, = 1185, x, = 0, Profit = ¥ 20,625. (Simplex 31t) _

Let 5x;, 5x,, 5x, litre be the'lemonade, grape fruit and' orangeade to be manufactured
per week. :
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‘ Step 4. Produce-the following revised simplex tablé :'I

Max. profit = 37.5x, + 40x, + 42.5x; .
= Sit, 2x, <2500, 3x, < 4000, 3x, < 1500,
4x, + 3y + 3x, < 10,000, 4x, + 3x, + 2x; < 6000, x, xp, x; 2 0.
8. Min: cost =7x, + 6x, + 5x; - S
SI, 9x; + 2xy + 4x; > 20,% - .
Ix, + Bx, + 6x, 2 18 '
X+ 2x, +6x, 215

Xy Xy Xy 2 0.

2.8 REVISED SIMPLEX METHOD (RSM)'

I Algorithm |
Step 1. Write the 's’tand_gr'd form of the given LPP and convert it into maximization
type if it is in minimization type i.e., : ' '

; - ‘Max'.. zZ=cx ' o Y
. o Sit, Ax = byx 2 0. '

Use the following notations :

1

. cT= [e) €30 i €] I"r_o.ﬁt coefficients.,
Columns of A as A, A,, ..., A '

-
™

o= (T, Ty, ..o Simple-ic multipliers

xp = Basis vector® R A
e = Profit coefficient in the basis _
B = Basié matrix,. B! = Basis inverse - |
¢; = Net evaluations,_ '
- j = Index of non-basic.variables
‘ ~.., 5 = Cumrent BFS' . L
Step 2. For itcra;ion 1 . . ' . L
' B=LB'Z1 ‘
" else for other iterations ) ) -
Find B = [ ]=[A,] and hence find B,
Step_3. Calculate .
n.= c3.B' and_b = B"'.5 (current solution)
5 = wAmg )

‘Decisions : If all €;20 then the current BFS is optimal, else .

select the ng_gative most of <;,.say &.. Then x, will be-the_ ‘Entering Vqﬁable’ !

and i,‘-f—'-keyf column = BA,

“ | xg B b Entering’ Key

variable column




Encircle.the key :el[:t.nent obtained from the min. ratio {[5 V[Key column]}'_ i

Element correspondmg to the key élement will depart from [}
Step 5. Go to step.2.

£

Repeat the procedure until optimal BFS is obtained.

Note. (a) If, in step 4, all the elements in the key column are non-positive, then the given
problcm is. unbounded.

(b) If, in the optimal BFS, artificial variables (if any) take zeto value t.iml the solution is
- degenerate ‘else, for non-zero value, the given problem is said to be infeasible.

i II. Advantages

L L)

In computational point of view, the Revised Simplex Method is superior than
ordinary simplex method. Due to selected column calculations in revised simplex
method, less memory is required in computer. Whereas the ordinary simplex method
requires. more. Memory space in computer. '
Example 13. Using revised simplex method solve the following LPP :
| Maximize z = J5x, + 2x, + 3x,
S x; + 2x, + 2x; < 8
3, tdx,+x, 57
L XL xyx; 2 0
Solution. Standard form of the given LPP is
Max. z = 5x, + 2x, + 3x, + 0.5, % O.s,
Sit,x, + 2, + 2x;+5, = 8

xitan txts, = 7

o

Xy, X, X222 0, 5., 5, are slacks and 2 0
12 A2 X3= M S 5y

S N N I

Let us consider the index of the v.e'.':u'i:a.blv.e's..x1 be l;- x,be 2, x,bed, s, bed, s, bes.

: 'ltératlon 1.

| 1o _
| x= (5, 5;), B= [AgAq] = [0 1] =LB'=1
S ¢l =(0,0,5=B"b=bT=(,23)

»

1 -0 ’
n=¢.B'=(0,0) [0 J = (0, 0) = (xn,, ®,).

Net evaluatlons o

G=TA - =~ 3 &« negatwe most and entering variable is x; -

& =mAy -~ =2

& =nAy-¢y =3,

Linear Programming
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. . X —l. - - A = i - r
_ Key column : | B.A, [0 .J(J [3) _

. B Table 1
NOTES : — .
' . Xy 8! b Entering Key
variable | column
- . | s 10 8 ' I T .
bl - - ) 'x
5, 01 7 N E)
This mdlcates the depamng vanablc as s,. .
- lteration 2. . : . .
| (rn ., 1 -3
=Gpx) B=[ALAl={g 3} B =|, y3]
S _ o[- 17/3 '
- . b=B'5=1g a|l7]={ 7} J—(235)
b -1f sy
g, M (03)
Net evaluations .
: (5} (2) 14 :
YA = _ = 0’— . _2 = — P
G T‘AZ, €2 = ( 3) (4) 3
G =TA; - = [0, 3 '1) -3= S Entering variable x,
SY(0) . s |
= . o = 0’_ . -h=2 .
& = nA; — ¢4 [ 3) [l) 0 3
1 —13\(2) (3
Key column : B". = ( J[ ] [1/3]- - .
Table 2 .
Xy B! Y Entering Key
_ ' variable . | column
5, 1 -3 | 13 €D)
. oy C
. - % 0 - i3 7/3 ' Y3
(This indicates the departing variable as 5 '
o : " xp= (6, x), B=[A,A]= Bl=|
~ B~ W5 %) [As, A 1 3/ -1/5  2/5
. J=2,45 | = o ‘ i

Seif-Instructional Maten'a{



== ) () - (5)

D Ys -1Ys) _ (4 1
n=c B =G, 5) [—1/5 2/5} N [3’3]'

~ Net evaluations :

EZ=_EA2_CZ=(
_ a 1) .4
G=mA,-c, = (;’EJ[OJ_O = "5"

_ : 4 71\(0 7
Cs = ﬂAs —Cs = [;,3)[1)—0 = g

As all ¢; >0 = the:current b is optimal.

2 x=2, =0, =1l and 7 -8
5 5

5
Example 14. Solve by revised simplex method.

, Minimizez = 12x, + 20x,
Sh, 6x, + 8x,2 100 °
7x, + 12x,2 120
X, xy2 0.
Solution. Standard form : _ i '
Min. z = — Max. (- z = - 12x; — 20x, + Os; + 0.5, - Ma, - Ma,)
Sit, 6x, + 8x, — 5, + a, = 100
. T, + 12x, — s, + a,= 120
b xpxy 20, 5y, 5, surplus and 2 0, a,, a, artificial and-> 0.

aRR I H R I MRS HREH S

Let the index of the variables Xis Xy S35 85, @), 2y be 1, 2, 3, 4, 5 and 6 respectively.
- Iteration 1.

10

T )

xg = (a;, a,), B =(

n=q.B=[-M-M] J=(1,23, 4

N;:t evaluations : A
L G=wA-c =-13M+12 |
& =nA2—'cz=— 20 M + 20 « Most negative and x, as
entering variable . )

N MR

Linear Programming
and
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g, =mA,-c; =M ) ;

g=mA,—¢, =M ' '

: 1 " 8 . . - -

Key column= B .'Az = sl -
Table 1 .o
x| B! b Entering Key - ’
_ variable column

a, 10 100 8
. . I X,

a, 0 1 120 | a»

(This ;abiq indicates a; as departing variable).

Iteration 2. .

1 8 . 1 =23
. ¥p~ (a), x;), B=[A33A2]=[0 12]"3-1:[0 1/1/2)

L T=1(1,3,4,6)

-

n= dB=(- M,—_zcr)(l ‘2’3) - (-m2m-3)

. 0 2 33
1 —2/3Y(100)_(20
b =B 'b = . =
o y13)l120] {10
Net evaluations : T \ *
_ . 4 R l -,
q=nA1—cl=—§M+-§ |
E_; = nAs — C3 = . )
~ o2y -
g = nA4—§4 —g += . N
5.5 ) '
o= A - 6= 3Ny
- 4
Key, column = B'I.A1 = /3
712 . .
- _ /
Tablé 2 :
xp . B! b Entering | Key
_ variable column
g, | 1 23| 2
' g : X - :
%, 0o yz2| o ) m2 -

{(This table indicates @, as departing variablt;). -

-

- -

e e o e el R fr i e e = e Pl S o " e i e Rh L ——— d bty



Iteration 3.

= _ (6 8 C ¥ -2
s= {xp, X)) B=(A,A)) (? 12} B- _(—7/16 3/8]

-

J=(3,4,5,6)

e LR RCE)

b=B"b= (h:,/lfﬁ _:«'@GZO) [Sl’i)

Net evaluations :.

_ 1-
c3=nAﬁ-—c3=I'

' 3
GQ=mhy ~C =73
- . 1
G = MAg ~ ¢ = M_I
. _M__3
G~ MAg — ¢ = *3

Since all &;>0 = the current p is optimal.

x; =15, x}:% and z’ = 205.

PROBLEMS =

Using revised simpiex method solve the following LPP :

1. _ Maximize z = », + 3:2 + 3x,
8/t 3x; + 2y + 23 < 3, 2, +x2+2x £ 2; x,,xz,xszo
2. Maximize z = 3x + dx,.
' Sl xy —x,20,-x, +3x, S x, x5, 20
3. Minimize z=x, + x,
. S/, txy txyzd x T 2T X, 20, -
4. Minimize z = 2x; - x, + 2x,

S/, ~x + x; t x3=4, - x, +tx -2 8 6,
x; €0, x, 2 0, x, unrestricted in sign.

s Maximize z = - x, + 2x, + '3x3 '
S/, - 2+ xy 3y =2, 2+ 3x, Hdx, = 1 X Xpx; 2 0
.6, Mazximize z =-2x, + x, + 3x, '

7. o Maximize z = 5x; + 2x, + 3xy. _
S, x, + 26 + 20,58, 3x, 4 4xy + Xy ST 5,70, 1, 2 0

S/ x + x, + 25, <5, 2xy + 3x, +04xy = 12, %), xp, X, 2 0.
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- ANSWERS -

. x=0,x=0,x,=1 z =3 2. Unbounded solution.
21 ¢ .« 31
3. n=— R

THRC I TMITY

4. x,=-5%,=0:x,=-1,z =— 12 (lteration 3) 5. [Infeasible solution.

1
n=3x=2,x" 0z=
6 17

« 81
. Xy =—, = = —_. 2 = -
7 155 %5 0, X 3 5 (iteration 3}

2.9 INTRODUCTION AND FORMULATION

For every LP Problem we can construct another LP problem using the same data.
These two problems try to achieve two different objectives within the same data.
The ongmal problem is.called Primal problem and the constructed problem is -
called Dual. This is illustrated through thé following example :

A company makes three products X, Y, Z using three faw materials A, B and C.
ThHe raw.material requirement is given below : (for 1 unit of product).

X Z Availability
e 4 1 2 1 36 units
B 2 1 4 60 units | .
C 2 5 1 45 units
Profit | T 40 225 |. %50,

Let the company decide to produce xl;' x, and x; units of the products X, Y and '

- Z respectively in order to maximize the profit. We obtain the following LP problems :

Maximize profit = 40x, + 25x, + 50x; P
Subject to, x, + 2x, + x, S:36, .
I 2x1+x2:+4x3£60,
2x, +.5x, + 2 45, N
Xy Xy X320 >
Adding slack variables s, sz'and 5510 the constraints, we solve the proialem by
sm:plex method. The optimal solution is

=20, x, =0, x,=2>5 and optimal proﬁt =T 1050.

Suppose the company wishes to scll the three raw materials A, B and C instead

of using them for production of the-products X, Y and Z. Let the selling prices
be T p,, T y, and Ty, per unit of raw materials A, B and C respectively.

The cost of the purchaser due to all raw materials is

36y, + 60y, + 45,.




Then the purchaser forms the-féllo“ring' LP problem :
Minimize T = 36yl + 60y2 + 45y3
Subject to, y-¥2p, + 2y, 2 40,

2yl+y2+5y3225, : \. . )
- - P yl + 4y2 + y3 2 50, '
- . ’ Yo ¥n Y3 2 0; o ) ®
The solution is obtained as : o -

¥, =0, y, = 10, y; = 10, Optimal cost = ¥ 1050.

Ink the abc;ve, the company’s problem is called primal problem and purchaser’s
problem is'called dual problem. Also we can use-these two terms interchangeably
In the primal probiem, the compary achieve a profit of T 1050 by producmg 20
units of X and 5 units of.Z. Instead, if the company sells the raw material B with
T 10 per unit and C with T°10 per unit then glso the company achieve a sale of
< 1050. ' _ . : '

(a) Fo_rmulatiolj.t

In the above, both the problems are called symmetric probiem since the objective

function is maximization {minimization)}, all the constraints are ‘<’ type (2 type) and.

non—negatwc decision variables.

The decision variables in the primal are called primal variables and the decision

‘variables in the dual are called dual variables.

Let us _cons.ider the following table for formulation of the dual,

 Primal _ ’ , Dual .
: '(Max:‘mizatidn) . o (Minimization).
Right hand side constants Cost vector _
Cost vector Right hand side constants.
Coefficient matrix Transpose of coefficient matrix
< . o
. Max.z = &x ' Min. T = b'y
S/t, Ax < b S/t ATy > of
20 yz0
(b) Asymmetric Primal- Dual Problems
Primal (Maximization) Dual (Mm;mlzatmn)
a. Coefficient matrix AT L
b. Right hand side constants | . Cost vector

Linear Programming
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" ¢. Cost vector <

nght hand side constants

i‘th constraint i-th dual variable

be three dual constraints due to three primal variables. In primal

50 Selﬁ!ustmgﬂional Material

< type, v20 '
= > ope <0 — K
='type y; unrestricted m sign
jth primal vari__a.bie ) _;i-_tﬁ dual constraint
B x, unrestricted in sign g type . "
x<90 ‘=S','type
‘x20 ‘ 2 type )

Alsc in (@) and (b),

Number of primal constraints = Number of dual variables.

Number of primal variables = ‘Number of dual constraints.
Note. The dual ‘of the dual is- the primal: ) . —
Example 15, Obtain the .dual of
Minimize z = 8;\:‘f + 3x2 + 15x,
Subject to, 2x, +.4x, + 3x; 2 28,
3x, + 5x, + 6x; 2 30,

) Xp Xy X3 2 0. .

Solution. Let y, and.y, be the variables corresponding to, the first.and se¢ond
constraints respectively. Objective function, maximize T = 28y, + 3{}y2 There will

-

) - a=2 43 [8 3,15]
. 35 6/°°
. ¥ * y n nd
*. In dual AT ["] < et
: Y2
| (23 8) T
= . 4 S(y‘]'s 3 T, o
: _ 3 60 s )
2y, + 3y, < 8 (due tox,) -
4y, +.5y, £ 3 (due.to x,) .
3y-+ 6y, £ 15 (due to x;)
Hence the  dual problem is ’
. Maximize T = 28y, + 30y,
’ Subject to, 2y, + 3y, < 8
. . 4y, + 5y, £ 3




X 3y1 + 6y; < 15 Linear Pmmmming
Yy 2 0. Transportation Problem .
‘Example. 16. Find the dual of ’
"Maximize z = 2%; + x, + J9x; NOTES ~
Subject to, x, + x, + x; = {0, ;
dx, —x, + 2x;, 2 12, ‘
Ix, +.2x; - 3%, S 6, '
. oo xp xz, x, 2 0. ? '. '

Solution, First we have to express all the constraints m *<’ form due to maximization

- ‘problem : . . -
The first constraint : x +x,+x, <10 . . -
' and X tx,tx 2100 . g
.= —xX =X -x% <-10
The second constraint : - 4x, + x, — 2x, £ - 12 ﬂ

Let Yo Yo Vs and y, be four dual variables correspondlng to the newly converted

constraints respectively.

Objective function : Minimize T = 10y, — 10y, ~ 12y, + 6y, -
111
Again, - PO L PR
! , . -4 1 -2
' 3 2 -3
_J’lr
- Constraints in dual AT f -2 .
3
. Ys
Thus the dual probiem is
' Minimize T = 10y, — 10y, - 12y, + 6y,. .
Subject 10, v, =y, -4y, + 3y, 2 2 (flue to ;1)‘
Vi~ ¥ty + 2y, 2 1 (due to x;) .
Y- 5’2 - 2y, — 3y, 2 5 (due to x,)
. e YpYn Y, =0
Set w, = Y1 = Yo Wy ==y u'?s =y, = w, unrestricted in si_gn, w, <0, wy, 2 0. .

This conversion leads to

Minimize T = 10w, + 12w, + 6w,

o

-
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Subject to, w, + 4w, + 3wy 2 2,

w, — w2_+ 2% =1,
w,'+ 2w, — 31&:3;2 s, o

'w, unrestricted in sign, w,<0,w, >0,

Example 17. Find the dual of _
| ] Maximize z = 5x, + 4x, — 3x;-
Subject to, 2x, + 4x, — x; 5 14,
! ‘ X, — 2x, + x; =10,
x, 270, xz"unresrricted in sign, .x_; <0
Solution. First we have introduce non-negative variables.
. Set x, ='x', —I,x"z;ax'z,.x"z 2 0 and x; = - x'y, x'y 2 0.
The given problem reduces to | ' X
Maximize z = 'SJE] + 4x', — 4x¥, + 31'3-
Subject to, 2x; + 4x’, — 4x", + x'; < 14
- 2!, + 2", - ¥, < 10
: X, X x") x5 20 ’
The second constraint is expressed as
-2, + 2" - x, < 10
and : - —x1+2.r‘ - 2"+ x\ <10

Let ¥1» ¥p» ¥5 be the three dual variables corresponding to the three constraints
respectively. Then the symmetrlc dual is )
14y, + 10y, - 10y,
Sub_]ect to, 2yI + y2 Y3 5 (due to x,)

-2y, + 2y3 2 4 (due to x")

- 4y| + 2y, -2, 2 —4 (due to x",)

1

Minimiize T

v

"y, =yt y; 2~ 3 (due to x'y)
. YpYuy; 20 i
Set - W, =Y, W=y, -y, = w 20andw, unrestncted
Also the second and- third. constraint reduces to-_
4y, - 2y, + 2y, =4
Therefore the dual is
Minimize T= 14w, + 10w, -
Subject to, 2w, + w;2 5, ‘ .
‘ ' 4w, - 2w, = 4,
~w, +w,<3

w, 2 0 and w, unrestricted in sign.
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= - Transportation Problem

* Theorem 1. (Weak Duality)

Consider the symmetric primal (max.'type) and Dual {min. type). The value of the NOTES
objective function of the (dual) minimum problem for any feasible solution is
always greater than or equal to that of the maximum problem (pnmal) for any
feasible solution.

Proof. Let x° be a feasible solution to the'primal.
Then Ax® < b,_xo > 0.and z = cx¥.

Let y® be a feasible solution to the dual.

Then AT® > ¢, ° > 0 and T = 5Ty".

Taking transpose on both sides, we have

; _ <. ONA ’

= ex¥ < N .ALS ) .
= e’ < (O°b >

= e’ < BT G- 0T = BHYY

Hence proved. . . -

Theorem 2. .
Let x° ‘and 3° be the fcamble solutlons to the corresponding primal and dual
problem such that ex® = 510, then x° and y° are optimal solutions fo the respective
- problems.
Proof. Let x’ be any other feasible solution to the primal problem.
Then by Theorem 1, ex < -bTy°
= ex S ex®
Hence x* is an optimal solution to the primal problem because the prunal problem
is a maximization problem.

Similarly, we can prove that y° is an optimal solution for the dual problem.

Theorem 3. (Fundamential Theorem of Duality)

If both the primal and dual prgblenm are feasible and both have optimal solutions
then the optimal valués of the objective functions of both the problems are equal.

Theorem 4. (Complementary Slackness Conditions
(CSC))

Let x° and y° be the feasible solutions for the primal and dual problems respectively.

Let '« be the slack variables of the primal and v be the surplus variables of the

‘dual. “Then x° and 3° are optimal solutions fo the regpective primal and dual
.. problems respectively iff

Ty = 0and 0T =0
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The solution of this dual,-by graphicaliy is 3 =

-

-

Results on Feasibility

Primal (Max. z) ,
’ Feasible Solution | Infeasible solution . |
Feasible | Max.z=MinT Dual unboundéd
‘ solution . P (Min. T - ~ )
Dual ' S
{Min. T) Infeasible . Primal unbounded May' oceur. | -
solution - (Max. z - a0} ‘ - ¢ .
. Let the primai as : Minimize z = — X, - x, . ‘
. g!t, X)Xy = 3, ‘ . i
: .-"'1 = X,==13, ) W
. x20,x,2 0 ’

Then the dual can be written as
. .

Maxlmlzc T 3y| = 3y2
S/t » +y2$ 1,

! - - T _yz =1 | ’ l
¥y» ¥, unrestricted in sign. C
Here both the primal and the dual are- inconsistent and hence no feasible solutions.
Example 18. Using the C.5.C. find the optimak solition of the following primal.
. Minimize-z= 2x, + 3x, + 5x; + 3x4 + 2x
S, x; +x2 + 2xy.t 3xpt x, 2 4,
2, - 2x, + 3xj b x, + x5 2 3,

2y
&

T Xy Xy Xy X, X2 0. : :
Solution. The dual is  / ; . K : >

A
L]

Maxiimize T = 4y, + 3y2
SIt, jy + 2y, S 2 .
n-ws3 o L7 ,
Wyt 3y,sS
3y, +y,<3 -
yty,s2
' ‘yl, y;2 0.

N

*

-

4 . 3 . .-
3 J"z‘=_; T =5. Let u, u,, i,

i, and u be the slack: variables of the dual and v}, v, be the'surplus variables _
of the-primal: Then by £.8.C., we have - 7

xu, =0, chnr2 0, X3ty = 0;
Xy =0, xgug =0,y v = 0,.p;v, = 0.~ %

-
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‘Since y; and y] are non-zero = Cv=v, =0 _ . Linear Pan:fimmming
It is also seen: that at optimality, the two constraints y, + 2y2 2and 3y, +y,53 . Transportation Problem

|
|
are satisfying in equality sense which mean w, =0 and u; =0.
: For the reu;éjnitlg-constraints, u,,u; and u; are non-zero.ie, by C.8.C,, x; =0,
%, =0 and x;=0. .. . i NOTES
Then the primal constraints reduces to : .
x +3x, =4
- 2% + 2,7 3
Solving we get _ i ¥ =1and x =1
s Hence the optimal ‘solution of the primai_ is

&=1x =0, =0 =1x=0andz =5 . .

-ama m

2.1 DUALITY OF SIMPLEX METHOD

The fundamental theoremi of duality helps to obtain the opnmal solution of the dual

- ffom optimal table of the primal and vice:versa. Using C.S.C., the correspondence

between the primal (dual) variables and slack and/or surplus variables of the dual’

(primal) to be identified. Then the optimal solution of the dual (primat) can be read ‘
. off from the net evaluation-row of the primal. (dual) of the simplex table.

; For example, if the primal variable:corresponds to a slack variable of the dual, then
the net evaluation of thé slack variable in the optimal tabie w:ll give the optimal
solution:of the’ pnmal variable. -
Example 19. Using the principle of duahty solve the following problem :

Minimize z = dx; + ldx, + 3x; .

S, — x,. + 3x, texg2 3,

2, + 2xy —x;2.2,
X, X5 X320

-

Solution, The dual problem is

. Maximize T = 3y, + 2y, -~ i
Sit,—y; ¥ 2y, 4
3y, +2y,5 14 : * .

Nn—r=3

= Y, 1,20 ’

Standard form : b

Maximize T= 3y, + 2y, + O, +,0., + Oy .
Sit, -nt 2y2 +tu,=4
' 3y, + 2y, tu,= 14
Co -y tu=3 )

e

P Y22 0, uy, uy,-uy are slacks and = 0.

- ; Self-Instructiona! Materisl 88
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Let the surplus variables of the dual v, and v,.

0,y,v, =0,

Then by C.S.C., - yoy, =
xu =0, x,u,= 0, x,u, = 0. ’
Let us solve: the dual by simplex method and the" optimal table’is gwen below
(Iteration 3) : . - =
¢ 3 2 0 - 0 0
¢y xg | Soln. - w.| »n u | u iy
L 3
0 u, 6 0 0 1 - 3
1 3
2 ’ ¥, 1 0 1 0 s g
' 1 2
3 i) 4 1 0 g - 5 5 £
_zj*bj' 0 .0 0 1 0
"The optimal solution of the dual is yl =4,y;=1,T =14, - -
The optxmal solution of the phmal can be tead off from the (z - c) -row. Since
Xy Xy Xy corresponds to u,, Uy g respectively, then - -

-O,xz = l,x; =0,and 2" =,l4.
J " - .- o

2.12 THE DUAL SIMPLEX METHOD

Step 1. Convert the minimization LP. problem into an symmetric maximization LP

. ‘problem (i.e., all constrairits are < type) if it is'in the mlmmlzatlon form.

Step 2. Introduce the slack variables and obtain the first iteration dual simplex

' table.
i
g Xp | Soln. | (x)
[%.]
zj - Cj -~
Max, ratio -

Step 3.(a) If,éll Z - g and xp are non-negative, then an dptimal basic feasible
solution has been attained.

(b) If all z - ¢
(¢) If at. least one (z; - ¢;) is negative, the method is not apphcable

Step 4. Select the most negative of *p,’s and that basic variable w1ll leave the
basis and the corresponding row is.called ‘key-row’. :

> 0 and at least one of xg, 18 negatlve then go to step 4, g

-



He

Step S5.a) If all the elements of the key row is 'pos;itive, then tl;e-pmblem is
infeasible, ’ .
{B) If at least one element is negative then calculate the Taximum ratios as follows :

-

(z; —c;) value

Max -
' Negative element of
. the key row.

The maximum ratio column is called ‘key column’ and the intersection element of
key row and key column is called ‘key element’:
Step 6. Obtain the next table which is the same procedure as of simplex method.

Step 7. Go to step 3.

Note. 1. Difference between simplex method and dual-simplex method : In simplex method,
we move from a feasible non-optimal solution to feasibie optimal solution. Whereas in dual
simplex method, we move from an infeasible optimal solution to feasible optimal solution.

2. The term ‘dual’ is used in dual simplex method because the rules for leaving and entering.

variables are derived from the dual problem but are used in the primal problem.
Example 20. Using dual simplex method solve the foffowir/ig LP probljem.
Minimize z = 4x, + 2x, :
SHox, + 2x,2.2 3%, x, 23,
- dx, 36, 2 6, x, x,20.
Solution. Min. z = ~ Max. (- z)= - Max. (- z = - 4x, - 2x,).

Multiply - 1 to all the 2 constraints to make < type:

Then the standard form is obtained as follows : .

-

Max~—z=—43;l~2x2+0.s1+0.52+0.s3
Sit, —xy ~2x, + 5, =-12
-3x,—x, +5,=-3
—4x) ~3x, + 5, =-6
X, X, 20,5, 8, 5, are slacks and = 0.
1+ %2 17 92 %3 CKS al

Tteration 1.

¢ -4 -2 0 0 0
cp xg Soln. | x, X, 57 s | s
0 5 -2 1 -1 -2 1 0| o
0 | s, -3 | ~3 | -1 0 1 0
0 8y -6 -4 | -3 0 |. 0 | 1 |>Keyrow

z; - ¢ 4 2 0 0 0

» 4 2

Max. ratio | & Y

)

Key column

Linear Programming
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¢ -4 -2 0 0 0
NOTES Ceg | oxg Soln. | x, o L R 8y
J I ‘ !' 4 ., - - -
0 { s, | 2 53 I 0 |[-23
0 5, -1} -53 0 0 1 ~1/3 [>Key row
! -2 x, 2 4/3 i 0 0 1/3 .
5 -€ 4/3 0 0 0 2/3 M
y 4 4
Max. ratio "3 - - - -2
- . T - - -
: - Key column -
o . .
: Iteration 3. .
) e, | -4 |2 0 0 0
! f‘ .
Ca Xg Soln. ~ x, x, K 5y 5y
' 0 5, 1 0 0 1 1 —1
S O e - oo 1o P-ys s
ceee I -2 | x5 [~es 0 1 | o 45 | ~35
. ‘ - - - . - — . — -
Z - ¢ 0 0 0 | 45| 25
Hence optimaﬁl feasible solution is X = 3, x ="E'and-“z' =2,
e 5 5 5
Example 21 Use dual s:mplex method to solve the foﬂowmg LP probiem
b Maximzze z=—4x; - 3x2
1 Subjecttoxf+x251x2>1 xl+2x251 X, x, 270 .
f . Solution, The constraint x21is rewritten as - ¥, -1, Addlng slack varlables
the standard form is  ~ - ’ .-
: . , : -
. Maximize z= — 4x, = 3x, + 0.5, + 0.5+ O.s,
. Sy x Fxy s = l—x2+32——}—~x,+2.r2+s3—i1
X, xz,z 0, s, 5,, 5, are slacks and 2 0. -

S8 Self-Instructional. Material v
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“Iteration 1. -~ . Linear PMdmgmmnung
. .. _ ~ Transportation Problem .
. -4 -3 o JoJo
Ch xg Soln. | x, Xy 15 Sz‘ 53. N . .NOTES
0 | g 1 1 1 1 0 [0
0 5 1 0 -1 0 1 0 - Key‘.row .
- 0 5 3 I - 1 2 0 ;0& 1
) Z - g 4 3 0 0 0 _
T =Max_ratio - -3 - - - g
T /
Key column

Tteration 2.

-

¢ -4 -3 0 0 0
gy Xp _Soln x, x, 51 S5
0 5 0 1 0 1 1 0
-3 | 1 0 1 o -1 [ o -
0 53 | LR O 0. 2 1 Key row -
z, ~’c, &~ o, ‘o- P3| o .
Max.. ratio -4 - S -
. r — 1 ‘
. . < Key column

Iteration -3,

¢ |-4]-3] 0 o [ o
(:'B X Soln. | x, 1 % 5 s, 1 5
o | sl -t ]o ] o] 1| 3] 1 [>Keyrow
3 5 T I 1 | oo | -1 o .
4 %, 11 { o o |-z -1
PR 0’| o | o | | 4 r
M:ax ratio B - . P ) ,

" Since all the elements in theé key.row are positive, the given problem iS'ipfeasib_le.

~

L]

1 -]
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2.13 ECONOMIC INTERPRETATION OF DUAL
‘ VARIABLE

Let x° and y' be the optimal solutions of the respective prlrnal and dual problems-
respcctwely and objective function values are same ie., z =T. In the primal,
the small change in the resources (i.e., right hand side constants) gives thé small
change in z. Consequently, the y' value for each primal constraint gives the net
change in the optimal value of the objective function for unit increase in right hand
side constants. Hence the dual variables are called ‘shadéw prices’.

TRANSPORTATION PROBLEM

2.14 INTROIiUCTION AND MATHEMATICAL -
FORMULATION

Transportation problem (T.P.) is generally concerned with the distribution of a
certam commodity/product from several origins/sources to several destinations
with minimum total cost through single mode of transportation. If different modes
of transportation considered then the i)roblem is called ‘solid T.P". In this chapter,
we shall deal with simple T.P. .
Suppose there are m factories where a ‘certain product is produced and »n markets
where it is needed. Let the supply from the factories be a;, dy, ..., G, units and .+
demands at the markets be b,, b,, ....,_b” units.
Also consider .

¢y = Unit of cost of shipping from factory / to market j.
Xy = Quantity shipped from factory i to market j. . " ) .
Then the LP- formulation can be started as follows : .

' Minimize z = Total cost of transportation

i=ly=l
Subject to, ixg <a,i=1,2, ..,m
Jj=1
{Total amount shlpped from any factory does not_ exceed its capacity)
ny 25, j=1,2,

fm]
(Total amount shipped to a market meets the demand of the rnarket)

x ZOforallzand;
Here the market demand can be met if

' ia,-'z ibj. : : N

: viwl j=t

If IZai ij ie., total supply = total demand the problem is said to be “Balanced
i=]l - F=1
T.P.” and all the -constraints are replaced by equality sign.




Minimize z

ZZ €y %y,

Subject to, ny- =a,i=1,2, .., m:
- j=i

| ix,}- bj,j =, 1, 2, ..., n.

=l ’
x; 2.0 for all i and j.
(Total m + n constraints and mn variables) -

The T.P. can be represeﬁted by table form as given below :

M, M, —— .M,
L R % R R 1
F, a,
-Gy Cy. Cin )
F, Pal Xon | o
3 Caul . Cn Cy| :
I STy U i Supply
Factories i
F xm‘l M x_ﬂ'l‘ll
m. A,
Cnn cnﬂ CIl'I'I
b1 bz - bn
. Démand

In the above, each cell consists of decision variable Xy and per unit transportation

-

cost ¢, i . . ,
“Theorem 5. A necessary and sufficient condition for the existence of a feasible
solution to a T.P. is that the T.P. is balanced.

Proof. (Necessary part)
y

Total supply from an origin Z"y: ni=1,2, ., m
. . i=1

Overail, supﬁly, | sz.y = Zﬂs

Total demand met of a destination

m .
Zxﬁ_ f

i=l

Overail demand', T iixrj = ij.

j=iiel i=l

i
=l
-
I
—
L
b

”

Since overall supply exaétly'met the overall demand.

T e
= ' . | i.a,=§bj.

i=1

- Linear Programming
and :
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Qu.antz_tat}_qe eokmiauen (Sufficient part) 7 Let Za,- = be =1 and ¥, =ab;/l for all i and j.
t o F;

i ‘ . ~
- Then D x, = Y:(ab))/! = af[}:bj] /l =a=1,2..,m
i=1 i=l =1
- NOTES: m " (m e
. o e ZJ.‘I}' = Z(a}?j)ﬂ = b {ZQIJ/ =bj=
" =1 s oi=1 =t .
| x.20 'ssin'ce a, and b, are non-negative.
» Therefore x; satisfies all the constraints and hence xy is a feasible solution. ~
- ' ""Theorem 6. The number of basic variables in the basic feasible solution of an
.m XnTP.lsm+n—l
Proof. Thls ‘is ‘due to the fact that the-one of the constraints .is redundant in
bakanced T.P. -
W_e have overall supply, ZZ X = Z.a,- N : _ .
il j=1 P
' . * n oM *n “ ) 7 -
- and overall*demand szu = Zb, ’
Jj=lial jal .
' Since Za,- =Zb,, the above twd equations are identical and we have only .
/ " i -

F
m + n — 1 irdependent constraints. Hence the' thedrem is proved.
Note. 1. If any basic variable takes the value zero-then the basic feasible solution (BFS)
- " | is said to be degenerate. Like LPP, all non-basic variables mkq' the value zero.
2. 1f a basic variable takes either positive value or zero, then the corresponding céll is
called “Basic cell’ or ‘Occupied cell’. For non-basic variabie the corresponding cell is called
‘Non-basic ¢ell” of ‘Non-occupied cell’ of ‘Non-allocated cell’.
Loop. This means a closed circuit ina transportatlon table connecting the occupled"
{or allocatcd) cells satisfying the followmg .

@ I conswts of vertical a.nd horizontal lines connecting the occupied
(or allocated) cells. '

4

(if) Each line connects only two occupied (or allocated) cells.
(i) Number of connected cells is‘even.

; {iv) Lines can skip the middle cell of three adjacent cells to satlsfy the
' - condition (i).

- -

The following are:the examples of loops.

7 .
~ Fig. .11

Note. A solution of a T.P. is said to be basic if it does not consist-of any loap.

-
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' 215 FINDING INITIAL BASIC FEASIBLE SOLUTION
In this section three methods are to be discussed to find initial BFS of aT.P. In

advance it can be noted that the above three methods may give different initial
BFS to the same T.P. Also allocation = minimum (supply, demand). ’

(a) North-West Corner Rule-(NWC) '
(?) Select the north west corner cell of the transportation table.
(if) Allocate the min (supply, demand) in that cell as the value of the vanab!e

If supply happens to be rmmmum, cross-off the row for further consideration
and adjust the, demand

If demand happens to be minimum, cross-off the- column for furthcr

consideration and adjust the supply.

1Y

_(iif) The table is reduced and go to step (i) and continue the allocation until
' all the supplies are exhausted-and the demands’ are met.

Example 22. Find the initial BFS of the following T.P. using NWC rule.

To .
M, M, M, M,
Fil 3| 2| a| 4% )
From :z 2] 41 S| 3 ;5 Supply
.2l 3l sl 2| 6|2
R 4] sl 4] 4|40

(30 20 25 25 :

Demand

Solution. Here, total supply = 100 = total demand. So the problem is balanced T.P.

TFhe north-west comer cell is (1, 1) cell. So allocate min. (20‘, 30) = 20 in that cell.
Supply exhausted. So cross-off the first row and demand is reduced to 10. The.
- reduced table is

~

M, M M, M,

P2l ol 4| 5| 3"
Bl 3] 5] 2| 6%

Fol 4| 3} 1] 4|90
10 20 25 25

Here the north-west corner cell is (2, 1).cell. So allocate min. {15, 10) =10 in that. )

cell. Demand met. So cross-off the_first column and supply is reduced to 5. The
reduced table is

Fe 3 11 4|40 -

Linear Programming
.and
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Here the north-west corner cell is (2, 2) cell. So allocate min. (5,';20__)-= 5 in that-

cell. Supply exhausted. So ctoss-off the second row (due to F2) and demand is
reduced to 15. The reduced table is

Mz Ms M‘ - .
Fl 5| 2| 6l
o F.‘ - 3 . 1 4 40
15 25 25

Here the north-west corner cell:is (3, 2) cell. So allocate min. (25, 15) = 15 in that
cell. Demand met. So cross-off .the second column (due to M,) and supply 1s

reduced to 10. The reduced table is

- M, M,
’ Rl of gl10" g
. "25 25

~

Here the north-west corner cell is (3, 3) cell. So allocate min. (10, 25)=10 in that
cell. Supply exhausted. So cross-oﬂ‘ the third row (due to F,) and demand is reduced

to 15. The reduced tabie is

M, M,

. Fo

25 25

r::ontinuing we obtain the allocation 15 to (4, 3) cell and 25 to (4, 4) cell so that
supply exhausted and demand met. The' complete allocation is-shown below:

- -

i ui MZ M3 M4

Thus, the initial BFS is . '
=20, %, = 10,x,, = 10, x,3 = 15, x,, = 25.

+

5, x}2 15, x33 =
The transportation cost
—20x3+10><2+5X4+15><5+10><2+5x1+25><4

=¥ 310. - | N ) y

- . ’
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(b) Least Cost Entry Method (LCM) (or Matrix

Minimum Method)

(#) Find the least cost from transportation table. If the least value is unique,
" then go for allocation.

If the least-value is not unique then setect the cell for allocation for
which the contributed cost is minimum,

(#) If the supply is exhausted cross-off the row and adjust the demand.
If the demand.is met cross-off the column and adjust the supply.
Thus the matrix is reduced.

(iif) Go to step (i) and continue until ail the supplies are exhausted and ail the
demands- are met.

Example 23. Find the initial BFS of Example 1 using least c;st entry method: -

e

\.
M, ‘M, M, M,

Fil_a] 2f 4] 4%
P2l 2l 4| 5| 3l .
Fal 3| s| 2| 6|
Fl sl 3l al 4%

30 20 26 25

Solution. Here the least. value is 1 and occurs in two cells (1,-4) and (4, 3). But
the contributed cost due to cell (1, 4) is 1 x min (20, 25) i.e., 20 and due to cell
(4, 3) is 1 x min. (40, 25) i.e,, 25. So we selected the cell (1, 4) and allocate 20.
Cross-off the first row since supply exhausted and adjust the demand to 5. The
‘reduced table is given below : "

2l 4| 5| a3|¥
sl sl 2| 6%

4] 3] 1] a|*®
30 20 25 5

The least value is 1 and unique. So allocate min. (40, 25)‘ = 25 in that cell. Cross-
off the third column (due to M) since the demand is met and adjust the supply
to 15. The reduced table is given below :

2|l af 3| 18
3l 5| 6| %

4] 3l 4|
30 20 5

The least value is 2 and unigue. So allocate min. (15, 30) = 15 in that cell. Cross-
off the second row {due to F,) since the supply exhausted and adjust the demand
to 15. The reduced table is given below : '

Linear Programming
and
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L 3‘5'625
* " o
al 3| 4] 18 . ‘
5. 20 ‘5 : : : S

“The least value is 3 and occurs in-two cells (3, 1) and (4,2). The contnbuted cost:

due to cell (3, 1) is 3 x min. (25, 15) = 45 and due to cell (47 2) is 3 x min. (15,
20) = 45. Let us select the (3, 1) cell for allocation and allocate 15. Cross-off the,
first column (due to M,) since demand is met and adjust the supply to’ 10 The
reduced table is given below : .

- | s].6

&

. o 3] 4] 15
. 20 5
Continuing the above method and we obtain the allocations in the cell (4,.2) as
15, in the cell:(3, 2) as 5 and in the cell (3, 4} as 5 The complete allocation is
shown below

M, M, M, M,
F ' 201
11
-3 2. 4 1
R -
; - 12 4 5 3
3 5 2 6
] T (3] .
! 4 3 1 4 :

__The initial BFS is’ _
X4 =20, 3, = 15, X, = 15, x5, = 5,03, = 5, x5 = 15, %y = 25
The transportatlon cost '
20><1+15X2+15X3+5X5+5X6+15X3+25xl
T 220. - .

Note. If the least cost is only selected columnwise then it is called ‘column minima’ method.
If the least cost is only selecied rowwise then it’is called ‘row minima’ method. |

(c) Vogel's Approximation Method (VAM) R

(/) Calculate the row penalties '-aqd column penalties by‘t"aking the difference
between the lowest and .the next lowest costs of every row and of
every column respectively. : )

ti:’) Select the ‘largest pena.lty by encircling it. For tie cases,-it can be
broken arbitrarily or by-analyzing the contributed costs.
- bl

(iii) Allocate in the least cost cell of the row/column due to largest penalty.

“{iv) If the demand is met, cross off the-corresponding column ind adjust the
SUPPIY * _ s




If the supply is exhausted, cross-off the. correspondmg row and adjust
the demand.

Thus thé transportation table is reduced.

. (v) Go to Step (i) and continue until all the supplies exhausted and- all the
‘demands are met. . -

Example 24, Find the mmal BFES of example 1 usmg Vogef s approximation

_ method.
Solution. v )
Row
M, M, M, M penalties
23] T
E " .
) | 3| sl 2| B[ D
Fol _al 3p 1| a[40 @)
. Column 30 | 20 | 25|25 | N
penaties (1 | () L (1) 1D

Since there is a tie in penalties, let us break the tie by con31der1ng the contributed
costs.. Due to-M, the contributed cost.is 1 X min. (20 25) = 20. While due to F,,
the contributed cost is 1 x min. (40, 25) = 25. So select the column due to M, for

allocation and we allocate min. (20, 25) i.e., 20 in (1, 4) cell. Then cross-off the

first row as supply is exhausted and adjust the corfesponding demand as.5. The
reduced table is

Row

M M, M, M, penalties

Fa
Fs

2| 4l s| .31

sl 5| 2l -0

Fol 4] 3| 4f 44 @
Column 130 {20 |25 ;5
penalies (1) | (1) { (1)} (1)

Here the largest penalty is 2 which is due to F,. Allocate in (4, 3) cell as min.
(40, 25) = 25. Cross-off the third column due to M,, since demand is met and
adjust the corresponding supply to 15. The reduced table'is

) Row

M, M, M, Dpenallies
2| 4] 3B M
E . . ;
s| 3l sl 6128 )
. Fol 4l 3] 415 ®

- . (:Jo_lumn 36 {20 |5

penalties m!lmlto

-
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Here the largest penalty is 2 which is due to F,. Allocate in (3, 1) cell as min,
(25, 30) = 25. Cross-off the third row due to F, since supply is exhausted and

. R
. F,

Column
s penalties

. M'

M,

M,

adjust the corresponding demand to 5. The reduced table is.

" Row
penalties .

2

4

3

5 (1) °

4

3

4

A5 (Y

@

5

20

(1)

5

(y

Here the largest penalty is 2 which i IS due to M Allocate in (2, 1) cell as min.
(15, 5) = 5. Corss-off the first column die to M, since demand is met and adjust
the supply to 10. The reduced table is L

M, M,  penalties
Fol 4| 3[%0 D
4|15 (1

F. 3

Column 20 15

penall:es (1) @
Here tie has occurred.. The contnbuted cost is minimum due to (2,'4) cell whlch-
is 3 x min. (10, 5) = 15. So allocate min. (10, 5) =5 in (2, 4) cell. Cross-off the
fourth column which is due to M, since demand is met and adjust the corresponding
supply to 5. On continuation we obtain the allocation of 5 in (2, 2) cell and 15 in
(4, 2) cell. The complete allocation in shown below : :

- T 20] -
F, -
3l 2}, 4 1 S
Rl | 5]
+ 2 4 5[ 3
25}
Fy ~
| s 2] 6
. . 5] |25
| 4] 3 1 4
The initiai BFS is
| = 20,%,0 5 5, Xy = 5, Xy = 5, %y = 25, X = 15, x5 = 25.

The transportatlon cost
= l><20+2x5+4><5+3><5+3><25+3x15+l><25
= T20. - ‘ ' |

2.16 UV-METHOD/MODI METHOD

Takmg the initial BFS by any method discussed above, this methocl find the
optimal soluuon to the transportatlon problem The steps are given below




-

(i) For each row consider a variable u, and for each column consider another
*  variable v, .

Find u, and v; such that

u, + v, = ¢ for every basic cells.
(i) For every non-basic cells, calculate the net evaluations as follows :

If all &; are non-positive, the current solution is optimal. Tre——

If at least one ¢, >0, select the-variable having the largest positive net

evaluation to enter the-basis:

(ifi) Letthe vatiable X, enter the basis-"Allocate an unknown quantity 9 to the
cell (n ). .
Identify a-loop. that. starts and ends in the-cell ( ¢).
Subtract and add 0 to-the corner points of the loop clocku:isefanticloegﬁi&g;
(iv) Assign a minimui value of & i such a-way that one basic variable
becomes zero and other basic variables rernain non-negative. The basic
cell which reduces to zero leaves the basis and the cell with B-enters into
the basis. - . -

If more-than one basic variables become zero due to the minimum value

‘ of 6, then only one basic:cellileaves.the basis and the solition is called
‘degenerate. ) .
(v) Go to step (i) until an optimal BFS has been obtained. ’ 2

Note, In'step (if), if all & <0, then the optimal s?lution is_uniqﬁe. If at least one G <{,
then we can obtain alternative solution. Assign 8 in that cell “and repeat one iteration (from
step (iii)).

Example 25. Consider the initial BFS by LCM of Example 2, find the optimal
solution of the TP

Solution. Iteration -1.

5] |5l 5] us= 0 (Let)

1_5J E u‘=_2
4 3 1 4
“V,=3 V,=5 V,=3 V,=6 .

For non-basic cells NG =V~

Ty==5 Ca=-2, Gy =—6, & =0, By ==3, 5u=2, 3=, Gy=~3, Gu=0. -
Since all g; are not non-positive, the current solution is not optimal.

!
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Quantitative Techniques Select the cell (2, 4) due to largest positive value and assign an unknown quantity 5
_ T 8 in that cell. Identify a loop and subtract and add © to the corner pomts of the 1
- loop whlch is as.follow: - N . "
] N N ] - &
3 2 4 1
1510
| 2 4| S 3

1ske| |51 5] 6] |
- 3|~ 5 2 6 |
15] | 25 ‘ |
4 3 1 4] |
H - % - - . »i

/ Select'® = min. (5,.15) = 5. The cell (3, 4) leaves the basis and the cell (2, 4)

/ enters into the basis. Thus the current solution is updated.
Iteration 2. ) ) 1
\_‘__ ’ - o ,
s I L & u,=-2 ‘
) 9' Y 3 Z2 4 1
10| 5]
. 2 4 5 .3 0 (Let}
lz_ol il L4 _ 1 - 1
3] 5] T2 e|%T |
] ﬁl . é[ . u,=-1 i .‘
. -4 -3 1) - 4] . - _ 1
o . Vi=2 V,=4 V=2 V=3~ |
" For non-basic cells : g =u.+v; ¢, |
| G==38,20, G =<4, 5 =0, 5 ==3, &=L, Gy ==2,Fy=-3 Gy=-2 I
P Since.all g; are not non-positive, the current solution. is not optimal.
Select the cell.(3, 3) due to largest positive value and assign an unknown quantity 1|
8 in that cell. Identify a Joop and subtract and add © to the corner points of the |
* loop whlchlls shown below : . ]
Fl J
- .3 2 4 1],

i 2 4 5 3 T
‘gg jj_e 9 - - . - |
3 5 2l "8 .
15]+8] [25-8] | ) |
4 -3 11. . 4 - ‘
Select 8 = min. (5,:25) = 5. The cell (3, 2) leaves the basis and the cell (3, 3)
enters into the basis. Thus the current solution is updated: 1
70  Self-Instructional- Material i l
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.. Fteration 3.

- 0 | -
20] =2
3 2 4 1
10] H
2| 4 5| 3| w=0ded
g S 1
3] s I
E @J . u,=0
4 3 1 4] -
Vie2 V,=3 V=1 V,E3.~7
For noncbasic cells : §=u +v;~¢; . .

G =—38,=-L03=-5Cy=-1, & =-58=-1,04=-2,0y=-2, G =-1
Smce all g; are non-positive, the current solution is optunal Thus, the optimal
solution is

X4 =20, x5 = 10, 3y, = 5, 03, = 20, x5, = 5§, x5 = 20, x45 = 20.
The optimal transportation .cost
=1x20+2x10+3x5+3x20+2x5+3x20+1x20=%T205.

Example: 26, Consider the initial BFS by VAM of Example 3, fi na‘ the optimal
solution of the TP. -

Solution. Iteration 1.

20] ’
3 2 4 1 /
[sT [5] H
2 4 5 3 O {Let)
25| 1
3 5 2 g| “°
. 13 2_5J u, = -1
4 3 1 4 .

For non-basic cells : &y =u+v;—¢;
gi=-3,8;=0, ;=-4, e =-3, 5 =0, n=l 534"2 Gy =—3, Cyu=-2.
Since all ¢, are not non- positive, the current solution is not optimal.

Setect the cell (3, 3) due to largest positive value and assign an unknown quantity
_ 0 in that cell Idéntify a loop and subtract and add 6 to the corner points of the

loop which is shown below :

20]
. 3 2 - 4 o

. -[5F8 |5} 15 |
2 4 §|° 3

[25[-0 )
3 5/~ |2 © 6
15+6] [25!-6] |

4 3 1 4
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Select 0 = min. (5, 25, 25) = 5. The cell (2, 2) leaves the basis. and the cell
(3, 3) eaters into the basis. Thus the current solution is updated.

Iteration 2.

20 A
_I U =-2
3| -2l 4 {1
10] 5
2| . a 5 3| v=0{et)
B ] y
3 5 2 g 7 .
AO_I _Z_QJ . u4=0
4 3 1]  a
. V=3 V.53 V,=1 V,=3

For non-basic cells : §y=u +v;—¢, _
A== 3 B =L Gy =55 =Ly =5 G =L Gy == 2.5 =~ 2 G = L
Since all g, are non-positive, the current solution is optimal. Thus the optimal
solution is

X, =20, Xy = 10 Xoq = 253 X3, = 20, X33 = 5, x5 = 20,-Jc43 = 20.
The optimal transportation.cost = ¥-205. e
Note, To find opnmal solution to 2 TP, the number ‘of 1terat10ns by uv-method is always

| more 1f we- eonmder the lnmal BES by NWC.

217-DEGENERACYINTP .

A BFS of a T.P. is said to be degenerate if one:or more basic variables assume
a zero vatue. This degeneracy may -oceur in: initial BFS .or in the subsequent
iterations of uv-method. An initial BFS could become degener_ate when the supply
and demand in the intermediate stages of any one method (NWC/LCM/VAM) are
equal corresponding to a selected cell for allocation, In av-method it is identified
only when more than one corner pomts in a loop vanishés due to minimum value
of 8. :

For the degeneracy in-initial BFS, arbitrarily we can delete the row due to supply
adjusting the demand to zero or delete the column due to demand adjusting the
supply to zero” whenever there is a tie in demand-and supply.

For the degeneracy in uv-method, arbitrariiy we can make one corner as non-
basic cell and put zero in the other comer.

Example 27. Find the optimal solution to the Jollowing TP.:

Source Destination. Available
1 2 3
N 4 ’ 10
. 50[ - 30| 190 .
30 S !
2" . B .
. BO 45| 450 .
3 |- . B e
2200 . 180 50 '
; 80
Requirement ao| 20 20 )




l

* {reduced table is given below :

Solution, Let us find the, initial BFS using VAM : |

Row
1 2 penalties
Y| 50 30 199L‘_° (20)
2| gol 45 150/%0 (39

] -
_ 3| 220f 180} 5040 ~

Column 40 20-.| 20
penalies  (30) | (15) 1(100)

Select (3, 3) cell for allocation and allocate min (40, 20) = 20 in that cell. Cross-off
the third column as the requirement is met and adjust the availability to 20. The

+

Row
1 2 penalties

1| so| 30| 10 29
2} gol 45 30 ©3)
3| 220] 180]-20

Column 40 | 20
penallies  (30y| (15)

Seiect (3, 2) cell-for allocation. Now there is a tie in'allocation. Let us allocate 2¢ in
(3, 2) cell and cross-off the second column'and adjust the availability to zero. The
reduced table is given below : ‘

- 1. gol 10 .
2| gol 30
3| 220/ ° ., 8

40

On continuation we obtain the remaining allocations as 0 in (3, 1) cell, 30 in (2, 1)

cell and 10 in (1, 1) cell. The complete initial BFS is given below and let us apply

. the first iteration of uv-method :

‘Tteration 1. -

U1=.—170
s0, 30| 190
30
2l u,=-140
80 45 1500
(0] 120]  [20f
’ - uy=0(Let
220] _ 180 1= 0 (Let) .

V, =220 V,= 180 V,=50

For non-basic cells : G=u+v,—¢y

G, =—20; §;=-310, ¢y =-5, & =—240.

Linear Programming
and
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The initial BFS by LCM is given below:

-

Since all ¢; <0, the current solution is optimal. .I-lence,.the’optin.lal solution is
x); = 10, x5, = 30, x;, = 20, x3; = 20. -

The transportation cost

=0, x;,

‘SOX10+80X30+0+180X20+50><20
=¥ 7500,

2.18 MAX-TYPE T.P. | -

Instead of unit cost in transportat:on table, unit profit is consndered then the
objectwe of the T.P. changes to maximize the total profits subject to supply and

_ demand restrictions. Then this problem is called ‘max-type’ T.P.

To obtain-optimal sohition, we consider
Loss = - Profit

and con;’ert the max type transportation iniatrix to a loss matrix. Then all the
methods described i in the previous sections can be apphed Thus the optimal BFS
obtained for the loss matrix will be the optimal BFS for, the max-type T.P.

Example. 28.
supply to four markets D, E, F and G Momhly plant_ capac:t:es are 500, 800
and 900 units respecr:ve!y Monrh:‘y demands of the markefs are 600 700,

A company has three plants at, locations A, B and C, which

400 and 500 units respecnvefy Umr profits (in rupees) due to rransportat:on

.are giver below :

R D __E _F__ &
Al 8] 5| 3l &
B . .
3 7] 4f s 2|,
. C .
: 6| 8] 4 2

Determine an optimal distribution for the .company in order to maximize the
total transportation profits. ' :
Solution. The given problem is balanced max type T.P. All profits are converted
to losses by multlplymg -1, .

D E F G i : *
A : 500
-8 -5 -3 =
B _ 800 °
7. -4 -5 -2
C = -
6| - -8 4| o % )
600 700 400 500 | 2200
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7|  ~-a 5| -2
700] | 200

-6 8l _4 .-2

NOTES

To find optimal sohition lét‘ us apply wv-method.

Iteraﬁion 1.

.5.0.0] ’ ] u1=_‘|

_B - -

For'non-basic cells : §;=u +v, - ¢,
Cp=—4, q3=r3 0,;=3, Cp==4, ¢ =-1 =1 .

Since all ¢; ‘are not-non-positive, the current solution is not optimal. Select the cell

(1, 4) due to largést positive value and assign-an upknbwn quantity 8 in that ceil.

Identify a loop and subtract and add 6 to the corner points of the loop which is

shown-above. '

Select 8 = min. (500, 300) = 300. The cell (2, 4)I leaves the basis and the cell

(1, 4) enters into the basis. Thus the current solution 'is updaiqgl.

Ieration 2. -

T3 R
Bw ! :_3_0;0_""0 U1 = _,4
|-8 -5 -3 6

)-7m—_4 -5@ -2 - .
9 . . -
: 2| | u=0e

&l 8t 4l -2 . _

Vi V,=-8 V,=-2 V,=-2

- For non-basic cells,
el

4 Gr==T, G3==3 G=-7, % =3 =2, &=2 : : | .
Since all the &; are not non-positive, the current solution is not optimal. There is :
a tie in largest positive values. Let “us select the cell {3, 1)-and assign an unknown
quantity 0 in that cell. Identify a loop and subtract and add 0 to the comer points

I ) ' -

of the loop which is-shown above. _
-Select & = min. (200, 200) = 200. Since only one cell wal leave the basis, let the
= cell (3,3) leaves the basis and-assign a zero in the cell (1, 1). The cell (3, 1) enters
info the basis. Thus the current solution is updated. : . ;
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Iteration 3.

E
0] B0 |y, =2
- -8 =5 -3 -6
m ‘ m u: - -1
=7 -4 5 -2
/00
ﬁol u,=0 {Let)
-8 =8 =4 -

For non-basic cells,
< S Gp==5 G3=-3, 0y =-5, 6y =-3, §3=0: Gy =—4:
Since all the ¢, are non-positive, the current solution is optimal.
Thus the optimal solution, which is degenerate, is .
x,, =0, x,, =500, x;, =400, x,; =.,400’ x5, = 200, x,, = 700. *
The maximum transportation profit
=0 + 3000 + 2800 + 2000 + 1200 + 5600 = T 14600.

Since &, =0, this indicates that there exists an alternative optimal solution. Assign
an unknown quantity 8 in the cell (3; 3). Identify a loop and subtract and add 0
to the corner points of the loop which. is shown below: .
LIE TRy |

-8 -5 =3 . =6

400(+6 4000

7] 4] .| -s| -2
2001 [zo0l” o
-8 ./

-6l -8l -a4f. -2
Select § = min. (200, 400) = 200. The cell (3,' 1} leaves the basis and the cell
{3, 3) enters into the basis.

Iteration 4.

.ﬁj E——m] l; ==2
| . 17

8 5| -3 -
m m u,= -1

=7 ) =4 -5 -2

20 B )
; 200 u,=0 (Let}
6l sl 4| -2

Vi=-6 V,=-8 V,=—4 V,=—4
For non-basic cells, .
Gz2=-5 G =-3 2% =-5, ‘_'24=_3' E31=U, Cu 2"'.2"
Since all the &, are non-positive, the current solution is optimal. Thus the alternative
optimal solution is )
X, =0, x;, =500, %y, = 600, x,; = 200, x,, = 700, x,, = 200. -
and the maximum transportation profit is ¥ 14,600. )
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2.19 UNBALANCED T.P.

If total supply # total demand, the problem is called unbalanced T.P. To obtain
feasible solution, the unbalanced problem should be.converted to balanced problem
by introducing dummy source or dummy destination, whichever is required. Suppose, N
{supply =) Za,-'> Zb ; (= demand). Then add one dummy destination with demand
= (Ea, - ij) with either zero transportation costs or some penalties, if they are
given. Suppose (éup'i:ly =) Za,- < zb ; (= demand). Then add one dummy source

with supply = = (Zb; - Za,-) with either zero transportation costs or some penalties,
if they are given. ' ‘“- e

i&fter making it balanced the mathematical formulation is similar to the balanced
T.P. ’

Example 29. A company wanis to supply materials from three plants to three
new projects. Project I requires 50 truck loads, project II requires 40 truck
" loads and project Il requires 60 truck loads. Supply capacities for the plants
P, P, and P; are 30, 55 and 45 truck loads. The table of transportation costs
are given as follows: :

7 10 12 ' -

8] 12 7

4 9 10
Determine the optimal d:smbuuon

Solution. Here total supplies = 130 and total requuements = 150 The given
proble_m is unbalanced- T.P. To make it balanced consider a dummy plants with
supply capacity of 20 truck loads and zero transportation costs to the three projects.
Then the balanced T.P. is '
To .
| Il Hi -

7 10 12 .

From P, 55 -
: 8l 12 7

4 ) 10

| _ _ Py (Dummy) 0 0 ' ol 20

s 50 40 60
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Quantitative Techniques  Using VAM, we obtain the initial BFS as givén below
N v R - R | N
7 wiﬁ] 12 - ¥
NOTES - gf 12 7 . s
S : - 4 -9 10|,
- _ . 0], -0 ]

To find optimal solution let us apply uv-method.

Iteration 1. N
. ' YT [ Ee |
| ) 7| [Go] Jag| ™" 0te
+ . . ’ .' X ) - ﬂ) a
: 8| |12 [ 7ju="° e
CHE I
4 ol |10 %7 ,
R _Je ] o ‘
R P W= —
0 [}] 0 ol ¥

V,=7 V=10 V,=12

:| For non-basic cells, & =u,+v, - ¢;

on=2-6, Ep=-T7, 5, =-2,"Cy=-1, Gg=-3,'@=2,

Since ¢,, is only positive value assign an unknown quantity 8 in (4, 3) cell. Identify

a loop and'subtrapt and add © to the corner points of the loop which is ghown
above. ‘ : :

Select § = min. (5, 20) = 5 so-that the cell (1, 3) leaves the bams and the cell
4,3 enters into-the basis.

Iteration 2.

IS
7 10 12
55]
= 8| 12 7
. I

u,= 0 (Let)

4 gl 19|
il 3 | _
u,=-10 -

0 ol o p
V,=7 V,=10 V=10

For non-basic cells, we obtain |

4= -3 - ‘
1
|
!
i

. Elﬁ ==2, g =-4, & =-5, Esz_=“2’ y=-3,.6,=-3
Since g, <0, the current solution is optimal. Thus the optimal solution is
Supply 15 truck loads. from P, to 1, 25" truck loads from Pto II, 55 truck loads -

from P, to III, 45 truck loads from P, tol Demands of 15° truck loads for Il and
5 truck loads’ for H wﬂl remain unsatlsﬁed

7 Self-Instructional Material
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. 220 SUMMARY ‘ : and
_ pa— y » Transportation Problem
* “Operational Research is the application of the methods of science to

complex problems arising in the direction and management of large systems
of men, machines, materials and money in industry, business, government NOTES
and defence. '

» In decision-making all the decisions are taken through some variables which
are known.as decision variables. In engineering design, these variables are
known as design vectors.

* A solution which satisfies all the constraints in LPP is called feasible solution. )
¢ A solution which is basic as well as feasible is called basic feasible solution.

%
»~_If a basic variable takes the value zero in a BFS, then the solution is said
to be degenerate. ,

s The BFS which optimizes-the objective finction-is called optir;l'al BFS,
+ Transportation problem (T.P.) is generally concerned with the distribution of

a certain commodity/product from several origins/sources to several destinations
with minimum total cost through single mode of transportation.

+ A BFS of ai' T.P. is said to be degenerate if one or more basic variables
‘assume a 2ero valué.fThis degeneracy may occur in initial BFS or,in the
subsequent iterations of wv-method.

* For the degeneracy in initial BFS, arbitrarily we can delete the row due to

supply. adjusting the demand to zero or delete the column due to demand
adjusting the supply to zero whenever there is a tie in demand and supply.

» If total supply = total demand, the problem is called unbalanced T.P.. To
obtain feasible solution, the unbalanced problem should be converted to
batanced problern by introducing dummy source or dummy destination, whichever
-is required. . )

2.21 REVIEW QUESTIONS

1. Obtain the dual of the following LP problems :

@) Maximize z = 4x, ¥ 2x, +x; + 6x,
Subyect to, 6x, — 3x, + x; + 5x, <15,
X ~x; + 6x; + 2x, 28,
Xy Xy X3, %, 20 ]
(b) - Maximize z = 2x, + x,
Subject fo, 2x, + 3x,24,
3x, + 4x, £ 10,
X ¥ Sx,= 9:

x,20,x,20. -

| ) Seif-Instructional Material T8
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(c)

(@)

()

Minimize z = 3x; + 4x, — X3

Subject to, 2x; + 3x, + 5x, 2 10,

' 3x, + 10x; < 14,
x 20, X, S 0, x, 2
Minimize z = l{]xl

Sub]ect to, 3x, + 2x,=15,
Sx; + 4x, = 20,

Xy Xy

Maximize z =,
Subject to, 2x, + 5x; 516,

“ 5x, + 4x, 2 8,

= 0.
+ 15x,

+x2+,x3

10,

unrestricted.in si_gn.
= 2x, + 3x,

x 20, x,50, x unrestricted in sign.

.2, Use prfnciple of duality to solve the following: LP problems :

N

0

(c)

S/t 2x, +x2+x3>6 X, ¥ xy + 2xy < 8B, x,,xz,x320

(e}
S, x,

Sit, x, + 2x, £ 10, x; + x,£6, x; -

. Minimize z = 4x, + 3x,

_ Si, 2x, +x2..40 xl+2x2250 x1+x2235

xl,x220

‘Maximize z = 2xl + X,

X, X, 20

Minimize z =6x, + x, -

Si, 2x, + xy 2 3, 0 ~x, 20, %), %, 2 0
(d)Minimize z = 30x, + 30x, + 10x,

.«

—xzsl,Qxl+x224,x1—3x2_£3,x|,x220 :

Maximize z= Sx, + 2.1|:2

x, 2, x -

2%, < 1

3. Using the complementary slackness condition $lve thie folléwing LP problem:

Sit, x, + 3x, + 4.1:3

4. With the help of the followmg example, verify that the dual of the dual is

the primal.

5. Verify the fundamental theorem of 'duality using the following LP problems;

(@

Maximize z = 2x, -+ 3x, + 6x,
4, Ix, + x, +3x; &

Maximize z = 3x, + 2x, + 5x,

2, xl, Xy %3 2 0.

S/t, 4%, 3x, — %, 20, 3x, + 2x, + Sx, = 18,

0sx <4, x,20,x;50.

Maximize z = 2x, + 10x,

Sit, 2x, + 5x, <,16, 6x, <30, x,, x, 2 0.

-

il



b

.
¥

&) *' Minimize z = 2x, — x, .

S/, x +x,"S 5, %, + 24,28,x,%,20

Use dual-simplex method to solve the following LP problems :

{a) * Minimize z =x, + Sx;
S/, 2x, +x; 2 4, 3x, + 2x,2°5, x;, x, 2 0
® . Minimize z = 2x, + x,
Sty xp + x,2 2, 3%, + 20,24, 0, 0, 207
© Minimize z = 2x, + 35, + 105, "

Sit, 2x, — 5x, + dx, 330,
3k + 2x, — Sx,2 25,

x; + 3x,-+ x, 30,

- Xps Xp0 Xy 2 0. . -
{d) Maximize z =— 2x, ~ x, - 3x,

S - 3x a2 —x =l x — 2, h Xy X, =2, %, >0V
(e) Minimize z = 2x, + 3x, + 4x,

S/t, 3x, + 10x, + 5x, 23, 3x, — 10x, + 9x, < 30;
. X+ 2x, + 13‘24', Xy X, X3 2 0.,
) Minimize z = 6x, + 2x, + 5x, + 3x,
S/, 3%, + 2x, — 3x; + 5x,2 10, 4x, + 31‘3 - 3x, 2'12,
Sxp = Axy txy +x, 210, x,, x5, X5, x, 2 0.
(z) Maximize z ==~ x, - 2x, —*3x,
S, 2 —xy~xy 24, % —x, + 25,58, x;, x, X, 2 0.

* One unit of product A requires 3 units of raw material and 2 hours of labour

and contributes the profit of ¥ 7. One unit of product B requires one unit
of raw material and one hour of labour-and contributes the profit of ¥ 5.
There are 48 units of rew material and 40 hours of labour available. The
objéctive is to-maximize the profit. Calculate the shadow prices of the raw
material and labour.

There are three sources which store a given product. The sources supply these
- products to four dealers. The capacities of the sources and the demands of the
dealers are given. Capacities S, = 150, 8, = 40, S,'= 80, Demands D, = 90, D,
= 70, D, = 50, D, =.60. The cost matrix is given as follows:
To
'p,| o, | b,.| b,
N s | | 3B n| e | ' .

From | S, | 1] 45| | 2
s,| | s | 3| &

»

Find the minimum tost of T.P.

Linear Programming’ .
and ™,
Transportation Problem *
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9. There are three factories F|, F,, F; situated in different areas with supply.
capacities‘as 200, 400 and 350 units respestively. The items are shipped
to five markets M;, M,, M;, M, and M; with demands as 150, 120, 230,

200, 250 units respectively. The cost matrix is given as follows :

Determine the optimal shipping cost and shipping pattems.-.

M,

M,

M,

M, | M

F,

F,

3

2
4
4

5
3
6

6
5
2

4 7
8 8
1 5

Ed

10. Find the initial basic feasible solution to the following T.P. using (}x) NWC,

{b) LCM, and {c) VAM :
® To
D E F H
A 50
) 1 7 ‘5 8 9
From g ' : 90
.10 11 8 4 5
C o 60
. 9 $ 12 5 50w
20 40 7 20 80
th "
To
A B C D. E
1 90
9 10 ] 8 9
i - 20
it 12 5 g 3
From |11 . 50
4 9 i 2 0
v p 50
8 0 3 5 6
80 60 20 40 10 )
§
11. Solve the following transportation problem :
' To
-Dl D2 Dl D4 D$
s ' 45
! 3 5 2 1 3
s, - | 55
2 1 — 4 6 .
From s, 65
5 4 3 1 2|
- } 50
S .- 4] . 6 .5 7
27 42 51 62 33

(Supply from S, to D, and' S, to D, are restricted)




112:

-

13,

14,

15.

At

A transportation problem for which the costs, ongm and avallabzlmes, desnnatlons

and requirements are given below :

!

. Dl D2 D3
o, [ 2 1 2| 4
0, | 9 4 7| 6
o, | 1. 2 9| 10
40 50 20|-

Check whether the following basic feas;ble solution x, = 20, x;, = 20,
= 10, x,, = 50, and Xy, = 101is optlmal If not, find an optimal solution.

Goods have to be transported from sources S, S, and’ S to destinations D,
D,and D,. The T. P. cost per unit capacities of the sources and requlrements
of the destmatlons are given in the following table

D, D, D, Capacity
s, [ 8 s 6] 120
S,. |15 18 i w0
‘_ S, [ 3. 9 10 80
Requilremeﬁt 150 30 50°

Determine a T.P. schedule so that the cost is minimized.

Four products are produced in four machines and thelr profit margins are
given by the table as follows :

P, P, P, { P, | Capacity

M, 10 7 8| 6 40
M, | 5 9 6 | 4 55
M, 7 4 n] s | 6
M, 4 10 7] 8 ] 4

Requirement 35 42 68 55

Find a suitable production plan of products in machines so that the ﬁroﬁt
is maximized while the capacities and requirements are met.

Identical products are produced in four factories and sent to four warehouses
for delivery to the customers. The costs of transportatlon capacities and
demands are given as below

Warehouses
W, W, w, W,
F, ' 200° -
9 6 1 3
L
F, 150
Factories 4 3 g 3 Capacities
F, ' 350
. 7 8 4 6 |
250
F 3 3 10 10
Demands 260 160 340 200

\Linear Programming
and
Transportation Problem

NOTES
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L]

17.

:r.

Is there any alternative solution ? If yes, then find'it.

Startmg ‘with LCM initial BFS find.the optimal solution to the follow1

7.

T P. problem :.

To .
[ 60 -
5 1 2 4 3
1 4 6 ¥
From  |= =2 2 . Supply
ol ) ) w
_ .4 2 3 5 2
- ' 50
] 3 s| . 6 3 7
Demands 42 . 33 41 .52 27

F md the optimal schedule of delivery for numm:zanon of cost of tmnsportatwn. .

A company manufacturing air Goolers has two plants located at Mumbai
and Kolkata with a weekly capacity of 200 units and 100 units respectively.
The company supplies air coolers to its 4 show-rooms s1tuated at Ranchi,
Delhi, Lucknow and Kanpur which have a demand of 75, 100, 100 and 30 -
units respectwely.‘ The cost per unit (in T)'is shown-in the following table:

. Ranchi Delhi.  Lucknow Kanpur
.Mumbai 90 % 100 . 100
Kolkata 50 70 130 . 85

‘Plan the production programmes so as‘to minimi'ze;thg total cost of transportation. .

@)

Subject to, 6y, —

and then set

®

MlmrmzeT = lSy1 - Sy2
y224
- 3y, + Y22
Ty ey 2l _
Sy~ 2,26 . -y
Y ¥ 20 i
W =Y, and w, = — y,=.
*Minimize T = 4w, + 10w, + 9w,

.o Sit, 2w, + 3w, + - : .

(&)

3w +4w2+5w321 _
_ oW S0, w2 0 W, unrestncted
Maximize T == 10wl - l4w2
Sit, - 2w, — BwZS 3
“ —-w sS4
Swy + 10w, > 1

w, <0, w, 20, 7

e -

e e R A e i e i L e e eyt T ¢ S rd b 3 P " ¢ Ak w1 b, e e



A

@ Maximize T = 15w, + 20w, ~ Linear P:;ﬂ'amming
! S/t, 3w, + 5w, = 10, 2, + 4w, =15, Transportation Problem
wy, W, unrestricted. .
(e) Minimize T = 16w; + 8w, + 10w, . NOTES
SIt, 2w, + wy 2 1, Sy + wy S 2, S+ dhwy + oy = 3 }
w, 2 0, w, £0, w, unrestricted.”
2. (@) x, = 5, x, = 30, z = 110.
) (by xl. =4,x,=2, z = 10.
(c)xl=1,x2=l,z'=7. -
e @rem=en=g _
(e) Unbounded solution. ‘
3 x, =0, xz:%, X =-§-, z = 428. . ) )
5 (@ MaJ;. 2i= 32 = Min. T,
(b)) Min. z’= - 5 = Max. T. ) :
6 @x=2x=02z=2(0t-3) _
B x, = 0,x,= 2,252, =2) T
@ x =15x=0,x= §; 2 =30 (it =2
{d) Infeasible solution (It — 3) -
@ % =0,5=2x=02 =6(t-2)
_ N x =0, xq=%, x,.= 0, x4=l%, z‘=%‘i'(n-3) “
® % =2%5=0x=0z=-2(0t-2) ,
_t 7. Shadow prices for-raw material is zero and for labour is five.
8. x,, =30, x, = 70, x,, =50, x,, = 40, x;, = 60, x,, = 20.
Minimum T.P. cost = ¥ 8190. . :
19, Solution 1: ) .
x,, = 150, %, = 50, x5, = 120, xp3 = 80, x, =200, x,, = 150, x,, = 200.
' Solution 2 : " '
x,, = 150, %5 = 50, x5y = 120, x5y = 230, x4 =50, x5, = 200, x3; = 150.
Minimum shipping cost =% 3510. ,
100 'G) (a) Xy, = 20, x;5 = 30, Xy, = 10, xpy = 20; x,, =40, x5, = 20, x35 = 60.
T.P..cost = ¥ 1260. - , '
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(B) x,;, =20, x5 = 10, x;3 = 20, x;, =40, x5 = 50, x,, =

T.P. cost =¥ 1130. - o

c) x), = 40, x,3 = 10, x,, = 20, x,, = 10, x,, = 40, x25

. . . TP cost =T 1170.

A

x, = 10.
T.P. cost = T 1610.

(5) x;;, =70, x;3 =20, x,) = 10, x,, = 10, x5, = 0, Xy, =

Xy = 30.

TP, cost = T 940.
Y () x,, = 60, x,, = 10, %, = 20, x,; = 10, x,, = 10, 5, = 10, x,, =
: . X4 550, :

T.P. cost ='¥ 900,
11. Solutionl:

13 T 15, x4 = 30, x,, = 27, x,, = 28, x,, =32, X35 =

43 = 36..
Solution 2 :
L X)3.= 45, x,, = 27, x,, = 28, .fu = 32, X35 = 33, xp, =
x,, = 30,
Minimum T.P. cost = ? 512.

12. The new optimal solution is x,, = 30, Xy - 10, x,,
Xy, = 10. '
Mmlmum T.P. cost =% 360. , :

13.. x, =70, x; = 0, x;3 = 50, x,, = 80, x,, = 80.
Minimum T.P. cost = T 1900. -

14, x), =35, 5, =5, xp F42, X3, =-8, xpy = 5, x,5 = 60, x, = 4

Total Profit =¥ 1846
15. Solution 1 :

X4 = 160, xp; = 110, x,, = 40,-x;; = 340; x, = 150, x,, =1

Solution 2 -

X4 = 200, x) = 110, x,, = 340, x,, = 150, x,, = 100.
Minimum T.P. cost = T 3550.

16: Solution 1-:

x,=33,x,=27, xz.l;- 42, %3 = 11,20 = 2, 233 = 3, 2y =

. Solution 2 : v e

X, = 30, x,, = 30, Xy =42, x5, =11, x,,=2, X =3, %=

Minimum T.P. cost = ¥ 370.
17. x,, =175, Xy = 95, xN 30, x,, = 75, x,, = 25.
Minimum T.P. cost = ¥ 24750. T s

(i).(a) x, = 80, x, =10, x,, = 20, x3, = 30, X4y = 20, x5, =0,

=-30.

= 60.

= 40,

=10,

40,

= 14,
=6, -

=750, x,, = 10,

= 50,

= 50.
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3.1 Introduction and Mathematical Formulation

3.2 Hungarian Algorithm
3.3 Unbalanced Assignments
3.4 Max-Type Assignment Problems -
3.5 Routing Problems '
3.6 Introduction
3.7 Basic Definitions
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3.10 Odds Method
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3.14 Summary -
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ASSIGNMENT MODEL

3.1 INTRODUCTION AND MATHEMATICAL :
FORMULATION ‘

Consider n machines M;, M,,...., M, and n different jobs I, §,, ..., J,. These jobs
to be processed by. the machmcs one to one basis i.e., each machme will process
exactly one job and each job will be assigned to only one machine. For each job
the processing cost depends on the machine to which it is assigned. Now, we have
to determine the assignment of the jobs to the machines one to one basis such that
the total processing cost is minimum. This is.called an assignment probiem.

If the number of machines is equal to the number of jobs then the above problem
is called balanced or standard assignment problem. Otherwise, the problem is
called unbalanced ot non-standard assignment problem, Let us consider a balanced
assignment problem. '

For linear programmiing problem formulation, let us define the decision variables as

Assignment Model
and
Game Theory

NOTES
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1

.  [1,if job j is assigned to machine "

' - 7|0, otherwise v
and the- cost of proccssmg job ; on machine i as Cy Then, we can fonnulate the
ass1g1:.ment problem as follows : <

13

LY

} PO U . ° e noonw ) . . . .
: ‘Midirnize z=«£2cyx¢ Sy A
i=] fu] *.
¥ ) + A ’
subject to,. lev =1, i=1,2 .,n
- - J“ - . -
(Each machine-is assigned exactly to one job)- .
Zxﬁ = l, j = l, 2_, ewey ”_. LS

(Each job is'.assig_ned exactly to one machine)
. x;=0or1 forall i and j
In matrix form, : Minimize z= Cx
subject to, Ax = 1, -
X, = Oor 1,4,j=1,2,.

where A is a 2n x n* matrix and total ummodular ie., the dctermmant of every
subsquare matrix formed from it has value 0 or I. This property permits us to

. replace the constraint x; = 0 or | by the constraint x; 2 0. This we obtain

Pl

Minimize z = Cx
subject to, Ax=1,x20

-

" The dual of (1) with the non-negativity restrictions replacing the 0-1 constraints
.can be written as -follows -: . .

[V

0

Maxlmlze W= Zu, + Z v;

~ it i=l
subject to,'u, + v, S ¢ Lj=142, .., “n'_
; V, v; unrestricted in signs T4 j=1,2,.

J .
Example 1: 4 company is facmg the problem of ass:gmng Sfour operators to
four machines. The ass:gnmenr cost in rupees in given below

. Machine °
" MMM M T
SRS B e
Operator| I 7 5 -3 2|~
|lmoy 4 e o
, Iy 7 27 7 _6d - : o

In the above, operators I and III cannot be ass:gned to themachines M, and
M re,spgcﬂvefy Formulate the above problem as a LP’ model. ’




1,if the ith operator is assngnedto jth machme - | Assigm:ﬁ!;t Model

Solution. - Let 5= . .
0, otherwise . . .. Game Theory -
=123 4. R .
be the decision variables. . - NOTES '
By the problem, x,, = 0 and x,, = 0. S .

The Lp model is given below :

Mlmtmzez =35x, +Tx, + 4x,4 +.Txy +.5x,, + 3x23 + Zx% :

o 9xyy Fdxyy + Oy + Txyt 2ayy * x4 6y

subject to, ' . N '
{Operator assignment constraints})

Xy it X, + 4™ 1

¥ xzz ot xy =1

SN gt X txy=1

L : +x42+x43+x44 I

(Machine assignment constramts) :
Jc2I +xy tx, = 1 _
z"'xzz"'xsz"'-"az I :
Xpy ToXyy + X5 = 1
Xigtdpy v Xy =1
"x; 2 0 for all i‘and'j.

3.2 HUNGARIAN ALGORITHM “ e E

* This is an efﬁclent algorithm for solving the asmgnmcnt problem developed by the
Hungarian mathematiciari Konig. Here the optimal assignment is not affected if
a constant is added or subtfacted from any row or column of the balanced
assignment cost miatrix. The algorithm can be started as follows :

(@) Bring at least one zero to each row and column of the cost matrix by
subtracting the minimum of the row and column respectively.

. (b) Cover all the zeros.in cost matrix by minimum number of horizontal and

vertical lines: ' - ‘ .

(¢) If number of lines = order of the matrix, then select the zeros as many

as the order of the matnx in such a way that they ‘cover ali the rows

and columns.
(Here An < » means nth order matrix) - :,
(4) If number of lines # order of the matrix, then perform the folldwfng and
create a new matrix ’ .
@ -Sele;c't the minimum element from the un.qu'ei'ed elements of the .
cost matrix by the lines. - L

(i) Subi:ract the uncovered elements from the minimum element.
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It is also to be noted that this coverlng ] B 0 -

is not unique. : : : ;

It is'seen that number of lines = 4 = order | 3 Qe ? ..... 0 ------
of the matrix. Therefore by Step-c, we _ 3 8 i 0-

(fif) Add the minimum clement to the junction (i.é., crossing of the
lines) elements.

(iv) Other elements on the lines.remain unaltered.
(v) Go to Step ).

- Example 2. 4 construct:on company has four engineers for designing.’ The

general manager is facing the problem of assigning four designing projects
to these engineers. It is also found that Engineer .2 is not.competent to design
project 4. Given the time estimate required by each engineer to design a g:ven
project, find an assignment which minimizes the totdl time!

Projects
- PL  P2- P3 P4
El | 6 5 13 2]
Engineers 8 10 4" -

E2
Blw 3 7 3
B4

Solution. Let us first bring zeros rowwnse by subtractmg the respective minima

from all the row elements respectively.

4 3 1 0

0 - -

i 6
7 0 4 0
7 6 4 0

Let us -bring zero colwmnwise by subtracting the respective minima from all the
column elements respectively. Here the above operations is to be performed only

.on.first column,-since at least one zero has appeared in the remaining colurhins.

0 3 ) 0
0 % 0 -
30 4 0
3 6 4. 0

(This=com‘pl'etes Step-a)

Now (Step-b) all the 26508 are to. be H
covered by minimum number of horizontal 0 3 1 0
and vertical lines which is shown below.

can go for assignment i.e., we have to




*l

select 4 zeros such that they cover all the rows and columns which is-shown Assignment Model
below: . , ’ . M%OU
@ 3 1 0 -
e s @ - . NOTES
3 ol 4 0
. 3 6 4 (0] k

Therefore the optimal assignment is

ElsPi,  E2-P3, E3—P2, E4-P4° -

and the minimum total time required = 6 + 4 + 3 + 2 = 15 units:

Example 3. Solve the following job machine assignment problem. Cost data

are given below :

Machines
B 2 3 4 5 6
A 21 35 20 20 32 028
B 30 31 2 25 28 30 -

A C 22 29 25 27 271 2
. Jbs D |30 3 2 26 31 28
o E {21 31 25 20 2. 30

F (25 2 2 25 30 21 'I

‘Solution. Let us first bring zeros first rowwise and then columnwise by subtracting
the respective minima elements from each row and each column respectively and
the cost matrix, thus obtained, is as follows :

- -

? 0 "1 0 o 7 8
7 5 0 3 1 8 -
6 4 4 6 1 0
3 o 0 0 0o -2
0 7 5 0 2 10
3 .4 1 4 4 0 -

By Step-b, all the zeros are covered by minimum number of horizontal and vertical
lines which is shown below : .

-
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Here number of lines # order of the matrix. Hence, we have to apply Step-d. The
minimum uncovered element is:1. By applymg Step-d we obtain the- follomng
matnx '
0 11 1 0 7 9
: 6 "4 0 2 0 8
) 5 - 3 4 5 0 0
3 0 * 1 0 0 3,
. o 7 6 o 2 Ci- _
3 2 3 1 3 3 0 -
- Now, by Step-b,.we cover all thezerds. by minimum number of horizontal ‘and
vertical straight lines. ~ * = ° - - .
= JEEERE SEPRE (T { EERRE PR | SRS (AU L S
- R - RERERY IR | RSN 2 Qoeeee B
. 5 3 4 5 0 0
----- TR S P S of---_-ﬁ:j.
----- [ RYSRRY TRUNY AR YRR |
‘_2. 3 1 3 3 0
Now the number of lines = order of the matrix. So we.can go for assignment by
. Step-c. The asmgument is shown below .
5 ~ = K S
B
k. .J‘- . . - * :‘J

81 Self-Insiructional Muaterigl




{1 o 7 & [@ =2 1

2 3 1 3 3 [ |

The o;it'imal a_ssign?nent is’A—1, B3, Co5, D2, E54, F-‘—>6'. An alternative
assignment is also obtained as A—4, B3, C—5, b2, E—1, F26. For both the
“assignments, the minimum cost is 21 +22 + 27 + 30 +20 + 21 ie, ¥ 141,

»

3.3 UNBALANCED ASSIGNMENTS _

For u;lbalanced or non-standard assignment problem mm;ber of rows # number
of columns’in the assignme;nt cost matrix i.e, we deal with a rectangular cost
matrix.-To find an assignment for this type of problem, we tiave to first convert
this unbalanced problem into a balanced problem by adding dummy rows ‘or
columns with zero costs so that the defective function will be unaltered: For-
‘machine-job problem, if number of machines {(say, m) > number of jobs (say, n),
then create m-n dummy jobs and the processing cost of dummy jobs as zero.
When a dummy job gets assigned to a machine, that machine stays idle. Similarly

the other case i.e, n > m, is handled.

Example 4. Find an optimal solution to an assignment problem with the fallo;aing '

cost matrix :

Ml M2 M3 M4 MS
nlfns s 2 s 6

hd

2 | .15 10 16 10 15
13 6 12 14 10 13 -

i

4| 13 1 15 11 15
5 {.15 6 16 10 6

LY

16 6 15 4 5 12

Selution: The above problem is unbalanced. We have to create a dummy machine
M6 with zero processing time to make the problem as balanced assignment problem.
, Therefore, we obtain the following :

Aszsignment Model
.ond
. Game Theory

NOTES
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n

2

I3
)4
I5
I6

Let us bring zeros columnwise by subtracting the respective minima elements from
each cofumn respectively and the cost matrix, thus obtained, is as follows:

Let us cover all the ze{ros by minimum number of horizontal and vertical lines and is

given belpw :

..........

Now, the number of lines # order of the matrix. The minimum uncovéred element
by the lines is 1. Using Step-d of the Hungarian algorithm and covering all the
" zeros by minimum-number of lines we obtain as follows :

M1 M2 M3 M4 MSM6 (dummy)
13 5 20 5 6 - .0
15 10 16 10 15 0
6 2 14 -0 13 0
13 11 15 1 15« 0
15 6 16 10 6 0 -
6 15 14 5 12 0

7

(= - -~

r

—_ o w1 ot O

10

= b o= O N

0

th v th th

0 .

-

-

0

0

oo o o o

*

T S SR S YRR R0
9 5 2 5 9 0
g T o
7 6 1 6 9 0.
o 1 2 5 0 0
% . H
D Q reee Qe Do Qrreeme Borene O oo dens

'
1
B
[}

-;v ..... Qerene §enenrs 0-snns Qarenn 1
D
0 7 ¢ 5. 8 1
¢ 5 0 5 90
3 ..... Qeene 1 ...... 4 -emen 0'0 .
T 0 _______ S - 1 )




Now, the number ‘of lines = order of the matrix and we have to select 6 zeros
such that they cover all the rows and columns. This is done in the following :

7 [o] & o 1 1
8 4 1 4 3 |E|
'1

b

| 0] 7 o 5 8

) 6 s .[0] 5 9o .o
8 o 1 .4 [o] o
o -0 0 70

Therefore, the optimal assignment is

J15M2, J2-5M6, J3->M1,.J4->M3, J5->MS, J6->M4 and the minimum cost =
T(5+0+6+15+6+35)=T37.

In the above, the job J2 will not get processed since the machine M6 is dummy.

3.4 MAX-TYPE ASSIGNMENT PROBLEMS

When the objective of the assignment is to maximize, the problem is called ‘Max-

type assignment problem’. This is solved by converting the profit matrix to an
opportunity loss matrix by subtracting each element from the highest element of

the profit matrix. Then the minimization of the loss matrix is the same as the
maximization of the profit matrix.

Example 5. A company is faced with the problem of assigning 4 jobs to §
persons. The expected profit in rupees for each person on each job are as
Jollows :

Job

) Persons i 2 I3 J4

- 1 8 78 6 8l

11 55 - 79 65 60

| mm 7 6 6 80
v 8 0 6 7

v |2 w0 7 e

Find the assignment of persons to jobs that will result in a maximum profit.

Solution. The above problem is unbalanced max-type assignment problem. The
maximum element is 86. By subtracting all the elements from it obtain the following
opportunity loss matrix.

Assignment Model
and.
Game Theory

NOTES
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0 8 24 5
72 2%
K223 6

0 16 2 15

14 16 15 2

E

Now, a dummy job J5 is added with'zero losses. Then bring zeros in each column
by subtracting the respective minimum element from.each column we' obtain the
following matrix. :

6 I 9 0 o
317 0 6 20 0
4 4 8- 1 -0
. 0o 9 6 10 0
4 9 0 210 -

Let us cover all the zeros by minimum 'l__lumber of lines and is as follows:
r R

gt g0 -
ve BLomaen s JOTEI Goees Dfeennnn 0 .
) 1“8 10
e Qrens- Qrraenn 6--}--10 ...... o ‘
. 14075 Qorefien 0 oene 20 0mm- 0

e

Since,. the number of lines = order of the matrix, we have to select 5 zeros. such .
that Lhey cover all the.rows and columns. This is done m the followmg v

F
o
e
w
L=

3 [0 & 2

14 14 8 1

0
« I
0 .

L=

4 9 [o] 21

The optimal assignment is

1-J4, =32, 1115, IV-3l1, V—-)J3 and. maxinum proﬂt =T (81 + 79 +86 +
71) = T-317. Hete person IIl is idle.

Note. The max type assignment problem can ‘alsa-be converted to a minimization problem
by multlplymg all .the elements of the profit matrix- by — 1. Then the Hungarian method can
be apphed directly.



) PROBLEMS
1. Solve the following aésignmeﬁl problems:

@ - A B C D E

) I 12 20 20 18 17

)\ 20 12 5 11 8

m (2 5 2 s 9

vV o[B8 U 5 10

‘ v |17 8 9 0 L, 12

& ' Jobs ‘

v S T - T D L
| - T 0- 25, .10 2
B 20 . 15 21 - -2 18
. C neoow 19 15 18 17
Persons D 18 16 20 16 20 21
E -, 21 a5 11 17
F 1 15 19 7, -‘12_- 15 20

2 'A machine tool decides to make six’ sub-assemblies through six contractors A, B,
C D, E and F. Each contractor is to receive only one sub-assembly from Al, A2,
A3, A4, A5 and A6. But the contractors C and E are not competent for the A4 and
A2 assembly rcSpectwely. The cost of each subassembly by the bids submitted
by each contractor is shown below (in hundred rupees) :

Al A2 A3 A4 A5 A6

A 5 1w u 18 13 pe)
B 9 2 18 10 14 1
c | 9 15 11 - yo) 11
D | ®w 1B 9 1 15 0
E | 10 - 11 po) i3 18
F 0 15 2 B3 14

Find the optimal assignments of the assémblies to”contractors so asto nummlze
the total cost.

3. Five programmers, in a computer centre, write five programmes which run successfutly
‘but with different times. Assign the programmers to the programmes in a such a
way that the total.time taken by them is minimum taking the following time matrix;

Programmes

P1 P2 P3 P4 PS5

A 80 8- 65 65 fx!
B 76- 75 0 75
Programmers C 74 73 2 70

D |7 75 71 7B
E 76 6%. 6 75

-

Assignment Model
" and
Game Theory
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Quantitative Techniques . 4. ,Consider the problem of assigning seven jobs to seven persons. The assngnment
' ' costs are given as:follows :

Jobs . ,
I o0 m N 'V VI VO
A 9 "6 12 11 13 15 CIR
NOTES _ B 4B 4. 10 2 15+
- c & 6. 17 .m .15 13 It
" Persons D 0 1 12 15 15 | B
' - E 15 -6 . 18 5. . 10 . 12
' " F 9 18 - 15 0 14 .13 n |
G .1 15 2. 131 7t 20,
. Determin:‘ the optimal assighment schcq:lulé. . _ __ ',
5. Solve the. following unbalanced assignment probléms : ’
. b (@) E - Machines o
. - _ © . ML M2 M3 M4 M5
ceen 12 15 155 13 14
Jobs ' 12 g8 14 It 15 -8
B3 B
14 |08 27 8 .1 1
. . (5) . . ) 'Machir}es ]
Ml M2 M3 M4
n | e 17 . 14, 19
Jobs: 12 |15 16 4 9 |~
1B | 10 15. 9 9
oo -oB 0 13
- I5 15 .9 14, A8 .
7 6. There are ﬁvc-.“;;crators jmd six n_mchines ina mgclzine shop. The assignment cqsts'_
are given in the table below : . : -
- Machine _ . B
© MIL M2 M3 M4 M5 M6
" ) . ‘A 5. - 2 6 8 . 6 |
B |14 9 15 . 9 M 15
Operator . C 8 12 12 10 8 5
, o D |'u Bon 6 9 14
: E 8 9 1B - I
T Operator A cannot operate machine M2 and operator E-cannot operate machine MS5.
' Find the optimal assignment schedule.
7. A batch of 4 jobs can‘be assigned to 5 different machmes The setup tlme for each, :
Job on. various machmes is gwen below.:
‘Machine
1 2. 3 4 5
j . n 3 9 6 5 6
2 |4 5 5 7 4
S lobs I3 5 5 3 4 " 4
)7 6 8 4 5 5

. 88 Sglf-lnstrué!iongf Maten'al‘ R . . =




10.

.+ A construction company has to move six large cranes from old construction sites

Find an optimal assignment of jobs to machines Which ‘will minimize the total setup

=

" Assignment Model
* _and
Game Theory

to new constructlon sxtes The distances (in miles) between the old and the new: o

sites are given bclow= e
New sites- .
A B ¢ D. E
) I 12 9 g, 1 a
o | 10 g 1
Old m $ 1z 7 .6 9
L sites IV 9 8 1. 10
y v |w 9 9 &
-, '\'/1 S AT 7.8 .9

Determine a plan for movmg the crancs such that the total ‘distance involved in
the move will’ be minimum,

A company wants to assign five salespetson to five, different regions to promote
e product. The expected sales (in thousand) are.given below :

- Regions .
- . 1T I H N, V
St 27 54 37100 85
.2 | s 6 s Twm  n
Salesperson 83 | 2, % M 8 8
4 | % & w-os |
s | 2 6 4 & s

Solve the“above. assignment problem to find the maximurh “total expected sale.
A company makes profit (T} while processing different jbbs on different machines

(one machine to one job only). Now, the .company is:facing problem of. ass:gnmg N

4 ma.chmes w5 Jobs The proﬁts are estimated as glven below":

- “Job . >
S n.. n B n 57 i,
A s a2 is| 7
: ‘ B . e 3 15|
. Machine € |.20 16 " % -7 18
i D 15 8 2 27 15

+  Determine the optimal assignment for maximum total profits.

= ANSWERS
(2) 1A, IE, TI-D, IVHC, VB, Min, cost = 38. M
b A-J6, B—>12 C—J1, D—13, E-15, F—J4, Min. cost = 9_1.

- A—A2, B—A4, CoAlL D-oAS6, E-A3, FAS

A—A2, ByA4, CoA6, D—A3, EAl, FaAS
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-

A=A2, BorAd, Co A6, D—A3, FoA5, E-Al

'For each assignment, min. cost = ¥ 6300.
3. A-P3, BP4; C—PS, D-PI, EoP2’
A—)P;I-, B—P3, C—P5, D-»P1, E=P2
"Min. ‘total time = 342 units. - ?
4, A=V, B0V, CoIV, Do, E=II, FoVI, G-Il
A-VIL-BV, Co1V, DoV, E-ILL F=l, G-I
A, B3V, ColV, DoV, E-II, FoVII, G-Il
Min. total cost = 73. .
5. (a) J1oMi, JZ-&MS F3aM4, J4oM3, M2 is 1dle
_ Min. total cost = 39.
(&) JN2-M4, J3—)M3 J4—-M1, JS%M2, J1 is not prodesscd.
. Min. total- cost = 3%
6. A-MS5, BHM2, CHM$6, DrM4, E—>M1 M3 s idle.
Min. total cost = 36.
1. J1=], 1295, 1393, 1454 : ' -
191, 255,334, 1453 o .
Min, total tiime = 15, Machine 2 is-idle.
8. ISE A, IV-B, VosD, VISC.
Min. total distance = 37 miles '
Crane II is not moved. _
9. S1IV, 521, S3-511I, S4-311, $5-35, Max. total profit = ¥ 40200.
10. A—J4, BoJ2, CoH, D=3, Job J5 is idle.
Max. total profit =¥ 114.

»

3.5 ROUTING PROBLEMS

There arg various types of routing problems which oceurs in.a network. The most
widely discussed problem is the ‘Travelling Salesman Problem (TSP)’.. Suppose

 there is a network of n cities and a salesman wants to make a tour i.e., starting

from a city 1 he will visit each of the other {# — 1) cities once and will return to

city 1. In this tour the objective is to ‘minimiZe either the total distance travelled

or the_ cost of travelling by the -salesman.

-

(a) Mathematical qumﬁlation _

Let the cities bé numbgred as 1, 2,...., n and the distance matrix as follows;

From™ .~ . .

< 1 dyi dip---- d1n

- 2V dyy dyy - d2
D= | ..

N _d?ll . dﬂz """ dﬂn_



Generally an infinity symbol is'placed in the principal diagonal.elements where
there is no travelling. So d,; represents the distance from city i to city j (i = j).
If the cost of travelling is considered then D is réferred as cost matrix. It is also
to be noted that D may be symmetric in which case the problem is called ‘Symmetric
TSP’ or.asymmetric in which case the problem is called ‘Asymmetric TSP’

Let us define the decision variables as _@ows :

1, if he travels from city i to city
Xy = 0, otherwise

where i, j=1,2, ., n

Then the linear programming formulation can be stated as follows :

XY 4%

-Minimize z =

) i=t j=1
Subject to, D=1, j=1,2, .0
2 par ’

-

Yxy =1, i=1'2, .. n
i=]

O.or 1 forall jandj=1,2, .., 7

and x = (x,)'is a tour. '

-

b
il

The above problem has been solved with various approaches e.g., Graph Theoretic
Approach, Dynamic Programming, Genetic algorithm etc.

“The above probléemlooks like a special type of Assignment problem: Consider a
4 x 4 assignment problem and a solutionas 1 — 4, 2 -3, 3 - 1, 4 — 2 which can
also ‘be viewed as a tour i.e, | —4 —2 — 3 — 1. If the solution is 1 — 4, 2 — 3,
3 =2,.4 -1 then this consists of two sub-tours 1 —4 - 1,2 -3 — 2,

Hers:one aigorithm known as ‘Branch and Bound” algorithm is described below :

".(b) Branch and Bound Algorithm for TSP

(i) Ignoring tour, solve [D] using Hung'z;,rian Algorithm. The transformed matrix

is denoted as [D,]. If there is a tour, stop, else go'to next step while storfng
the solution in a node denoted by TSP.

«(if) Calculate the evaluation for the variables in [Do] whose values are zero
Le, x;= 0 where evaluatlon means the sum of-smallest elements of the
i-th row and the j-th column excluding the (i, /)th entry.

(iify Select the variable with highest evaluation, say Xy If there is a tig, break
it arbitrarily.. The variable X is called the branching variable.

(iv) Create a left:branch (TSP1) with x; = 0. To implement this put &, =
in [Dy)i.e., travelling from city i to city j is restricted.
Set [D]“ = transformed [Dg] and goto step (7).
(v} Create a right branch (TSP2) with x; = 1. This means$ the salesman must
"_visit-city j from city i. To implement this take [D,] of the parent node.
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Set [D]'= wransformed [D,] and goto step”(i).

'thg.

*

@

&)

-

Delete the i-th. row and J-th column and put d; =

subtour}.

-

w (to prevent &

There | may be a situation arises in step 0 where further solution is not possnble

then we shall stop lhat branch.

There may be multiple tours. We shall select the todr with - minimuny dlstsnce or
{t.ravcl!mg gost. .

A{c} Calculato total distance (TD) from the gwen [D] which increases with the level
- of the tree.. T : '

T

Example 6. ‘Solve the Joliowing. rraveh'mg saiesman problem .using bmnch
and bound algar:thm : -

-

LY

Solution. Let us apply the Hu:nganan Algonthm on [D] and obtam the following

" matrix :

The solutlon Is 1=~ 2 2 -
3 -4-3, Thetotaldistance(TD) 3+3+2+2

“Then we have to ‘calculate the evaluatxons for the vanables havmg the value zero

v N
. Fro 1
-7 1w
2|3
b-= 3|6
- R

th B Wy

" ;
3 4
6 5 )
5 8 ‘ .
o2 ¢

" 1 2 3 4
1 [ @3 |2 _
. T2 O] - 2 |s N
D=3 43| |@® . :
a3l s |l@®] » w

1,3-4,4- 3 ie., there exlsts wo subtours 1 -2 =,

10 units.

in[D. - . .
- . Variable Evaluation -
s x].2 N - 2 +:3 =5 - rl -
~ N ] Xy, 2+3=5 -
- ) - x34 ) ' 3 + 2 = 5-(
- "Xp 3+2=35

N N .. : . * i . R .
Since there are ties in the values, let us select X, as branching variable.

Subproblem TSPl

Let X, =0= Put d,, = in [Do] and obtam

T

L}
-

AR

-

g
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1 2 3 4 )
-1 -. w ‘t‘.D 1: @ . f.!'-e-.‘
2 @ o | 2°F% STt e
; - Apply Hungarian Algorithm
s[4 |©® || o0 (Apply Hungarian Alg ) J
: AT
'I'hcsol_utlon is1-42-1,3-2,4-3je,1-=4-3-2-—1 which is a tour _
‘and TD =5 +'3 + 5 + 2 = 15 units from [D]. T
Subproblem TSP2 - H : A
. Letx,, =1 = Delete row 1 and column 2 from [D&]*’ancifpm dm";%‘to prevent | .
- subtour. The resultant transformed matrix is obta,in'éd as follows :
R - ) .
‘.- ‘ "; ‘oo’ 2 5
B4 |0 ' :
.4 3 0 o
i , '
1 3 4
2| @] 3 .
- 3| 1 | = |.©@ |[(Applying Hungarian Algorithm)
4 @ 0 ‘oO" )
The solution is 1'=2,2 3,3 -4,4—1ie, 1 —2—3 -4 -1 which is a tour
and TD =3 + 5 +'2 + 5 = 15 units from [D]. The above cilculations is presented -
in the following tree diagram : ’ :
. - (TSP) {I-2-1,3—4—3} TD= 10 units
i-2-3-4-1- ~
Tour and TD = 15-units '
Since, there are two tours with same 1D, the given problem has two solutions

- - ‘Self-Instructional Material 108
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|" GAME- THEORY

3.6 INTRODUCTION

The mathematical theory of games was invented by-John Von Neumann and
Oskar Morgenstern (1944). Game theory is the study: of the ways in which
strategic interactions among rational players produce outcomes-with respect 1o
the preferences (or utilities) of-those players, none of which might have been
intended by any of them.

Game theory has found ils.applicatio;is in various fields.such as Economics, Social

* Science, Political Science, Biology, Computer Science etc.

The famous example of a'game is the Prlsoner s Dilemma game. Suppose that .

the. police-have arrested two people whom they know have committed an armed
robbery together. Unfortunately they lack enough admissible evidence to get a
jury to convict. They do, however, have enough evidenée to send each prisoner
away for two.years for theft. The chief i inspector now makes the following offer
to cach prisoner. If you will confess the robbery implicating your partner and. he
does not also confess, then you shall go free and he will get ten years. If you both
confess you "shall each get, 5 years. If neither of you confess, then  you shall each
get two years for the theft.

-

' 8.7 BASIC DEFINITIONS . -

We assume that players are, economically rational i.e., a player can (i) assess
‘outcomes, (u) choose actions that.yield their most preferred outcomes, given the
actions of the other players -

(i) Game : All situations in which at least orie player can *only act to _maximize

his utility through anticipating the responses to his actions by one or more other =

players is called a game, -
(i) Strategy : A strategy is a possible course of action oﬁen to the player.

(iéii) Pure strategy : A pure strategy is defined by a situation in which a course
of action is played with probability one. ) -

(iv) Mixed strategy : A mlxed strategy is - defi ned by a situation in whlch no
course of action is taken with probab:llty one. {

(v) Payoff matrix (or Reward matrix) : A payoff matrix is an array, in which any

-(i, Nth entry shows the outcome. Positive enlly is the gam and negative entry is the loss
. for the row-player. . .

-

Matrix games are referred to as ‘normal form’ or ‘strategic form’ games, and
games as trees are referred to as ‘extensive form’ games. The two sorts of
games are not equivalent. . -



» -
(vi} Mazximin criterion : This is a criterion in which a player will choose the
“strategies with the largest possible payoff given an opponent’s set of minimising
countermoves. )

(vii) Minimax criterion : This is a criterion in which a player will choose the
strategies with the smallest possible payoff given an opponent’s set of 'ma'fimising
countermoves.

-

(viii) Saddle point : If a payoff matrix has an entry that is simuitaneously a

maximum of row miniina and a minimum of column maxima, then this erfry is,

called a saddle poifl’t of the game and the game is said to be strictly determined.

(ix) Value of the game : If the game las a  saddle point then the value at that

entryfis called the value of the game. If this value is. zero then the game is said

to be fair. :

(x) Zero-sum game : A zero-sum game is a game in which the interests of the

players are diametrically opposed i.e., what one player wins the other loses. When
» two person play such  gamie then it is called two person zero-sum game,

In. this-chapter,.we shall consider only matrix games. )

Note. If in a game the total payoff to be divided among players is invariant i.e, it does not
depend upon the mix of strategies selected, then the game is called conqt;:nt-sum game.

W
T

3.8 TWO-PERSON ZERO-SUM GAME WITH PURE
~  STRATEGIES

To identify the saddle point and value of game the following ‘procedure to be
adopted on the payoff matrix ; ,

(i) ‘Identify the minimum from each row and place a symbol * in that cell/
entry. .
Take'the maximum of these minima.

(3t): Identify the maximum from each column and place a symbol x in that
cell/entry.
Take the minimum of these maxima.

(#ii) 1f both the symbols * and x occurs in a/an cell/entry, then that cell/entry
is called saddle point and the value in that cell/entry is called value of
the game (v}.

Also v = Maximum (row minima) = Minimum (column maxima). There-
. may be more than one saddle point but the value of the game is unique.

Example 7. Solve. the following game :

: Plgyer B
- Bf B2 B3 B4
Al| 1 5 4 2

Player4 42} 2 | 3 5 3
. A3 3 4 5 3
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Max. (Row Min.) ‘= 3, s

: In thc above game, there are two saddle pomts at’ (A3 BI) and (AS -B4).

' Sclution. In the .given game, player A has 4 strategies and -player B has 5
‘strategies. The calculations are dlSplayed in the followmg table :

,The value of the game is 4.

_and the optimal strategy for player B is. B2.

Solution. The calcul_atio.lgs are 'clispla)_(_eq in the following table :

o Pl.ayerB :
- Bl B2 B3 B4
- Al 1+ | sx| 4 | 21

Player A A2[ 26 | 3 -f Sx| 3x{2 -~

< A3 x| 4| sx | 3ex|3
Max" ™3 "5 -5 3

Min. (Column Max) =3

Thc value of the game is 3. Here the-optimal strategy for player A is A3 and the
optimal strategy for player B is Bl and B4 -

Example 8. Determine the so!utmr_:\. of the following gar};e T L
_ ‘Player B .
Bl B2 B3I B4 BS -
. B Al 0 i 7 8§ 2. -
P:::yerA “le [ 5 A L
43177 3 2 11172
a7 41| 4] s

S Row
BI B2 B3 B4 BS g

arpox | [ 7x[8x ]2 Jo d
42| 6 | a*x|'5 |35 4* | 4

' W

i A3[ 7% | 3 2 |1* |2 [ L -

A3 e | ax 1l 4 7 sx b -

"Col.Max. 7. 4 7008 5

* Max. (Row Min) = 4, Min, (Col Max)=4, -
In. thls game there is one saddle pomt at (A2 BZ) _ : -

The optimal strategy for player A is A2

-

A




= - s P

| 3.9 TWO-PERSON ZERO-SUM GAME WITH MIXED

STRATEGIES - "
Consider thc following game " -
CT E . PlayerB . ' :
- o 1 ) S . .
I § an a12. ".
Player A — . -
I asy a2 :

If this game does not have saddle point, then we assume that both players use
mixed strategies,

Let player A select strategy I wnh probability p and strategy IT. w:th. prdbab:hty

.1 -p Snppose player B select strategy I,-then the expected gam to player Ais

given by a, p +ay (1 -p) .

" If player B select strategy II, then the expected gam to_player A is given by

ap,. P + a3 (l P)

-

~ The optimal pian for player A requires that its expected gain to be equal for each -

strategies of player B. Thus we obtain
a8y ptay (1=p)y = a,p+ay(l—p) -'«;v__

=

. a4y — a4y
. (“11 + azz) (ay +ay)

F

Similarly, let player B selects Strategy I with probability g and strategy I with
probability 1-g. The expected loss to player B ‘with’ respect to the sh’ategles of
player A are
' @), g+ ay, (1 - g).and a,, ¢ 'i'.fzz (1 . q)
ﬁy equating the expected losses-of player B we obtain

P ay = ;.
' (‘31!"‘“22) (ay + ay) ™

w

w

The value of game v is found by substituting the value of p in'one of the equatlons

* for the expe_cted_ gain of A and on _s:mphﬁcatlon we obtain

Gy) 8y — @y &)
. (a“ + azz) (ap+ay)’
Example 9. Determine the solution of the following game :

) Player B
~ Bl B2 _ .

Al | 3 i
PiayerA
A2 2 4 |

Solution. Clearly the given game has no saddle pomt So the players have to use
mixed strategies. : :

= Lo

, : ) Al A2 }
Let the mixed strategies for A as S, = .

e

A P

- " - - =
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where ) P, = 1-p
_ _ o Bl B2
and the mixed strategies for B as §; = o g
. . 1 2
where g, = 1-g¢
o 4-2 2 1,1
Pr T GBia-(e2) a4 2T TRT
R ) B NP |
.- T BYa-(v2 & BTITETY
12-2 105

YT Gra-(+2) 4 2

) » . Al A2
Thus the optimal strateg¥ for‘__A is§, = 72 12

T Bl B2
and for B is Sz = 34 14 )

‘and the value of the game is 5/2.

3.10 ODDS METHOD

* This method can be used only for 2 X 2-matrix games.-In this method, we ensire
" that sum of column cdds and row odds is equal. -

| Finding out Odds

Step I. Take first row and find out the difference-between values of ‘cell -

(1, 1) -and that of cell (1, 2) place this value in front of second row on
right side. -

Step II. Take second row, find out the difference between the value of cell

@, 1) and that-of celI (2, 2): Place it in froat of the fitst row on the

right side.
Step III. Take first column, find ot the difference between the value of cell

(1, 1) and that of value of cell (2, 1). Place it below the second column. ~

Step IV. Take second column, find out the difference between the value of cell
(1, 2)-and that of the value of cell (2, 2). Place this value below the
ﬁrst column..

Example 190. “Consider a modified form of “matching biased coins” game

.problem. The matching player is paid T 8 if two coins turn both heads and

T 1 if the coins turn both tail. The -non-matching player is paid ¥ 3 when the
fwo coins do not maich. Given the choice of being the matching or non-
matching players, whrch one wouid you .choase and what would be your
stra!egy9




L 4

Solution. Let us prepare the pay-off matrix.
' i Player B

JEINEN
+PlayerA| H 8 @ oo
Let us see if the saddle point exists. Minimum of row one is -3 .and similarly.
minimum of row two is also -3, a circle has been put around these figures.
Maximum of column is 8 and that of column 2 is 1.-A square has been put around

these two figures. There is no value, which is the lowest in‘its row and maximum
of its column. Hence no saddle point exists:

“ T

So, both the player will use mixed strategy.

- Use of Odds Method

Player li
" B, B,
H T Odds
Player A A, ‘ 8 ~3 4
A, -3 1 1 :
QOdds 4 1t

(a) Take first row — difference between the ceil A, B, and A B,
8-(3)=8+ 3 = 11 place it in front of second row.

Take second .row — dlfferencc between the cell A} B, and A, B,
—3—1——4(1gnore51gn) k

Take first:column —3 ~1 =~ 4 (1gnore sign)

Take second.column 8 (- 3)= 1

(b,

(©)
(d)

Value of the Gamé

For finding out the value of the game, following formula is used:

- <

) Plﬁyer B .

B B, B, 0dds

Player A A a, a, (b, - b)) .
Al b, by (@, - a)
0dds (a,- b))  (a,~b,)

. _ a—b)th(a—a)
Value V = L
e (b—by)+(a,—a)
Probability of A, = b b =
ability of Ay = G bt (a—ay) 2 (b= b2)+(a, a)

k0
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a; b = a;— b

4 H = T ,B
A O ST YOS N R I
o £ oy S
S ) : -4 EpE L
=T A, = — ’
Prob’aﬁllltles of A, 157727 T3 . .
S 4 ‘11 -
Probabilities 6f B, = E;,BZ*E- ‘.

.-

3.11 DOMINANCE RULES

(a) For ro_ws‘:-(:') In the payoff matrix if all the entries in 2 row i , are éreater than

.or,‘e’ﬁual to the corresponding entries of-another row i, then row i, is said to be

dominated by rowi,. Int this situation row i, of the payoff matrix can be deieted.”

eg, i,= 1,2, —lj is dominated‘l:;y =(2,2,1) hence (1 -2, -1} can be deleted.

. {#) If sum of the entries of any two rows is greater than or equal to the correspondmg

entry of a third- row, thén that third row is said to.be dommated by the above two
rows and hence third row can be deleted. : -

(b) For columns : () In the payoff matrix if all the entries in a column J, are
less than:or equal to the correspondmg entries of atiother column /3> then column
J, is said to be.dominated by column j,. In this situation column Jjy of the payoff
matnx can be deleted

4

N &) 1y . - (2} o« ’
L eg. ='( ] is dominated by j, = (2] Hence (4) can be deleted,

(i) If sum ofi the entries of any two columns is less than or equal to the corresponding
entry of a third column, then that.third column is said to be dominated by the.
above two columns and hence third column can be deleted. .

Example 11. Using the rules for dominance solve the following game :

’ Plgyer B
. 1o
. 15 2 -2
L Playerd JI |2 3 -1

i '3 - -2 3

Selution. The given game has no saddlé point. Let us apply the fules for dominance. -
It is observed thaf column 1 is dominated by column 3. Hence delete column 1.

and the payoff matrix is-reduced as follows : et
1, 1l PR T .
1 2 2 .
N nf3 -

-



‘Ag_ain, row 1.is dominated by row 2. Hence delete row 1 and the payoff matrix
is reduced to a 2 x 2 matrix. i m .

I 3 -

m |2 3 .

i ’ (1 O my -
Let the mixed strategy for player A be §, = Eo } with p, = 1 — p, and
the miixed strategy for player B be . A P

(1 ouom -
| Sp = 0 @ 4 ~with ¢, = 1 — g,
_ 3-(=2) _5 __4
PL T G-y 9.7
o 3-¢np_ _4 _5
. U~ Bea--1-2) 9879
9-2 7
. - -

B+3)-(-1-2) 9

Hence the optimal mixed strategies are .
1 0 m: . .
Sx = o s/9 a/9)

o omy
Se = lo 479 s5/9)

v = 19
Example 12. Svive the following g;ame: .
Player B
I nomw.
I l4 3 0 3
Ir |3 4 3 0
Player A
v AR/ B B 3 4 3 '
0 5 4 4 .

v

Solution. The given game has no saddle point. Let us apply therules for dominance
to reduce the size of the payoff matrix. It is observed that row II is dominated by
rowJII hence fow [ican be déleted and the payoff matrix reduces as follows

I I IV

[
=
S B W =
L)
-
La

s 4 4| .
It'is observed that column III is dominated by column L. 'f:Ience column I can be
deleted, -Also it is observed that column I is dominated by column IV. Hence

column’IV can also be deleted. -Hgnce the p-ayoﬁ' matrix reduces as follows :
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-
.

1T v
imi3 0 to
- mija 3 | '
. W lo 4 .

"Here row Il is domindted by row IIL. Hence row Il can be deleted and the payoff

-

matrix reduces to 2 x.2 matrix.

I IV
- {4 3
' v |0 4
_ , DV \Y
Let the mixed strategies for A be S8, = :
00 p p
with pi = 1-p, _
. _ _ I O_m IV
and the mixed strategies for B be S5 = g 0 0 Py
: with ¢ = 1 -4,
Lo 4-0 4o oL
Py = Gra—(0+3) PTTRTS
. I WU IO B
G T Gra-@+3 BTTETS
16-0 16

T (4+4)-(0+3) 5

1 o0 m IV
8, = _(0 0 475 1;5]’
I 0 W IV
Sy = {115 0 0 4;5] |
_ 16 ‘
and vy = —5-

Note. 'If we add a fixed number x to each element of the payoff matrix, then the strategies remain-

Hence the optimal mixed strategies are

unchanged while the value of the éame is increased by x.

-
-

3.12 GRAPHICAL METHOD FOR GAMES

(a) Let us considér a 2 x n game i.e., the payoff matrix will consist of 2 rows '
and n columns. So player A (or, row-player) will have two strategies. Also assume
that there is no saddle point. Then the problem can be solved by using the
following procedure :

() Reduce the size of the payoff matrix. using the rules of dominance, if
it is applicable. *
i)y Let p be the probability of selection of strategy Tand 1 = p be the
probability of selection of strategy II by playgr A.



-

Write down the expected gain function of playcr A w1th respect to each A”"g"”a‘f;‘ Model

of the strategies of player B., : Gume Theory

(#if) Plot the gain functions on a graph. Keep the 'g'ain function on y-axis and

p on x-axis. Here p will take the value 0 and 1. NOTES

(i) Find the highest intersection pﬁiﬁt in the lower boundary (i.e., lower _
envelope) of the graph. Since player Ais a maxumn player then thlS point i
will be a maximin pomt

(v) If the number of lines passing through the méximin point is only two,
then obtain a.2 X 2 payoff matrix by retaining the columns corresponding
to these two lines. Go to step (vii) else go to step ().

(vi) If more than two lines passing through the maximin point then identify
~ two lines with opposite slopes-and form the 2° x 2 payoff matrix as
described ‘in step (v). ‘

(vii) Solve the 2 x 2 ga1:né '.

1l

Example 13. Consider, the followmg game: ana’ solve it using graphical method.

: PIayerB ) ' - . -
- I o m mw v ) ‘
S R
ayer N
e =2 4 -l 2 1

Solution. It '_iswobgerved' that there is no saddle point. Column V is dominated by
column I and column II is dominated by column IV. Therefore delete column V
and column IIand the payoff matrix is reduced as_follqws D

Player B.
I IV
3 6 -l

Player A
!_{ n (=2 =1 2

o

Lét p be the probgaj:ility of selection of strategy I and (1-p) be-the probability of
selection of strategy I by player A. Therefore, the expected gain (or payoff) function
to player A with respect to different strategies of pléyer_B is givenas follows:

L

« B’s strategy | A’s. expected .. | A’$ expected gain
ge}__in function : r= 0 p=1
I . 3p42(1—p)=5p'—2 : =2 - 3 _
11 bp-(1-p=7p -1 S B 6
: v ' p+2(l-p)=-3p+2 2 -1
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Quantitative Techniques ~ Now the A’S expected gain function is plotted in Fig: 3.1. It is observed that line
I and IV passes through the highest point of the lower boundary. Hence, we can’

form 2 x 2 payoff matrix by taking the columns due to I and IV for player A and
_it'is displayed below. :

.6‘
F 5
- 4
- 3
L} L 2
- F 1
0'-'_{I.p=1
=1 -
22
Fig. 3.1
- . Player.B
L I IV‘A - ﬂ/ s
3 -1
" Player A
om0 2
) ) ) A A W | | o
Let the mixed strategies for Abe S, = K =~
. ) PPy
with | P = 1-p
nd th h'ed ies for B be S (I o m v \7]
and the mix strategies for c = .
- | ¢ B” g 00 ¢ 0)
with 4 = 1-4 R
Therefore, -~
v 2 -(-2) I : 1
- = - =— =] - =—
Py = Gan-cloz) 2T AT,
| 2-(-) 3 5
) = = 1“ = —
: W= @en-(-1-2) § BT TH7R
-F . X 6 2" _l -
_ T B4 -(=1-2) - 2
. The optimal mixed strategies for A is )
: _— (1 1
. | 8a = vz 112)
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the optimal mixed strategies for B is i ' Aasigumr Model
T . X H ) ]
: 1 I m w v . ‘Game Theory
" S8 7 (38 0 0,58 0

1~ e . ’ NOTES
2° . . “

(b) Let us consider a m x 2 game i.e., the payoff ‘matrix will consist of m rows
-.and 2 columns. Also assume that there is no saddle point. Then the problem can
. be solved by using the following procedure

and - value of game =

@ Reduce the size of the payoff matnx using the rules of dominance, if it
is apphcable

(7)) Let g be the probability -of .selection of strategy I and 1-¢ be the T -
probability of selection of strategy II by the player B

Write.down the expected gam function of player B w1th respect to each
of the strategies of player A. ’

(iiiy Plot the galn‘_functlons on & graph. Keep il:;e gain function on y-axis and
* g on x-axis, Here g will take the value 0 and 1.

(iv) Find the lowest intersection pomt in the upper boundary-(i.e., upper
N envelope) of the graph.” Since player B is a minimax player then this
‘ point will be a minimax point,

(v) If the number of lines passing through the minimax point is only two,
then obtain a 2 % 2 payoff matrix by retalmng the rows corresponding
to these two lines. Go to step (vii) else goto step (vi).

(vi) if more than two lines passing through the minimax point then identify -
= two lmes with opposite slopes and 'form a 2 x 2 payoff matrix as
described in step (v).

(vii) Solve-the 2’ x 2 game. _

[ Example 14. Consider the following game and solve it using graphical method.

. Player B - ' )
. r - 2. -
I 2 1
Player A a ! 3
ma | 4 =i ~
w5 =2

‘ “ Solution. The given game does not have saddle point. Also it is observed that none
of the rows can be deleted using the rules of dominance.

Let ¢ be the probability of selection of strategy 1 and 1 - g be the probability of
selection of strategy II by player B. Therefore, ‘the expected-gain (or payoff)
function fo player B with respect to different strategies of player A is given below:

-
n

Self-Instructional Matetial 115

~




Quﬁnﬁta,tim Technigques

NOTES

118  Self-Instructional Material

A’s strategy | |- o B’s expected .B‘s__expebted,gfiin
' ggin function g=0 g¢g="1
e 1 q+A-g=qg+1, 1 2
‘ I q43a—qy=4§+g T3 b
I g 4g-0-g=5¢-7 -1 4
v 5¢ - 2(1- ¢y =79 -2 -2 5

I

lf\Iow the B’s.expected gain function is plotted in Fig._31;22:.

Itis. observed that the line II and IV passes through the lowest point of the upper
boundary. Hence, we can form 2 x 2 payoff matrix by taking the rows due to II

and IV for player B and it’is dlsplayed ‘bélow :

[N

Playcl B
I 1
I 1 3
- " Player A
' w2 -2
L ) o I T m v
Let the mixed strategies for A be S, = :
R . . 0 pn 0 p
with p,=1-p
< . 1 IIY -
and the mixed strategies for. B be Sy =
p : @t 4@
with q2.= 1-g, g
5
¥
{3
2
>
-1
0.q=
$e1
1-2
/ ' Fig. 3.2
' - ~2-5 7

Therefore, PL = o e wTok=l-p=

(=-2)-{(+3) 9
—2 3 _3

g9 = T a9 e a= 1 4 =

(1-2)-(5+3) 9




i S2eds

E me
(1-2)- (5 +3) 9 '
- The optimal mixed strategles for A is ‘ ~
| I 0 m v
- Sa = lo we o 9
~ the optimal mixed strategies for B is :
a‘\ I‘ I H z ) ._.\ . l
. S = 519 419 and value of game’ = 5

3.13 LINEAR PROGRAMMING. METHOD FOR GAMES

The linear programming method is used in solving mixed strategies games of dimensions
greater than (2 % 2) size: Consider an m x n payoff matrix in which player Alfie,
the row player) has m strategies and player B (i.e., the column player) has n strategies.
The elements df'-pajmﬂ‘matrix be {(ay) si=L2, . ,mand j=1,2,. n} Let p, be
the probabjlity of selection of strategy i by, player A and g, be the probability of |
selection of strategy J by player B. :

LPP FOR PLAYER A

B's strategy Expected gain function for A
b | Zéil Pi
=t '
2 > ayp;
R ’ =l
o, Z%P;
) iml

~Let

Min‘-{z A Py Zda p;'""’ Za‘" H} |
t o+ T i )

Since the player A is maximin type, the LPP can be written as follows : .

‘Maximize v
Subject to, Dap v
Zafzpi > v
i
_____ i
Zal'npi Z L4 B
potp,t +p, = |
allp, > 0 - '

= Maximize v

Assigniment Model
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- and | ' X,

LPP FOR PLAYER B

Zfzﬂ_(pf vy > 1.

Subject to,
i
Yaxp/v) 2 1
.i" 7 =
Yaupivy > 1
~
F P, -
BBy o Bn 1
v ¥ v
all p;ix2 0
Set - PV = x,i=1,2, .., m Therefore
- . 1
Maximize v = Minimize (;) T
= Minii‘nize(&+£i+ ..... «&5"—)
- M \ 14 v v
Py = Minimiz?;_(xl + x4 +x)
Subject to, "~ Z“ﬁ %oz 1
. . = ;
Z"iz x5 > 1 -
i . .
zar; X > 1

Lo,
A

v

| ‘A’s strategy . Expected loss/gain function'to' B

T L ' . Z'au q;

A n _
2 Z"zf 9

. - TS |
m ' Z“mj 4
L . Lo .
Let Y =;N_Iax. {-Zalj ‘L"-‘Zazj q; ,:'----'---.Zaw-‘qj]u
' i J i .

-

s

Since the player B is mini'm{ax typ]é, the LPP can be written a; folléws :

Minimize ,
Subject to, * Zau 9 < w .
" j —~ -
Yy < u
J N : ;
- Zan'lj é_; < u ' s

ES

o



'_q]+q2_+....+qn=l Y
all q; 2 0
= Minimize u ' -'3:-5
- X : t. . 3 s
Subject to, Z“U (q), fju) <.1 E
- .. }_ ) - e

o -u u
all . qjﬁ-O _
. Set ' q/u = yJ, l, 2, ..., n. Therefore
_..,- < "Minimize u = Maximize (;)
= Maximize (ﬂ+g1+---+q—"J
u u u )
! = Maximize Oyt .t )
Su_bjectto, zaljyj < 1
. : j n
2y <
. 7 N,
Zamjyj < 1 s
j .
and : ¥ 20, j=1,2.,n

Note. 1. In the above approach we may face two problems. Value of the game may be zero
or less than zero: First case constraints will become infinite and in)the second case, the
type of each, constraint will ‘get changed. Therefore to obtain a non-negative value of the
game, a constant ¢ = Max. {abs. (negative values)} + 1 is to be added to each elements
in the payoff matrix. The optlmal strategy will not change. However the valie of the original
game will be the value of the new game minus constant.

2. The above LPP formulanons for player A and B are- pnmal-dual pair. So solvmg one
problem, we can read the solution of the-other problem from the optimal table.

-Example 15. Solve the ‘foliowing game by linear programmmg technique -
: PlayerB

Playerd |-1 1 2.
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Quantitative Techniques- Solution. The game has no saddle po.int':, Since the payoffmatrixhq; negative values,

. ) ‘let us add a constant ¢ = 2'to each clement, The revised payoff matrix is given
below? - -7 _ ;
PlayerB .,
NOTES . 11 3] .
) Player A 1 3 4
JEPR ' 303 1] :
) . Let the strategies of the two players be )
_ : BN I ¢ my _ (I 0 I A
T | L ST (p: 2, ps]’ %= (ql' g qs]
e where 'P; + Py + P, -2—;;1- and ¢, + g, + g, = 1. . ’
| The LPP for player A: " '
. ) ‘ Maximize v = Minimize ‘1’ =X x4 X ¢ ~
Sgbject to, x| +‘x'2-+ 3x, = 1
' x;+3x,+3x; > 1 ’ " ‘
3 +dx, +x; > ]
' Xys X3, X3 20 N
- ' where ' x; = pvji=1,2,3
The LPP for player B: -
. < o o ) 'Minimize ¥ = Maxiinize % =Htty | K’.";_,-
2 Subject to; Nty +dy < L’l
B W +3y+dy, < 1° .
' W4ty <1
= . Yo¥pls 2 0
b - ' where. " y; = 'v‘qj)’u, =123
Let us now solve the ﬁr(ii)lem for player B. - )
i The standard form can be written as follows : |
Maximize 'i' = Nty ¥y +0s+0.5,+0s,
Subjectto, w +y, +3y,+5 = 1
)¢ e N+ tady+s, = l-
. t I+t = | .
-z Vi Vo jg3 > 0, 5,.5,, 5, slacks > 0.

e
s
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* Iteration.1
' oG 1 ‘1 1 0 0 0 | Min.
cg | xp :' Soln. | y, ¥, ¥y 5| .' s, | s, |Ratio-
0 5, 1 1 i 3 1 0 0| 1
0 s, |11 3 & 0 1 0| 1
0 | .55 1 3 3 1 0 0 1 | 1n
1 z - ¢ -1 | -t | -1 0 o | o- 1
B 3, : T
Iteration 2. )
) 1 1 1 0 0| 0 | Min
s | xp Soln. | y, Vs ¥ o 5, s; | Ratio
0 . 213 0 0 8/3 1 0o | anli-3
’1 = \ 18 4
0 | s, 23 [0 | 2 | usl| o 1] -13] 211
iy, w1} 1w o] o[
’ z - ¢, ool o] o]
. T
Iteration 3
¢ 1 1 1 0 0 0 [Min.
| ¢p xg o | Soln. | y, ¥, y3 5 5, 5y |Ratio
0 5| 211 | 0 T|-16/11 ) 0 1| =811 {1/
Ty a0 enir] ¢ | 11 [-vn
1 ¥ | 1 o | o 0 | =111 41
- ¢ o 4 | o | o | 211]31
C 3 . .2 5 n_
S AEp =0, 1 Max. -=ﬁ:>u*=?—v*,
NS ) | 1 ’
* original u* = 5" 2= 3= original v
S o2 .3
Using duality,. n = 0 x = ITHCIRET
30113 ..
; = { = - e—= B = v=1{
Now, q, yl_.__zg. TS P] X
- =0 gy 12
B =ypu =0 R A TR I
. 2 . 1 1 ‘2 — 3 i H — é
" GV S STy PTRYTE TS
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O TR | Y '
S« = Lo 215 315/ .

I 0
S = ; A a_ndv*:l.
B

3/5 0 2/5 5

3.14 SUMMARY

+ This is an efficient algomhm for solving the assignment problem developed. :
by the Hungarian mathematician Konig. Here the optimal assignment is not
affected if a-constant is added or subtracted from any row or columin of
the balanced _assignment cost matrix.

*  When the objective of the assignment is to maximize, the problem is called -
‘Max-type assignment problem’. This is éolved by converting the profit
matrix 10 an opportunity loss matrix by subtracting each element from:the -
highest ¢lement of the profit matrix. -

* There are various types of routing ‘problems which’ occurs in a network.

) The most.widely discussed problem is the ‘Travelling Salesman Probiem
(TSP) , - <

* All situations’in which at’least one player can only act to-maximize his
utility through antlclpatmg the responses to his acnons by one or more
other players is called’a game: = )

* A mixed strategy is defined by a s1tuat10n in which no‘course of action is i
taken with probability ohe. ’

* If a payoff matrix has an entry that is simultaneously a maximum of row
minima and: 2 minimum of column maxima, then this entry ‘is called a
saddle point of the game and the- -game is said to be strictly determined.

* If'the game has a saddle point then the value at that entry is called the
value of the game.

* A zero-sum game is' 8 game in which the mIerests -of the players are

dlametncally opposed.i.e., what one player wins the other Joses. When two

person ‘play such game then it is called two person zero-sum game. -

«. The linear programming method is used in solving mixed strategies gaines
of ‘dimensions ‘greater-than (2 % 2) size. o

¥ : s
* -

3.15 REVIEW QUESTIONS

Solve the following travelling salesman probleins using branch and bound algorithm

-

1 s To ‘
- ) 1 2 7 4
1o 10 6 4 i
2 8 o0 5 8 -
i ‘ From = 3 | 9. 5 o 2
.o 4 4 T 10 2 oo

‘%
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Deternine the values of  and b such that the follo

Al

. A2

A3

Bl B2 B3
2 a 3
-3 2 b
1 5 4

wing game is determinable :

6. ~Determine the value of & such that the following game is determinable:

-

Al
A2

Al |

Bl B2 B3
a 1 2
0 -2 a
3 a 1

7. .Solve the folloiwng two-person zero-sum games :

{a)

- A
Player A

1] 2
A2l 5

I

@
I
:Blayer A
o (1]
v
{cy Bi
Al [71,
s
A3 2
© B1
atf o
Az'l 4‘-
A3 4
Ad ) 4
¢ + Bl
At [ 8
A2 |12
A3 |14

Player B

Bl

B2

|

®). .

Player B
Bl B2,

All -1 2
Player A ‘
A2l 3 1 ¢

8. Using the rules for dominance solve the following games .

Player B K (® + "Player B
nom - 1 0 I
o 3 11, 1 [s 8 2]
2 0 s Plgyerh n |8 3
51 -4 m| 7. 2
6 <4 1
B3 B4 @ 1 oD m v
2 i L1 -3 3 2 -5 4
& 5 M |34 7 0 7
T m|o t 4 8 7
B3 B4 BS - .
o o o] : ’
o 2 i
13 2 .
"4 1 2 |
B3 B4 BS '
6 -1, 2]
12 0 4
8 14. 16 )




solve graphically

Player B

I % I |||

14 0 s
Player A I 0 -1
Cootm |20 0 -3

%]

(aj . _ Player B
1 6
< .
Player A [ 4 -3
=5 3
© Player B+
. 2 4
. F
PlayerA | 3 1
- .. 0 2
%) _ PlayerB
-1 2 1
Player A [ 1 -2 1,
2 2 3

a

_10.- Solve the following games graphically : -

- Player B
(@) I nm m
T I 3 8. 5
. Player A 11 6 2 7
m |4 s 6
‘ ®) Bl B2 B3 B4
Al 2 27 3 -1 ]
A2 | 4 3 2 6 | _
. .. I . . . , t'- :
© 8l w2 @) Bl B2
atf2 7 Al =3
A2 |3 -5
AZ 3 5 A3 |1 6
LY
A3l 2 Adle 1
. A As | 2 - 2 -
A6 |5 " 0

11. Solve the following games by linear programming 3

® . PlayerB
o Bl B2
 Plaver A Al |1 . -1
ayer A '
-A2 |22 3
%)) : Playe;rB
-2 ‘3 2
Player A
. 1 L2 5
0 Player B
1 -1 2
Player A | -1 l' —1
2 -1 1

9. Use dominanée .pfol:;érty to reduce 'ghé game. in 2 X 4 game and then

B3

© Assignment Model
and
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() ‘ Player B
S a2 s
. Playera | 6 8.0
9 5 1
12, Two competitive brands rely on advertising for securing a greater shares
~ of the market. They select three media: TV, Newspaper and Mobile
- Phone. The' expected change in their market shares depends on the type
of medla chosen. Consider the following payoff matrix of.brand A:
’ Brand B |
v Newspaper  Mobile Phone
TV{ 3 27 !
Brand A  Newspaper -l 4 .2
Mobile Phone | 2~ 2 6
~ Find the optimal solution for both brands. .
13. An MNC has decided to estthsh a plant in either Smgapore Dcnmark
or India. The degree of competition in the next five yeats is not certain..
The company’s expected return will depend on whether this competltlon
is- wsak mild or strong as shown in the following. matrix:
. 7 Wesk ~ Mild  Strong h
- Singapore [ 16, i3 4
Denmark { 13- 11- 6
India i 9 g
If the company’s managing board is conservative, where,shoulc_f they
decide to estabhsh the plant? '
. ANSWERS
1. 1-4-3-2-1,7TD = 19 units.
2. .1-—4—'5_—3—2—1,TD-=22un1ts.__ ) -
3. 1'-3-5-4%2-1land1-2-4-5-3-1, TD = 16 units.
4. (a) Saddle Point (A2, .Bl), v = 3
(b). Saddle Point (A2, B2),v = |
{¢) Saddle Point (A3, B1) and (A3, B4), v = 5
{d) Saddle Point (A3, B4), v = 11
5. 2<a<5 -3<b<4 [Hiat Ignore a and b_to’ find saddle ‘point]
6. a=1 [Saddle point at (Al, B2)] ' ' :
Al A2} . (B B2}
7. = . X = - = 3.
@) Sa: [112 1!2]" Se (1;4 '3;4)‘ v=33
. ‘Al A2 (Bl B2) 5 °
®) S *(4;’? 3;7]’ S ~[:m '4!7]’ )

L

=
~



- Bl B2 B} | )
@ 5;7 zn BICTERETE 'Y S e

© [ A2 A3} S, =[ Bl B2 ] - % (.m) )
. _

1/2 112 34 1/4

_ (BB BN b
@, "3;3 5!8 %8=ls8 38 o' g O
- Al- A2 A3} (Bl B2 B3} o
© “snz2 sri2 w6 BT 4r9 209 13 VTS
A2 Bl B2 B3 1
. . , v=— (4]
0 219 5/9 2/9) S (2/9 519 2/9] ey G
- A2 A3 Bl B2 B3} ‘
= , V= t
® [2!3 1/3 o]’ % (o 172 uz} V=1 on
A oo )R s s o) 7T
. 2 13. In India with an expected retum of 8. D
. 4

I m v I I m oIV 1
8. (ﬂ') SA ( }SB—[O 0 i _L v=—
, 0 1/2 172 0 0 o) 2
® S [0 om 5 -
= y=
“lass 3!50 B lo 172 12f >
} lA2A3S 31323334‘25'
Y=L
@ lig 778 o 2 20 0fTTH
( [t _f-mom, vV o
) Sa=|, o0 o0 of""
B Al A2 A3A4 Bl B2 B3 B4 BS 13
(e} 0 Zi8s=|g. 9 2 3% , VS
7 3
Al ﬁz %3 Bl .-1;}2 83 %4 BS 20
D Sa=ig 2 31S={g I o 2 Ghv=vy
9, 5. 9 9
9.- s = I m vy s
" PATl38 53 0 o 3;4 174 0772
ﬁ I m I]4
T : 14
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SEQUENCING PROBLEM

[

A sequence is the order in which different jobs are to be performed. When there is a choice
that a number of tasks can be performed in different orders, then the problem of sequencing
arises. Such situations are very often encountered by manufacturing units, overhauling of
equipments or aircraft engines, maintenance schiedule of a large variety of equipment used .
ina factory, customers in a bank or car servicing gara'ge and so on. ”

that the cost (and time) is minimized. The sequencing theory has been developed to solve
difficult problems of using limited number of facilities in an optimal man.ncr to get the best

“production and minimum costs.

1. Job :'These have to be sequenced hence there should be a pamcular number of
. jobs (groups of tasks to be performcd) say # to be processed.

2. Machine : Jobs have to be performed or processed on machines. lt isa facxhty R
which has some processing capability.

3. Loading : Assigning of jobs to facilities and comrmttlng of facilities to jObS wnthout

~ specifying thc time and sequence.

4. Scheduling :  When the time and sequence of performmg the Job is speclﬁcd, itis
called scheduling. ~ . .




5. Sequencmg Sequencing of operations refers to a’ systematic procedure of
determining the order in which a series of jObS wﬂl be processed n a definite
number, say K, facﬂmes of machines. -

6. "Processing Time : Every operation that is required to be perfo:med requires deﬁmte
amount of time at each facility or machine when processing time is definite and

»

7. Total Elapsed Time : It is the time that lapses between the startmg of first job and
the completion of the last one.

" 8.~ Idle Time ; The time for which the facilities or machine are not utlhzed dunng the
' total elapsed time.

9, Technological Order : It is the order which must be followed for completing a
- job. The requirement of the job dictates in which order various operations have to
be performed, for example, painting cannot be done before weldmg

"t 10. Passing not Allowed: If ‘n".jobs have to be processed through ‘m” machines in

then o My and finally to M. This order cannot be passed

11. _Static Arnval Pattern : If all the jobs to be done are Teceived at the facilities
smultaneously :

12. Dynamic Arrival Pattern Here the jobs keep amvmg contmuously
Assumptions -

* In sequencing problems, the followmg assumptions are made
. (i) .Allmachines can process only one job at a time. .
.~ = (i) No time is wasted in shifting a job from one machine to other.

€] Progessing time of job. ona machme has no relation with the order in , which the
job is processed 4 :

() -Ali machines have different capability and capaclty
(v} All jobs are ready for processing.
(vi) Each job when put on the machine’is éompleted. '
‘(vi)  All jobs are-processed in specified order as soon as possible.

- . * ) ’ - Y

4.2 TYPES OF SEQUENCING PROBLEMS

The following types of sequencing problems will be discussed in this chapter : ’
{(a) njobsone rnachme case
(b) n jobs two machines case
(¢) .njobs ‘m’ machine case
@ Two jObS m’' machines casé’
The solution of these problems depends on many factors such as
- (@)° The number of jobs to be scheduled, - )
(b) The number of machines in the machine shop
(¢} Type of manufacturing facility (slow:shiop‘or fast shop)

a particular order of My , M; , M, then each JOb will go to machine M, fifst and |

Sequencing Problem
. ond
Queuing Theory

NOTES

certain, scheduling is easier as compared to the situation in which it is not known. | -
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(d) Manner in which jobs arrive at the facility (static or dynamic)
{e) Criterion by which scheduling alternatives are to be evaluated.

As the number of jobs (») and the number of ‘machines- () increases, the sequencing
problems become more complex. In fact, no exact or optlmal solutions exist for sequencmg
problems with large » and m. Simulafion seems™to be a_ better solutlon technique for real
life scheduling problems. '

n-Jobs One Machlne Case

This case of a number of jobs to be processed on one facnlxty is very common in real life
situations.. The number of cars to be serviced in a garage, number of engines to be_overhauled _
in one workshop, number of patients to be treated by one doctor, number of different jobs to
be machined on a lathe, etc., are the cases which can be solved by using the method under
study. In all such cases we are all used to first come first served’ principle to give sense of
satisfaction and justice to the waiting jobs. But if this is not the consideration, it is possible
to get more favourable results in the interest of effectiveness and efficiency. The following
as‘smnpti'qns are applicable :

(#) The job shop is static.

(6) Processing time of the job is known. -

The implication of the above assumption that job shop.is static will mean that new job
arrivals do not disturb the processing of n jobs already bemg processed and the new Job'
arrivals wait to be attended to in next batch.

Shortest Processing Time (SPT) Rule

This rule says that jobs are seg}ienced in such a way that the job with least processing

-time is picked up ‘ﬁr§t, followed by the job with the next Smallest Processing Time (SPT)

and so on. This is referred to as shortest processing time sequencing. However, when the
importance of the jobs to be performed varies, a different rule called-Weight-Scheduling
(Weight Scheduling Procesg Time) rule is used. Weights are allotted to jobs, greater weight
meaning more important job. Let W, be the weight allotted. By dividing the processing time
by the weight factor, the tendency to move important job to an earlier posmon in the order
is achleved . ’

YL
Weighted Mean low Time, (WMFT) = i=1

PR
=i

where - f =flow time of job i= Wi+,
t; = processing time of job.i

- WSPT rule for minimizing Weighted Mean-Flow Time (WMFT) puts # jobs in a sequence

such that p r[2] ol ]
W[I] [] T W

| The numbers in brackets above define the position of the jObS in.the optimal sequence



Example 1. Consider the 8 jobs with processing times, due dates and importance weights
as shown below.

§ jobs ‘one machine case data

Task Processing Due Date Importance &
0} Time (f; ) () Weight (W, ) W,
1 -5 T1s oy | se -
2 8 10 2 4.0
'3 6 15 3 2.0
4 3 25 1 3.0
5 10 20 2 5.0
6 14 40 3 4.7
7 7 45 2 EE
8 50 1 3.0

- Solution. From processing time ¢ in the table the SPT sequence is 4-8-1-3-7-2-5-6
resulting in completion of these jobs at times 3, 6, 14, 20, 27, 36, 46, 60 respectively.

- WMFT = 34+6+144204+274+36+46+60 = 6.5 hours

. 8 .
Job 4 -
g s 7‘/
5 Job 8
E 71 x/ .
a2 ! Job 1 .
£ 6 1
8 :
g 5 | . Job 3
k- ; i Job 7
g 4 i ’ -
g , = Job 2"
2 3 i
; , i ! Tobs,
© i :  Job6
‘s. 1 1 I . t
& "
z i
N 36 14 20 27 36 46 . 60
Flow Time of Jobs — % -
_ Fig. 4.1

The sequence is shown graphically above from which the tumber of*tasks waiting as in-
process inventory is seen to be 8 during 0-3, 7 during 3-6, 6 during 6-14; 5 during 14-20),
4 during 20-27, 3 during 27-36, 2 during 36-46 and one during 46-60.-Thus, the average
inventory is given by . _ -
8x3+7X3+6XB+5X6+4XT+3x94+2x10+1x14
60 )

_ 24+21+48+30+28+27+20+14 212

. - 60 60

v
1

Average inventory =

=13.53 jobs

-Sequencing Problem
Quening Theory

:NOTES

Self-Instructional Material 131




Yy

Quantitative Techniques'  Weight Schedulmg Process Time
o _ If the important welghts W, were o be cons:dered the WSPT could be used io minimize the
: - Weighted Mean FIow Time (WMET) to yleld the sequence 3—4—8—2—?—6—5—1 This results
NOTES '

‘ ' by first choosmg _;ob with minimum X in the table. The respectwe ﬂow tnne of jObG in

! o

 this sequence are. 6 9, 12,21, 28, 42, 52, 58. Mean ﬂowtlme ishours: . ..~
. WMPT 6x3+9xl+12xl+2lXS+28><2+42X3+52X2+58><1
S 3+1+1+3+2+j+2+1 - s
: . 18+9+12+63+56+126+104+58 _ s =2785howrs - .
B ' ’ 16 : 16

W e
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‘Example 2. Eightjobs A, B, C,D,E F,Gand H arrive at one time 1o be pr:ocas'sed on asingle -
'|-machine. Find out the optimal job sequence, whet their operation time is give in the table below.

_ Job (n) _Operation Time in Minutes:
TR
B | 27"
. 10 )
D - " -
- E 7 *
. F 4
- G 2

Solutlon For determining the 0pt1mal sequence the jobs are selected in-a non-descendmg -

operation time as follows : _
-Non-decreasing operation time sequence is H — G SFo E -D —> C-B- A

Total processmg time _ A >

Hel - -
G=1+2=3 ° |

F=1+244=7 ) S |

v E=1+2+4+7=14 - 5 o
D=1+2+4+7+8=22 ] -
C=1+2+4+7+8+10=32 . .~ . .
B-1;+2+4+7+8¥10+112'44 s s
A-1+2+4+?+8+10+12+16 60 - ,,“ o .‘ L e

Average processmg time = Total time/number of jobs = 183!8 23 mmutes e

_ Incasethejobsareprocessedmtheorderoftheuamval ie, A-—->B—>C-)D—>E—>F

— G — H the total processmg time . would have been as follows
S L | o
 B=16+12=28 o cr

£




* The sequencing algorithm for this case was developed by Johnson and is called Johnson’s

Es
= -

. C=16+12+10=38 . y o« . : SequencmgProblem

D=16+12+10+8=46 . .. ond :

o 4 - ¥ ) . Theory ..
E=16+12+10+8+7=53 - : - . Sueuing Theory

. F=16+12+10+8+7+4=57

) ® NOTES
- G=16+12+10+8+7+4+2=59 .
H= 16+12+10+8+7+4+2+1-60 -
Average processing’ time = 357/8 = 44-6, which is much more than the previous time. . .
Pnorlty Sequencing Rules: - o

The following priority sequencing rules are generally, followed in productwnfsemce system :

1.. First Come First Served (FCFS) : As explamed earller it is followed to avoid.
any heart burns and-ayoidable controversies.

2. Earliest Due Date (EDD) : In this rule, top priority is allotted to the waiting job,
which has the earliest due/delivery date. In this case the ‘order of arrival of the job
. and processing tire it takes is ignored.

3. Least Slack Rule (LS) : It gives top priority 1o the waiting job whose slack time
is the least. Slack time is the difference between the length of time remaining until |-
the job is due and the length of its operation time.

4. Average Number of Jobs in the System : It is defined as the average number of
jobs remaining in the system (waiting or being processed) from the bcgmmng of
sequence through the time when the last job is finished. - s

5. Average Job Lateness : Jobs lateness is defined as the difference between the
actual completion time of the job and its due date. Average ]ob lateness is sum of .
lateness of all jobs divided by the number of jobs in the system. This i$ also called
Average Job Terdiness.

6. Average Earliness of Jobs : If _]Ob is completed before its due date the lateness
value is negative and the magnitude is referred as earliness of job. Mean earliness of
the job is the sum of earliness of all jobs divided by the fiumber of jobs in the system.

7. Number of Tardy Jobs : It is the number of jObS which are completed after the —_

due date. B
Sequencing n Jobs through Two Machihes -

A!gonthm In this situation » jobs must be processed through machines M, and M,. The
processing time.of all:the.n jobs on M, and M, is known and it is reqmred to find the
sequence, which minimizes the tirne to complete all the jobs.

-

Johnson's algorithm is'based on the.following assumptions :

(i) There are only twa machines and the procéssing of all the jobs is done on both the
machines in the same order, i.e., first on' M; and thenon M, . oo -

(i) All jobs arrive at the’ same time’ (static arrival pattérn) have no priority for job
completion. A\ -

Johnson'’s algorithm involves following steps :
_ L. List operatjon time for each job on machine M, and M,

" 2. Select the shortest operation or processing time m the above list.

&*
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3_ If mlmmum—processmg tlme is on M, place the corresponding job ﬁrst in the

seqféi‘nce ifitis on Mz , plice the corresponding job last in the sequence. In case
of tiein shartest processing tune it can be broken arbitrarily.

4. Eliminate the _}obs which have already been sequenced as result of step-3.

5. Repeat steps 2 and 3 until all the ]DbS are sequenced
-Example 3. Sixjobs are to be sequenced which require processing on two machmes M, and
M), The processing time in minutes for each of the six Jjobs on machines M, and M, is given

below. All the jobs have to be processed in sequence M, M,. Determine the optimum sequence
Jor processing the jobs so that the iptal time of all the jobs is minimum. Use Johnson's algorithm.

Jobs 1| 2]3% 4a}5 |6
« | Processing Machine M, [“30 | 30 | 60 | 20 | 35 | 45-
" | . Time MachineM, | 45 |15 | 40 | 25 | 30 | 70 {

- .
o . H -

Solution,

Step 1. Operation- time or processmg time for each jobs on M; and M, is prowded in

the question.: =~ - .
Step I1. The shortest processing time is 15 for job 2 on M,.

Step H1. As the minimum processing time is on M,, job 2 has to be kept last as follows :

2

Step IV. We ignore job 2 and find out the shortest processing time of rest of joi)sl Now
the least processing time is 20 minutes on machine M- for job 4. Since it is
on_Ml, it is to be placed first as follows :- -.. .

4 . . ) o 2 -

The next minimum processmg ume is 30 minutes for job 5 on M, and Job 1
on M,. So, job 5 w111 be placed at the end. Job 1 will be sequenced earlier as
shown below. B »

4 1| 5 1,2

¢ The next minimum processing time is 40 minutes for _]Ob 3 on M,, hence it
" 1s sequenced as follows-:

4 1 |3 s | 2

Job 6 has to be sequenced in the gap or .vacant space. The complete
sequencing of the jobs is as follows. -

41.6.,3,5'2

The minimum time for six jobs on machme M, and M2 can be shown with
the help of a Gantt chart as shown below.




- Sequencing Problem

I, | -
EEESEEEIRT

I
T T T T

L] 1 1
=1 T 1 i 1 } t 1
0 320 40 60 80 100 120 140 160 180 200 220 240 260
Time (Minuies) ———»

| 7//// Machine working L ,

" Machine idle

Fig. 4.2

The above figure shows idle time for M, (30 minutes) after the last job (2) has been processed. Idle
‘time for M, is 20 minutes before job 4 is started and 5 minutes before processing 6 and finishing
job 1. The percentage utilization of M, = 250 — 30/250 = 88% and M, = 250 - 25/250 = 90%.
Example 4. A manufacturing company has 5 different jobs on two machines M, and M,
The processing time for each of the jobs on M, and M) is given below. Decide the optimal
sequence of processing of the jobs in order to mintmize total time. '

" Job No. ~ Processing Time
M, | M, L
N U T
2 12 7
3 5 1 -
4 3, 9
’ 5 « b 14

Solution. The shortest processing time is 3 on M; for job 4 so it will be sequenced as
foliows :

St

4

Next is job 3 with time 5 and M, , tience job 3 will be sequenced as

4 3

Next minimum time is for jobs 1 on M, this will be sequenced last.
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- | Now, jeb 2 will be sequenced in the vacant space.

| n Jobs 3 Machines Case

e

o 14 "M'_ N ‘;.3 - ' g Y ' t 1
: . After ellmmatmg jobs 4, 3 and 1, the next w1th minimum time is job 5 on M, so it will be
placed as i . .
” 4 |- 3 Cose | L |

4 3 " 5 2 S

.

Johnson’s algorithm which we have just applied can be extended and made i iisé of in n ]obs
3 machine case, if the followmg conditions hold good-:"
(@) ‘Maximum processing time for a _]Ob on machine M, is. greater than‘or_equat to
maximum processing time for the same job. .
. Co o ;
(b) Minimum processing time for a job on machme M3 is greater than or equal to-
maXimum processmg time for-a job on machme M2 .

'y

Tﬂe fellomng assumptlons are made :.

(@) Every job is processed on all the three machines M;, M, and M; in 'the § same order,,
ie., the job is first processéd-on M, then-on M, and then on M, ol

{6) The passing of jobs is not permitted.
(c) \Processmg time for éach job on the machine My, M, and M; are knowi.
In this procedure two dummy machines MI and M,’ are assurned in such a marner that

| the processing time of jobs on these machines can be calculated as

Processing time of jobs on M, = Pro‘cessii{g’ time (M, +M,)
Processiﬁg time of a jobs on M, = Pmcessmg tifne (Mz M)
After this Johnson’s algonthm is apphed on M;"and M, to find out the optlmal sequencmg

. ]

"l ofjobs.

Example5. /na manuﬁcﬂmng process three operations have to be perj%rmea’ on machines
My, M,and M; in order M, M, and-M, . Find out the optimum sequencing when the :
y processmg time for. four Jjobs on three machines is as follows - - :

M3 . . ’ ry

Job | M, -M,

R 3 8 3| .
2 12 § | w4 | .
3 s e | 9 .
4 | 2 6 12 ] '

_Sofution

-Step T. As the minimum processing time for job 2 on M, > maximum processing time
for job 2 on M,, Johnson’s algorithmi can be applied to this problem

r




Step IL.Let us combine the processing time of M, and'M, and M; to form two dﬁm:‘:ny Sequencin:;iP roblem
; \ o _ . - a
machines M,’ and M,". This is shown matrix be!ow.-  Queuing Theory
~"4 ]Ub ‘M, M'; - : (.:;',
. » : k. "2 i . NOTES
. I H((3+8) |.21(8+13) 1 £
TS - - —
2 18(12+6) | 20(6+14) - -
3 9(5+4) | 13(4+9)
4 8(2+6) | 18(6+12) .
Step III Apply Johnsen's algorithm. Minimum time of § OCCurs for ]Ob 4 on Ml hence
. it is sequenced ﬁrst : .
o s ) 4 | 3 P 1" e
i The next minimum time is for jdb 3;on'M,' so it.is s_eiquenéed next.to job 4. oo K
) Next 1s job ! and so on. So the optimal sequencing is : '
: 4 3 | - l \_ h .. o 2 fai - ‘. . -‘_r’:.
. Example 6. F our Jobs 1, 2 3:and: 4 are to be processed o each of the ﬁve machines:
M, My M, M,and M. s in the order M;, My, My, M, ‘and M, Determine total minimum_ |
elapsed time if no passing off is allowed. Also find out the idle time of' each of rhe machines. -‘\'i_
Processing fime are gwen in the matrix. below. ‘ . N ,
) ) - . . Machines ¥, ¢ & Lor | ' 4 {
JOb " - T - ) '\\_\.
My M, M;- M, M S
! 8 4 > 6 3 .| 9
2 7 | 6 4 5 1 10
o 3 Y 5 co2 s
4 9 2 1 4 6
Solution. . ‘
.- Step L Find out if the condmon minimum e; 2 maximum: bt, < and d; is satisfied.
P Machines :
Job = — = —
. M, .M M, M, . M
1 8 4 .6 3 9
2. 7 6 s | s o 10’ :
3 6 5 3 2 -8
T4 9 2 S -4 6
X Minimum 6 | Meximom 6 | Maximom 6" | Maximum $ | Minimum 6 |° ’
ThlS condition is sansﬁed hence we can convert the probiém into four jobs a and two ﬁctltlous S
.machines M;’ and M,". ol B
. Mi=aj+bite+d, My=b+c+d+e Lol Lo . t- T
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Step II.

-

M/

M,

21(8+4+6+3)

2(@+6+3+9)

2(7+6+4+5)

25 (6+4+5+10)

16(6+5+3+2)

18 (543+2+8)

4

D 16G+2+1+4)

132+1+4+6)

-~

Step N1, The optlmal sequence can be determined as minimum of processmg time of- 13
occurs on M," for job 4 it will be.processed last. Next niinimum time is for
job 3 on ‘machine M, so it will be processed earllest Next shortest time is. for
machine 1 on.M,’, so it wil! be sequenced next to job 3- -and so on.

»

3

LT

2

4

Step IV. Total time c‘ah: be calculated with the help of the plau'ix shown below.

Job -

-

M,

M,

.M,

M,

M

In

Out

In

Out

.} Out

In

Out

Out

0

3

8

12

12

18

18

21

21

30

3

15

15

21 -

21~

25,

. 25

‘30

30

40_.

15

21

~

21

26

26

29

29

32

40

48 "

afw el —

21

30-

30

32

30

31

32

36

48

54

"5 i | ‘Hence total minimum elapsed time is 51. A .
| Idle time for machines M, =24 hours ‘
M, =3+4422=29 .
: . M;=3+1+1+23=28

e M, =4%18=22

S Two J obs ‘m’ Machmes Case

1. Two axis to represent job 1 and 2 are drawn at rlght angles to each other. Same scale
is used for X and Y-axes. X-axis represents the processing time and sequence of
job 1 and Y-axis represents the processing time,and sequence of job 2. The
processing time on machines are laid out in the technological order of the problem. .-

2. The area which represents processing times of jobs 1 and 2 and is common to both
the jobs is shaded. As processing of both the jobs on it machine is not feasible, the
shaded area represents the unfeasible region in the graph.

3. The processing of both the jobs 1 and 2 are represented by a continued path which
consists of horizontal, vertical and 45 degree diagonal region. The path: starts at
the lower left corner and stops at upper right corner and the shaded area is avoided.
The path is not allpwed to pass through shaded area which as brought out in step -
11 represents both the jobs being processed simultaneously on the same machine.

Any vertical movement represents that job 2 is in progress and joblis waiting to be
processed. Horizontal movement along the pzith indicates that job 1 is in progress and
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job2isidle wéiting to be processed. The diagonal movement of the path indicates
that both the jobs are being processed on different machines simultaneotisly.

A feasible path maximizes the diagonal movement m'mirpizes the total processing
til'l'le. ' W
Minimum elapsed time for any _]Ob processing time of the _]Ob + idle time of the same
job. .

-~

. Example 7.'The operanon time of bio jObS land2on) machmes My, M, My, Myand M |
. is.given in the following table. Find out the optimum sequence in which the jobs should be |

. processed so that the total time used is minimum. The technological order of use of machine
fOP‘jOb I fsM;, Mz, M3, M4 andMst?‘joﬁ 2 iSMs, Mf’ M", M5 aﬂsz.

-

Time Hours i ) Yo
‘.Job M, M, M; M, M,
1 1 2 3 5 "1
Job M, M, My M; fM,
2 |3 4 2 1 s

Solution, Job 1 preceeds job 2 on machine M, job 1 preceeds job 2 on machine M,,-job 2

preceeds _]Ob 1 on machine M,, job 1 preceeds job 2 on M, and job 2 preceeds job 1 on M.

The minimum processmg time for jobs 1 and 2, total processing time for job 1 + idle time
for Job 1= 12 + 3 =15 hours.

Total processmg time for job 2 + idle time for job 2 =15 + 0 = 15 hours.

_15 = . :
s 13 T . e
M | nl - Optimal Processing Path
. 1 1
wlor //
9
e
M, 3+ - M4
. é/// =
6 / )
M, 5 4
¥/ -"
3 ' 7 :
M, 2 4 // //
1 M -
A : 77 i % F—t——t—
° i 2 3 4 5 6 89 10 112
* M,u M, e M, o M, M,
' Fig. 4.3

and
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I
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|
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Example 8. Use =gebgraphi(;ai methad'to minimize time added to process the following
- jobs on the machines shown, i.e. , for each machine find the job which should be done f rst.

Als'o calculate the total time elapsed to complete both. the jobs.

. " A B C
'Job_ | Sequence Time .
-t ' 3 4 2
' B C A
Job2 .  Sequence Time
5 4 3

Y =« O

E
L] ﬁ
E

3 6

Soluuon The information provided in thé problem-can be used to draw.the followmg

diagram, The shaded area is of the overlap and need to be avoided.

The path that minimizes the idle.time for Job 1 is an optimal path Also the ideal (optimal)
path should minimize the idle time for Job 2. For workmg out the elapsed time, we; have'to-
add the ldle time for either of the two jobs to that time which is taken for processing of that
job. It can | be seen that idle time for the chosen path for Job 1i is 5 hours and for Job 2 it is

' 2 hours, the ¢lapsed time can be calculated as

dl Processmg time for Job 1 ¥ 1dle tlme forJob1=17+ (2 + 3) 22 hours-

Processmg time for Job 2 + idle time for Job 2 =20 + 2 22 hours

i

D e
20 / -
18 T '
16 +

I . 111

L | 1

T 1 I B I

10 11 122713 14715 16 17 -18 . .
> e e .
A B c - D R
= Jobi ———»
Fig. 4.4
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' QUEUING THEORY

4.8 INTRODUCTION

Queuing theory has been used for many real life applications to a great advantage Itis so
because many problems of business and industry can be assimed/simulated to be arrival-
departure or queuing problems. In any practical life sitiations; it is not possible to accurately
determine the arrival and departure of customers when the number and types of facilities as

also the requirements of the customers are not known. Quemng theory techniques, in parncular .

can help us to determine Suitable number and type of sérvice facilities to be provided to
different types of customers. Queuing theory techmques cari be applied to problems such as :

(a} -Planning, schedulmg and sequencing of parts and components to assembly lines |

in'a mass production system.

) Schedulmg of workstations and machines pexfomng different operatlons in mass
production, .-

(¢) Scheduling-and dispatch of war matenal of spec:al nature based on ‘operational

" needs. - .

@ Schedulm’g of service facilities in a repair and maintenance workshop.

(e) - Scheduhng of overhaul of used engines and other assemblles of aircrafts, missile
‘systems, transport fleet, etc.

() Scheduling of limited transport fleet to a large number of users.

(8) Scheduling of landing and take-off from airports wuh heavy duty of air traffic and
limited facilities.

(k) Decision of replacement of plant, machinery, special mamtenance tools and other
equipment based on different criteria.

Special benefit which this technique enjoys in solving problems such as'above are

() Queuing theory attempts to solve problems based on a scientific understanding of
the problems and solving them in optimal manner so that facilities are fully utilised
and waltmg time is reduced to minimum possible. >

(#) ,, Waiting time ,(or queuing) theory models can recommend arrival of customers
) .to be serviced; setting up of workstations, reqmrement of manpower, etc., based
on probability theory

x 4 -

L1m1tatlon of Queuing Theory . ' - -

‘Though queuing theory provides us a scientific method of understanding the queues and
) solvmg such problems; the theory has certain lumtatlons which must be understood whlle

using the technique, some of these are :

(@) Mathematical. dlstrtbunons which we-assume while solving: queuing theory
problems, dre only a.close approximation of the behaviour of customers, time
between their arrival and service time required by each customer.-

[) "Most of the real life queuing problems are complex situation and are very difficult
to use the queuing theory techmque, even then uncertainty will remain.

*(c) Many situations in industry and service are multi-channe} queumg problems. When a
customer hasbéen‘attended to and the service provided, it may still have to get some
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other service from another service pomt and may have to fall in queue once again. Here
|, the departure of one channel queue becomes the arrival of the other channel queue.
T 5. Insuchs sitnations, the problem becomes still more difficult to analyse.

(d) Queumg model may not be the ideal method to solve certain very. difficult and
' ,complex problems and one may have to resort to ‘othér techniques like Monte- Carlo

el
ab

% i, simulation method. . .
o - -

R
'
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vy IMPORTANT TERMS USED IN QUEUING THEORY

Followmg are some important terms used in queumg theory: =

L. Amval Pattern : It is the pattern of the’ arrival of a customer to be serviced. The
paitern may be regular or at random. Regular inferval arrival patterns are rare, in
most of the cases, arrival of the customers cannot be predicted. Regular pattem of
arrival of customers follows Poisson’s distribution,

2. Poisson’s Distribution : It is discrete probability distribution which:is used to
determine the number of customers in a particular time. It involves allotting probability
of occurrence of the arrival of a customer. Greek letter A {lamda) is used to denote
mean arrival rate. A special feature of the Poisson’s distribution is that its mean is
equal to the variance. It can be represented with the notation as explamed below. -

P(n). = Probability of » arrivals (customers)
A = Mean arrival rate

= Constant = 271828

-x "
P(n) = ¢ .OL) ,wheren=10,12,_...
L
Notation |_ or: is called the factorial and it means that - i
tn ol =n(n-1)(n-2)(rh-3) ... 2, 1

Poisson’s distribution tables for different values of » is available and can be used

_ for solving problems where Poisson’s distribution is used. However, it has certain
limitations because of which its use is restricted. It assumes that arrivals are random
and independent of all other variables or parameters. Such can never be the case.
3. Exponential Distribution : This is based on the probability of completion of a
service and is the most commonly used distribution in quening theory.'In queuing
theory, our effort is to minimize the total cost of queue and it includes cost of
waiting and cost of providing service. A queue model is prepared by taking different
variables into consideration. In this distribution system, no maximization'or
minimization is attempted. Queue models with different alternatives are considered
and-the most suitable for a- pamcular is attempted. Queue-models with different
alternatives are considered and the most suitable for a particular situation is selected.

4. Service Pattern ;' We have seen that agrival pattern is random and poissons
distribution can be used for use in queue model. Service pattem are assumed to be
exponential for purpose of avoiding complex mathematical problem. i

5. Channels : A service system has a number of facilities positioned in a suitable.
manner. These could be '

(a) - Single channel single phase system : This is very simple system where all the
customers wait in a single line in front of a single service facility and depart

"




after service is provided. In a shop if there is (mly one person to aftend toa - Sequencing Problem

. customer, is an example of the system. : and
g W, Queuing Theory
. Input . ] Semce | Served _
Amiving Customers ~ Facility Customer NOTES )
 (units ete.) Service
i Queue or Waiting Line ervice Qutput
Fig. 4.5

(b} Service in series : Here the input gets serviced at one service station and then

_ moves to second and or third ahd so on before going out. This is the case when |

. a raw.material input has to undergo a number of operations like cuttmg, turning
drilling etc.

_ Facility | ,|-:> Facility :> Served
Queite T 1 Queue 2 Customer

Fig. 46

(c) Multi-paraliel facility with a single queue : Here the service can be provided ata
number of points to one queue. This happens when in a grocery store, there are
3 persons sérvicing the same queue ora sérvice station having more than one
facility of washing cars. This is shown in Fig, 47.»

| Facility 1 :{>
ﬂ | ’ Served
—_ :D Facility 2 | |:> Customers
Quere . = ' ) Departs
. % 1 Facility 3 ] :‘{>

Fig. 4.7

(d):,Mulane parallel faciiities with multiple queue : Here there are a number of
* queues and separate facility to service each queue. Booking of tickets at railway
stations, bus stands, etc., is 2 good example of this. This is shown in Fig. 4.8,

l . -
—— o> [Fani] >
. ' - . Departure of
J— T |_—_J_l> Facility 2 :> Served
- Custorners ‘.
. 3.
— |::> Facility 3 [ :{}

Fig. 48

6. Service Time : Service time, i.e., the time taken by the customer when the faéility
is dedicated to it for serving depends wpon the requirement of the customer and
what needs to be done as assessed by the facility provider. The arrival pattem is
" random so also is the service time required by different customers. For the sake
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of s;mphclty the.time reqmred by all the customers is conmdered constant under
the distribution. If the assumption of exponential dlsmbutlon is not valid; Erlang

Distribution is - applied to'the queuing model.
'-'_Erlang Distribation : It has been assumed in the queuing process we have’seen

that service is either constant or it follows negative exponential distibution in

~ which case the standard deviation G (sigma) is equal to its mean. This assumption

makes the use of the exponennal dlstnbutlon simple. However, in cases where ¢
and mean are not equal, Erlang distribution developed by AK'Erlang is used. In

-this method,-the service time is divided into number of phases assuming that total

service can be provided by different phases of service. It is assumed that service

" time of each phase follows the exponential distribution, i’e., ¢ =mean.

10.

1.

12.

13"._

14.

Traffic Intensity or Utlhsatmn Rate : This i 15 the rate of ‘at which the service '

facility is utilised by the components.

If A = inean arrival rate and

(Mu'e)' j = Mean service rate; then utilisation rate (p') i'/p. it can-be easily seen
from the equatlon that p>1 when arrival rate is more than the service rate and new
arrivals will keep increasing the queue. p < 1 means that service rate is more than
the arrival rate and the waiting time will keep reducing as i keeps increasing. This
is true from the commonsenSe .

Idle Rate : This is the rate at which the semce facnllty remains unuttllsed and is
lying idlé. .

Idle rate = 1 — utilisation rate =1~ p = [1--3} xtotalservicefacili@y;(l—}-]xi.

) n

Expected Number of Customers in the System : This is the number of

customers i:i‘queile‘plus the number of customers being serviced and is denoted by

A e

E,= . .
(ll - -
Expected Number of Customers in Queue (Average quene length) Thls is the
number of expected customers mmus the number being semced and is denoted by E
r N
- (1- k) YRSV
Expected Time spent by customer in system : It is the time. that a customer spends
waiting in queue plus the tlme it takes for servicing the customer and is denoted by E,
A
E=E . (=h)
A A (g l)
Expected waitilig Time in queue It is-known that E = expected waitiﬁg time in

queue + expected semce time,- therefore expected waiting time-in queue
(E,)=E,- . '
Fl : '

- "

- I'I' -= 1 ..--l= . l I v
(u-—l)_ (m=2) @ Ap=2)

Average Length of Non-einpty Queue :°E; =




.15,

16.

17.

Probability that customer wait is zero : It means that the customer is attended

to for servicing at the point of arrival and the customer does not wait at all. This

depends upon the utilization rate of the service or idle rate of the system, py = 0
persons waiting in the queue = 1-& and the probability of 'l, f, 3, .., n persons
' u

waiting in the queue will be given by

o]l
0 m 1142 1 u.' L] 0‘!'1 .

Queuing Discipline : All the customers get into a queue on arrival and are then
serviced. The order in which the customer is selected for servicing is known as
queuing discipline. A number of systems are used to select the customer to be
served. Some of these are :

(@) Firstin First Served (FfF.S) : This is the most commeonly used method and the
customers are served in the order of their amival,

“(b) Lastin First Sewved (LIFS) : This is rarely‘used as it will create controversies
and ego problems amongst the customers. Any one who comes first expects to
be served first. ll is used in store management, where it is convenient to issue
the store last recéived and is called Last In First Out (LIFO)

{c) Service in Pr:on!y.(SIP) The pnorlty in servicing is ‘allotted based on the
special requirement of a customer like a doctor may attend to a serious patient
out of turn, so may be the case with 4 vital machine which has broken down.
In such cases the customer being serviced may be put on hold and the priority
customer attended to or the priority may be on hold and the priority customer
waits till the servicing ‘o the customer already being serviced is over.

Customer Behaviour : Different types of customers behave in different manner
while they are waiting in queue, some of the pattems of behaviour are : =

(a) Collusion : Some customers who do not want to wait they make one customer,

as their representative and he rep;esents a group of customers. Now only the
representative waits in queue and not all members of the group.

b Balbng ‘When a customer does not wait to join the queue at the correct place -

which he warrants because of his arrival. They want to jump the queue apd
move ahead of others to reduce their w:amng time in the queue. This behaviour
is called balking.

(€} Jockeying : This is the process of a customer. leavmg the queue which he had
Joined and goes and joins another queue to get advantage of being served earlier
because the new queue hias lesser customers ahead of him: )

{d) Reneging : Some customers either do not héve'time to wait in queue for a jong
time or they do not have the patience to wait, they leave the queue without being
served.

Queuing Cost Behaviour : The total cost 4 service provider system incurs is the sum
of cost'of providing the services and the cost of waiting of the customers. Suppose
the garage owner wants td install another car washing facility so that the waiting
time of the customer is reduced. He has to manage a suitablé compromise in his
best interest. If the cost of adding another facility is more than offset by reducing

-
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45 TYPES oF'QUEU'ING MODELS

1

-

- the customer wajting t {ishé and hienice gettmg moére customers, it is definitely worth
it. Thie refationiship between these two costs is shown below..

=3

Service Levet —_ LT

» * Waiting Time/Level of Service .———»

Fig. 4.9

Different types of models are in use. The three possible types of categories are :
(@) -Deterministic model : Where the arrival and service rates are lcnown This is rasely
used as it is not a practical model

(b) -Probabilistic model : Here both the parameters, i.e., theamvai rate as also the service '\
rate dre ynknown and are assumed random in nature. Probability distribution, i.e.,

Poissons, Exponentlal or Erlang distributions are used. : ..
() Mixéd model ; Where one of the parameters out of the'two is known and the other

is unknown— -

4 .6 SINGLE CHANNEL QUEUING MODEL (ARRIVAL -
POISSON AND SERVICE TIME EXPONENTIAL) |

"

-1 This is the simplest queuing model and is commonly used. It makes the followmg

assumptions :
(@) Arriving customers are served on Flrst Come First Serve (FCFS) basis.

(b) There is no* Balkmg or Renéging. All the customers wait-the queue to be‘ served,
- no one jumps the queue and no one leaves 1t C. :
{¢) "Arrival rate is constant and does not change with time.
(2_1) New customers arrival is independent of the earlier arrivals.

~{e) Arrivals are not of infinite population and follow Poisson’s dlsmbutlon

(f) Rate of serving is known. : ’
* (g) All customers have different service time requirements and are independent of each

other. - ) T ' S



3 T S T A me— TR | m—————m

() Service time can be described by negative exponennal probability distribution.

- @ Average service rate is hlgher than the average arrival ratc. and over a period of
tlme the queue keeps reducing.

Example 9 Assume a single channel service system of a a‘:brary in a school. From past
experiences it is known that on an average every hour 8 students come for issue of the books
at an average rate of 10 per hour. Determine rhefolioﬁ{gzg' :

(a) +Probability of the assistant librarian being idle.

(b) Probability that there are at least 3 students in'system. -

(c} Expected time that a student is in queve. ol
Solution. . )
" (d) Probability that server s idle = (l][l _ EJ in this exaniple’A = 8, j = 10
: ‘ Ty
g8(, 8)~* o
. po= 'l'a(l“?a).-.=16%=016.
(8) Probability that at least 3 students are in the system .

Y

’ . 575 [
. - A 8
i B \ - s o= 0 4 ‘5 —
. Ea (u] [i)=0# -
(¢} Expected time that a students Is in queue.

oA e
= p(u-?«;)_(IO'XZ)_S'lewm' )

Example 10, Seif-help canteen employs one cashier at its counter, 8 customers arrive every

10 minutes on an average. The cashier can serve at the rate of one customer per minute. Assume
Poisson’s distribution for arrival and exponential distribution for service patterns. Determine

(@) Average number of customers in the system;
(b)  Average queue length; _ ' .
(c) Average time a customer spends in the system.,

- 8 .
Solution. Arrival rate A, = Iy customers/minute

Service rate J = I customer/minute
(a) Average number of customers-in the system

g o b _08
p-A 1-0.8
(&) Average queue length , -
! )
. . E =~ L L =3x2.
’ " on- JL) 1x0.2
. (c) Average time a customer spends in the queue - -
4 A 0.3 '
E,= =—"_= 4 minutes.
. w E' - 1) 1x0.2 rmnu
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Example 11. Arrival rate of relepftone. calls at telephone booth are according to Poisson
distribution, with an average time of 12 minutes between two consecutive calls arrival. The
length of telephone calls is assumed to be exponennaﬂy a‘:srnbuted with mean 4 minutes.

(a) Determine the probabihty that person arriving at t the booth will have to wait.
(b) Find the average queue length that is formed from time 1o time.

_{c} The telephone company will instail second booth when convinced that an arrival
would expect to have to wait at least 5 minutes for the phone. Find the increase in
flows of arrivals which will ;umjjJ a second booth.
(d) What is the probability that an arrival will have to wait for more than 15 minutes
before the phone is free? .
(e)  Find the fraction of a day that the phone will be in use.

Solution. Arrival rate ) = 1/12 minute

Service rate' i = 1/4 minute,

(@) Probal::ility that a person will have to wait = % =1 <= l_li 4= %-—- 0.33
i { )
. _ S Taa | 12

(b) Average flueue length=E, Wy T ]__l) ™ X4 5 =1 _person.

414 12 / ' -
(c) Average waiting time in the queuc E, = )}‘ = k‘

p=2) Lo o

7 (1)
S S WE S

L)
4\4

. A= %‘x %=% arrivals/minute

i

Increase in flow of amvals =3 1. = 1 minutes:
36 12 18

{d) Probability of waiting time > 15 minutes.

. I
= dsooas J 12 f-dps 1 8L s
B 1 3 3
: 4
(¢) Fraction of a day that phone will be in use =2 =033, - ot
m .

| Example 12. 4n eiectnc:ty bill receiving wmdow in a small town has only one cashler

who handles and issues receipts to the customers. He.takes on an average 5 minutes per
customer. It has been estimated that the persons coming for bill payment have no set pattern
but on an average 8 persons come per hour. The management receives a lot of complaints
regarding customers waiting for long in queue and so decided to ﬁnd out.




A = 8 persons/hour
' ji=10persons/hour -
{a) Average queue lengfh= A b4 .2 persons
- gequ nu-x) 1000-g) P

{(a) What is the average length of queue?
" (b) What time on an average, the cashier is idle?

{c) What is the average.time for which a person has to wait to pay his bill?

{d) What is the probability that a person would have.to wait for at least 10 minutes?
Solution. Makmg use of the usual notations _

-

(b) Probability that cashier is idle = p, = 1 —% =1 —% =0.2, ie., the cashier would

be idle for, 20% of his time.
(¢) Average length of time that a person is expected to wait in queue.
A 8 . L
E,.= = = 24 minutes

Y pu-i) 10(10-8)
(d) Probablllty that a customer will have to wait for at least 10 finutes.

PO = R @0 8 w1
- B p_ 10 6

Example 13. ABC Diesel engineering works gets on an average 40 engines for overhaul
per week, the need.of getting a diesel engine overhauled is almost constant and the drrival
of the repairablé engines follows Poissons's distribution. :

However, the repair or overhaul time is exponentially distributed. An engine not available
Jor use costs T 500 per day. There are six working days and the company works for 52 weeks
per year. At the moment the company has established the following overhaul facilities.

- | T Facilities
t 2
. Installation Charges 1200000 1600000
Operating Expenses / year 200000 350000
Economic life (years) 3 10
. Semce Rate/Week - 50 80

The facilities scrap value may be assumed to be nil. Determine which facd:g: should be.
preferred by the company, assuming time valie of money is zero?

Solution. Let us work out the total cost of using both the facilitates.
Facility 1 : A = 40/week, 1 = 50/week

Total annual cost = Annual capital cost + Annual bperai:ing-cosg + Annual cost of lost -

time of overhaul able engines. -
Expected annual lost time = (Expected time spent by repalrable engines in’ system)
X (Expected number of arrivals in a year).
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. M- (50-40
Cost of the lost time = ¥ 208 x 6 x 500 = 624000 -
Total annual cost B VL )
P 1200000 +200000 + 624000 = 150000 + 200000 + 624000
b ) T - T '
=¥ 9'?4000 h | . ] e
- Facility 2 : Annual caprtal cost T ) o "
I = 16010{?00 + 350000 + cost. of lost engme avallablhty time :
Costo lost avaﬂabllrty time= E X (A 5 ary X (?L X number of weeks;]_i’ .
l ~  Here A=40 7 " | - .
s - ) l‘l' 80 ) ’ .:':' .
Hence, cost of lost availability time = :80 1 X (40 52)= % =52 weeks/'years
| Cost of lost time = 52 6 x 52 = 2.162245 L T

. Thrs isa common facrlmes system used in hospitals or banks where there aremore thanone

*|-time to shorter queue and can be semced in lesser time. Follovwng assumptlons are made ‘

E;= %(kx number of weeks) ~

) x 40% 52 = 208 weeks.

Total cost = 15‘_’10(:‘““ + 350000 + 162245 = 2 672245 :

.Hence, faclhty No. 2 should be preferred to fac1hty number one.

4, 7 MULTI-CHANNEL QUEUING MODEL (ARRIVAL
", POISSON AND SERVICE TIME EXPONENTIAL) ’

service facrhtles and the customers amvmg for setvice are attended to'by. these facilities
on first cone first serve basis. It amounts to parallel service points in front of which there
is a queue. This shortens the length of the queue if there was only one setvice station. The
customer has the advantage of shifting from a longer queue where he has to spend more

‘in this model : ™ .

{a) "The input poputation.is infinite, i.e., the customers arrive out of ‘a large mumber
and follow. Poisson’s distribution. _

(b)) Arriving customers form one queue. i .. e

"‘(c) Customer are “served on First Come First Served (F CFS) basxs

(d) Service tlme follows an exponentlal distribution.

T

(e) There are number of service station (K) and each one provides exactly the same’
service.

w

(f) :The service rate of all the semce stations put together is more than arnval rate

Tn this analysis we. will: use the followmg notations.
), = Average rate of arrival

150 Self-Instructiona! Material

= Average rate of setvice of each of the service stations



- . K=Number of service stations
Ky =Mean combmed service rate of all the service stations.
7L ' : : -

Hence p(rho) the utilisation factor for th system = : ST
) _ . KI.L - R
- 5 ;' q.-'.e: " -
. T K- [L) . (L) . : .
(a) Probablhty that systetﬁ w111 be idle Do = 2_“_._ U LT

nso Iﬁ Iﬁl(lﬁ_ p) -
(5). Probability of n custoq:ers in the system.

’ - Pa= %—xmsk . S “: -
Bt por T
Py= |£ K xpu g)k 4
(c) Expected number of customers in queues or queue length _
( ) o _ B .
T e L I
@‘MMMMmmmmmMmmemEtE4ﬁ o
(e) Average tlme-a customer spendsmqueue - | r
Fa, 0 Ew—~E_9 - | |
A L ; -
(f) Average time a customer spendsinwaiﬁug_line’ P |
. _E, +._1- - A SeT - .
n . .

- Example 14. A workshop engaged in the repair- of cars:has twa separate repalr lines
assembled and there are two tools siores one for each repair Ime Both the stores keep in
-identical type of tools. Arrival of vehicle mechanics has a mean of 16 per hour and follows
a Poisson distribution. Service time has a mean of 3 minutes per machine and follows an
e.xponennal distribution. I's it desirable to combme both the tool stores in the interest of
reducing:waiting time of the machie and i 1mprovmg the eﬁcxenq:?

p.(u-l) 20(20—16)
If we combine the two tools stores. g :

Solution. - A= 16/howE" -
Top= 1§><60=20 hours ~. .
' L= ©A “16 ' ' :
Expected waiting time in queue, E, = = ={ . 2 hour = 12 minutes.

A= Meanamvalrate—16+16 32/howr K = 2n-1 -
K ji = Mean service rate -20/liour I
= =7 a k
. : A
Expected waiting tire in queue; E= .E_‘f = _-—-—-M(") "X Py * _
o TS (L TR b -
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_n=0- 2x24
=0.182
E
Ew:_' "'iXPo
. . Ao 2 -
TOUTRSAM2E(40-32) 25
Hencé-"'E-‘ = ‘2 x0.182 = 1'4 mmutes ‘

- R
k; -2 R

Smce the—waltmg tnne in queue has increased, it is not desirable to combme both the tools

: ‘stores 'Present system is more efficient.
-Example 13. A bank has three different single window service counters. Any customer can

get any service from any of the three counters. Average time of arrival of customer is 12 per

:‘hour and it follows Poisson’s distribution. Also, on average the bank officer at the counter

ks 4. minutes for servicing the customer. The bank is considering the option of installing

| ATM, which is expected to be more efficient and service.the customer twice as the bank

officers do at present. If the only wns:derat:on of rhe bank is to rediice the waiting time of
the customer, which system is better? 2

Solution. The existing system is” muiti-channe! system, using the nofmal notatio'.ns‘iiere

A= 12;’houf—%-15r'hour _

Average titne a customer. spends in the queue waiting to be sexved

-t E, = Average number of customer in he queue waiting té\_be served,

R .
L v N
k=1(ku-) )
: A
.. of E, = E: p(“) X Py
A k=1(k-2)



3 1
] :

15x 6" 12 -
45 |
=1+ 33+006]" = [1 19311°=0.83 '
(“i) 8o 4
’ E.= 12(1 ) (125 x 2% 324)
, - = 15x64x——-9ﬁ-——=0.009:hdur
| (250 x324) A
= (.33 second. ’
Proposed System
E,= —*__ here=12hour, ji=15hous B, = 12 .12 ¢
H(—1) 15(15- 12) 45
I6‘minutes ' ‘

Hence, it is better to continue with the present system rather than mstallmg ATM purely on
the conmderahon of customer waiting time.

Example 16. 4¢ a polyclinic three facilities of clinical Iaboratones have been prov:ded
Jor blood testing.-Three lab technicians attend to the patients. The techntyians are equally
qualified and experienced and they take 30 minutes to serve a patient. This average time
Jollows exponential distribution. The patients arrive at an average rate of 4 per hour and this
follows Poisson’s distribution. The management is interested in finding out the following :

(a) Expected number of patients waiting in the queue.

(b)  Average time that a patient spends at the polyclinic.

(c) Probability that a patient must wait before being served.
(d) Avera_ge percehtage idle time for each of the lab technicians.

.

Solution. In this example
A= 4/hour

= -t =2 .
n= 30><60 f'hour

K=13
po = Probability that there is no patient in the system.

1 - , .
-1
> N - _ 1 : .
1 2 2% d,u.l 4] 2‘ 2 (2
= |—+—+ (2 X--— e e
le"2 2 R
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and
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relevant and applicable to real life’ sntuatlgns In this method.the service s considered ina_

|-distributed. With sanje mean time of 1/, with different cha:mels we get different distribution.

- 154 Sdf-!nsfrydwnd Material .

i [1+1+2§—:4—6-] =(26) 1 =0.038 . .

(@) Expected number of patients w:‘aiting_inihé queue

po ] m‘ Ap .
. -9 I_ (k}.l k) * .

= [;xSxi]xOOi&B 8x0038 ogmoronepauent

. -

(b) Average time a patient spends in the systcm o _ ..
E; 0. 1 i
= %42 = 22 220076405 = 0576 hous =35 minutes
Aou 4 2
(© Probab:hty that a patient rmuist wait, ‘ _
- . TGk v : . :
H a . l l l .
Ny pinzh)= —(—]. —Xp, ' ‘
R 1-1 0 ]
~ . ) (2) S
= lx8x8x0‘038‘/?‘;qﬂ" . . . r,/-::
S 6 ¥ A SR
.'."-:I =040 | ‘ )f, ‘{:",., "
‘ p) . i 1 l i . .
/(d) P (1dle techmcwn) = 5 Po _3_ 2+ 5. p, whenp, = L m Py -
) pg = when all the 3 technician are idle (o one is busy)
. = when only'one _techmcmp is idle {two are busy) i

= when two technicians are idle (only one - busy)

p(zdletechmcm.n)- —x0038+2x[4)x0038+ x—(2)2x0038 -
3 3 A2 12 . |
b =0038+005+0.025 S |

=0.113

‘ -
48 POISSON ARRIVAL AND ERLANG DISTRIBUTION .
FOR SERVICE e -j

T

‘We have assumed in our earlier problems that the two servlce pattern distributions follow . ,

exponentlal dlsm'bution in a manner that its standard deviation is equal to its mean. But, -
there are thany situations where these two will vary, we must use-a model which is more "

number of phases each with a service time 'llp and time taken in each phase is exponentially

The method makes the follows assumptlons . -
() -The arival pattern follows Poisson distribution. i .

) One tnit completes service m all the phases and oﬁly' ﬁl_en the other'unit is served.

*




S

- “
At

©) In:)each phase the service follows exponential distribution. =~ -

‘ Phases S . Departue
HONONO ite
Q.leue - ' . v - - . ) . . . .
_ Fig, 4.10 a
The following formutae are used in this method :
1. Expected number of customer in the system
R ST LR WL O
" _ E,= k+—X +—=E+— .
)} 2k p(u=k) w7
2. Expected number of customers in the queue (or Average queue length -

F

. 2
B=pady M

an . . zk u(}l l) L ?.':;_.-
3. Average waxtmg time, of a customer in queue - R ;
- R L :
. ' E k +—Xx :
T 2k (l.l l) ) L
| 4 Expected wamng time of a customer in the system
o . L 2 A
o —X +— .
2k p(u-A) p )

Example 17, Maintenance of machine can be carried out in 5 operations which have to
.be performed in a sequence. Time taken for each of these operations has a mean time of
S minutes and follows exponent_mf distribution. The breakdown of machine follows Poisson
distribution and the average rate of breakdown is 3 per hour. Assume that there is only one
mechanic available, find out the average idle time for each machine breakdown.

Solution. K=3

-t

Armrival}A = 5=l/20 machines/hour -
Total service time for one nﬁghine =5.x 3 = 15 minutes
Service rate it = 1/15 machines/hour

| p= Qﬁlisaﬁon mtefuﬁtﬁc‘ineensity = 'klu = [2—10- X 3])(15 = % =025
o e . 1 Az 1
Expected idle time for machine =k+ k= — 4 —
R _ 2 up-d) m
¢ : T 1
R = EXLX-LXIS L_..l.]*..!_
' . 6 20 20 15 20, 15 =

= —-1—+15x60+15=1.5+.15=16.5miﬂ’ﬁteS- '
600

) _Example '18. In a'restaurant, the customers are reqwrea‘ to caHec: the coupons after

making the payment at one counter, after which he moves to the second counter where he
collects the snacks and then to the third counter, where he coﬂects the cold drinks. At each

o

[

. Sequencing Problem

. and

: Queumg _Theery

™ -,.v‘

nl

T, . |
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counter he spends 1 X 1/2 minutes on an average and this time of service at éach counter

is exponentially distributed. The arvival of customer is at the rafe of 10 customers per hour
: « i

and it follows Poisson's distribution. Determine

(a) Average time a customer spends waiting in the restaurant;
() Averaée time the customer is in queue.
Solution. A= 10 customer/our

1 = Total service time for one customer

= §'x3=.?.¢u§tomers
- 27 4

=4 X60= 80 hours. ' v
9 3 '
I A
- {@} Averagetimea customer spends waiting m the restaurant E, = k +
’ ' ATy
4. 10x-§- Eg..w-.lxi_i ‘minutes or ixﬁoo = (1.9 minute. -
9 8 3 . 4 50 200 ~~200.
(b) Average time the customers in queue
' 1.1 3. 9
. H_g_ﬁxﬁﬂ-z—mmutesr N
3
4.9 SUMMARY ' . . ’

* A sequence is the order in which different jobs are to be performed. When there
is a choice that 2 number of tasks can be performed.in different orders then the ~
probiem of Sequencing arises.

¢ The basu: concept behind sequencing is to use the available: facilities in such a
manner that the cost (and time) is minimized. The sequencing theory has been
developed to solve difficult problems of using limited number of facilities in an

- -optimal manner to get the best productlon and minimum costs.

o Job : These have to be sequenced hence there should be a particular number of
- jobs (groups of tasks to be performed) say n-to be processed.
LR Maclnne,. “Jobs have to.be performed or processed on machines: It is a facility
which. has some processing capability.
¢ Loading: Assigning of jobs to facilities and committing of facilities to jObS without
specifying the time and sequence.
" s Scheduling : When the time and sequence of performmg the job is specified, it is
called scheduling.

o Total Elapsed Time: It is the time that lapses between the starting of first job and
the completion of the last one.

. Idle Time : The time for which the facilities or machme are not utilized during the
tota} elapsed time.

o Static Arrival Pattern : If all the Jobs to be done are received at the facilities
sunultancous]y

N& B a e tm

- ==




. . - s

3 "~

¢ Dynamic Arrival Pattern : Here the jobs keep arriving continuously. - Sequencin’ii Problem
a

* Queuing theory*has been used for many real life applications to a great advantage. Queuing Theory
“ It is so because many problems of business and industry can be assumed/simulated :
] to be arrival-departure or queuing problems, -

¢ Queuing theory techniques, in particular, can help us to determine sultable number NOTES o
and type of service facilities to be provided-to different types of customers. )
¢ Arrival Pattern : It is the pattern of the arrival of a customer-to be serviced.
s Poisson’s Distribution : It is discrete probability distribution”which is used to
determine the number of customers in a particilar time, - o
+ Exponential Distribution : This is based on the probability of completion of a
service and is the most commonly used distribution in queuing theory, '
¢ _Service Pattern : We have seen that arrival pattern is random and poissons
distribution can be used for use in queue model.
» Channels : A service system has a number of facilities positioned in a suitable
manner. '
¢ Service Time : Service time, i.e., the time taken by the customer when the facility |
is dedicated to it for serving depends upon the requirement of the customer and
- what néeds to be done as assessed by the facility provider. -
~Idle Rate, This is the rate at which the service facility,remains unutilised and is
lying idle. . o e

410 REVIEW QUESTIONS

1. What is no passing rule in a sequencmg algorithm?
2. _ Explain the four elements that characterize a sequencing problem
‘Explain the principal assumptions made while dealing with sequencing problems.
4. . Describe the method of processing ‘n’ jobs through two machines.
5. Give Johnson’s procedure for determining an optimal sequence for processing #
- items-on two machines. Give justification of the rules used in the procedure.
6. Explain the method of processing ‘m’ jobs on three machmes A, B, C in the order
_ABC.
7. Exp]am the graph:cal method to solve the two jobs m—machmes sequencing problem
" withgiventechnological ordering for each job. What are the limitations of the method?
8. . A Company has 8 \la:ge machines, which receive preventive maintenance. The
maintenance team is divided into two crews A and B: Crew A takes the machine : .
‘Power” and replaces parts according to a given maintenance schedule. The second
crew resets the machine and puts it back into operation. At all times ‘no passing’

rule is considered to be in effect. The servicing times for each machine are given
below. N

Machine | a | & | ¢ | d | e | £ | g | ®

‘CrewA | 5| 4 | 22 16 15 1m{ 9 4
CewB | 6|10 12 | 8 | 20 | 7 2 |21

&

Determine the optimal sequence of scheduling the factory maintenance crew to
~ minimize their idle time and represent it on a chart.

-

. : S : " Self Instructional Material 157




. Quantitative Techniques

NOTES

e

PN

-~
L]

9 Use graphical method t0 ﬁnd the minimum elapsed total time sequence of 2 ]obs

‘and 5 machines, when we are gwcn the- followmg information :

i . - X R c .
Sequence - .
-~ -Job1 ) : _ oo
. Time (hours) - s i i 2
) S . ) C = ’;A - D :“B\; -
S gebpz o oodwemee _
.- Time (hours} 4 s e . _|.3 "

10 Two Jobs are to be processed on four machines g, b ¢ and d. The technologlcal _

order for these jobs on machmes is as follows :

=¥
¥
"

Y. ¢ Jobl "8 b
b2 & b

ce.

M

Prqceésing' times are given 'in the following table :

o

- _ Machinés
e Job da |eb. |
e 1 "4 i 6 7
2 4" '? .5

11.

" Find the optimal sequence of jobs on each of machmes i
A machine shop has four machines A, B, C and D. Two jobs must be processed ‘

through each of these machines . The time (in hours) taken on each of these machines
and the necessary sequence of jobs trough the shop are given below.

A B

Job'l Sequence - - €
. Time (hour(s) s o4 5
. . .. ~ !1 - *
g ~ D B C
" Job 2 = equence ) . -
: Tlme (hOul's) - 6 4 7 . .

15. (@) Give some applications of g queuing theory.

-+
L
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Use graphlc method to obtamed total minimum elapsed time,

'12.. Whati is a queue? Givean example and explain the basic concept of queue

13. Define a queue. Give a brief description of the type of queue discipline commo;il'y
" faced, _ : i -

“14. (a) Explain the single charinel and multi-channel queuing models..

(b). Draw a diagram showmg the physical layout of a queuing system vnth a mulu
.server, multi-channel service facility. :

ot

(b) Statethree applications of waiting line theory in business enterpnses

- 16, With respect to the queue system, explain the foliowmg

(?) Input process, (i) Queue dlsmplme (m) capacity of the system, (:v) Holdmg
time, (v) Balking and (v} Jockeying. g .

3 . : . ;

oy

o
#




17. Briefly explain the important characteristic of queuing system, Sequmg Problem-

AT o nd
* 18 Whatdoyowunderstandby: . - Qm;g Thewy
(a) () quene length, (if) wraffic intensity, (ifi) the service channels? : -
"(b) (9 steady and transient state and (i) wiilization factor? - . NOTES

19. Show that if the inter-arrival times are exponentially distributed, the number of
arrivals in a period of time is 2 Poisson process and conversely.

20, Consider the pure_ blrth process, where the: system starts with K-customers at = 0.
‘Derive the equation descnbmg the system and then show that

Xy
| P = PR |
~ 21. Consider the pure birth process, where the number of depanures in some time
interval follows a Poisson dxstnbutlon Show that the line between successive
departures is exponenhal ‘

22. IfAAtis the probability of a single arrival durmg a small interval of txme At, and if
the probability of more than one arrival is negligible, prove that the afrivals follows
~ the Poisson’s law.

sn=kk+l,.

23. (a) Derive Poisson’s process assumning that the number of amrival, in non-qverlapping
' " intervals; are statistically independent and then apply the binomial distribution.
. ‘ '(b) -What are the vanous queuing models available?
24, Explain (i} Single queue, single server queumg system, -and (i} Single queue, |.-
mlﬂtlple servers in series queues,  * g
‘ [Hmt GD indicates that discipline is general, i.e., it may, be FCFSor LCFS or SIRO}
25. Fora (MM!) (so/F/F 0) queuing model, in the steady—state case, obtam expressions
- for the inean and vanance of queue length in terms of relevant parameters : Aand u
"~ 26, Fora (M/M/l) (mf’FfFO) queuing model in ‘the stgady-state case, show that -
' {a) Tl_l_e expfcted number of units in the system and in the queveisgivenby
. A 2.2

E =_N N
(n)= { N and .E{m)= ey

(&) (i) Expected waiting time of an arrival in the queue is ( p o
M 1- p ) . : i e
@) Expeceed wamng time the customer spends n the system (mcludmg semees) 8| S

l .

(=)
21 Defins't busy penod of a queuing system Obtain the busy perlod dlstnbution for
. the simple (M/M/1) : (eo/FCFS) queue.
"~ Whatis the condition that the busy period will termmate eventually‘?

28. Derive the differential- differential equatmns for the queumg model (M/NU 1):
(N:’FCFS) and solve the same. .

29. -Fora (M/M/1) : (N/FIFO) quening model : P
(/) find the expression-for E(n),.
(if) derive the formula for P, and E(n) when p=1.
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30.

31.

32.

n.

3s.

36.

- 37.

: service find :

(a) For a'{MfM!C) HC FCFS)' queuning model, derive the expression for

() the steady state equation,
(&) probability that a customer will not have to wait,
(iff) expected number of customer in the queue,
(iv) expected number of customers in the system,
(v) expected waiting time of a customers in the system,
(wj probébility of server.to be idle.

*

(b} Giving clearly the assumptions, derwe the steady state dlstnbutlon of queue

length in (M/M/K) queuing model.

For (M/M/C) ; (N/FCF), derive the steady-state equations describing the situation -

for N =C,; then show that the expression for Pn is given by

o

. ‘%(%]I . - . N T, I.
*Pr={—7—, 0<nsC . g
0 , -otherwise T
Whel'e Po_l = i@_ '
n={
For Erlang is dlstnbutlon with parameters uaudK prove that the mode is at (“; 1)
. [
the mean is 1 , and the variance is _l_ -
iy Kp?

For (M/GTT) : (w:‘FCFS) queuing model, derive the Pollaczek—Khmtehme (P-K)

formula for expected number of customers in the system.

Show that for the special case of exponentlal serVice time Wlth mean 1 , the results
of (M/G/1) model reduce to thosé of the (M;’Mfl) maodel, y_.
Under the standard quening model nomenclarure mdncate what do you mean by

‘the following : ' -

M/M/S, D/M/1, Mr‘G,/S G/G/S and E/GI/S
Write short noteson: :
* (@ Cost-profit models in quening theory.
(@} Non-Poisson queﬁes. o _
_(#) Information requirement, assumption and objecii#es of queuing models, "

A foreign bank is considering opening a drive iri window for customer service,
Management estimates that customers will arrive for service at the rate of 12 pér
hour. The teller whom it is considering to staff the window and serve customers
at the rate of one every three mmutes Assummg Poisson arrival and Exponent ice

! ’

v

(@) Utilization of teller;
" (b) .Average number in the system;
{c) Average waiting time in the line;

(d) Average waiting time in the system,



CHAPTER 5 REPLACEMENT PROBLEM
AND PROJECT MANAGEMENT

5.1 Introduction v

5.2 "Replacement PoIicy for Equipment/Policy that Breaks Dommls Suddenly
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.5.4 Project Management

5.5 Network (Arrow Diagram) -

5.6 Steps in Project Crashing -

5.7 - Probability and Project Planning

5.8 Summary

5.9 Review Questions

*

REPLACEMENT PROBLEM-

5.1 INTRODUCTION

Replacement of old plant and equipment and items of use like bulbsitube—lights, refrigerators/
heating tools/gadgets, etc., is a necessity. All these items are designed for performance up

to the desired level for a particular time (years/hours) or paﬁicular number of operations.’

For example, when a refrigerator is given the warranty for 7 years the manufacturer knows

that the design of the refrigerator is such that it will perform up to desired leve! of efficiency-{

without breakdown for that period. Similarly, bulbs/tube-lights may have been designed
for say 10,000 on-off operations. But all these need to be replaced after a particular period/
number of operations. The equipment is generally replaced Because of the following reasons :

(/) 'When the item/equipment fails and does not perform its ﬁ.mcfipn it is meant for.
{(ii) Item/equipment has been in use for sometimes and is expected to fail soon.

(iii} _ The item/equipment in use has deteriorated in performance and needs expensive
repairs i.e., it has gone beyond the economic repair situations. The cost of
maintenance and repair of equipment keeps increasing with the age of the equipment.
‘When it becomes uneconomical to continue with an oid equipment, it must be
replaced by a new equipment. %

(v) Improved technology has given access to much better (convenient to use) and
. technically superior (using less power) products. This is the case of obsolescence.
The equipment needs to be replaced not because it does not perform up to the

Replacement Problem
. and
Project Management

NOTES
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standards it is designed for but ‘because new eqmpment is capable of performance
of much hlgher standards. “

It should.be understood that all replacement decisions' involve high financial costs. The

financial decisions of such nature will depend upon a large number of factors, like the cost of
new equipment, value of scrap, availability of funds, cost of funds that have to be ananged,
tax benefits, government policy, etc. ) .

¥

When makmg replacement decisions, the management has to- make certam assumptions, '
‘these are: ~

LY

(i) The quality of the output remains unchanged v
(i) There is no change in the maintenance costs. .
(itf) Eq‘uiprnents perform to the same standards.

. Let'us discuss some of the common replacement probiems.

Replacement of items, which deterlorate with tlme without considering the ehange in
money value ' -

Most of the machinery and eqmpment havmg moving parts deteriorate in the1r performance
with passage of time. The cost of maintenance and repair keeps increasing with passage of
time and a stage may reach when it is more economical (in overall analysis) to replace the item
with a new one. For example, a passenger car is bound to wear out with time and its repair
and maintenance cost may go to such level that the owner has to replace it with a new one.
’ Let C = Capital cost of the item, ‘
S(n= Scré_lp value of the item after ¢ years of use,
;. - 0= Opérating and maintenance cost of the equipment at time 7,

n = Number of years the item can be used,

TC () = Total cost'of using the equlpment for n years, .

L. TC()=C-S(H+ 20(:)
Average TC (m) = — — S v
- n|:C -S (;)Zo_(:)] .
=1 5
Time ‘™ in this case is a discrete variable. . _ “

In this case as long as.the average TC (n) is minimum, the equipment can remain )in use
for that number of years. If average total cost keeps decreasing up to ith year and starts
increasing from (7 + 1)th year then jth year may be conmdered as most economic year for
réplacement of the equipment.

“The concept of deprec:atlon cost also must be understood here As the years pass by, the

cost of the equipment or items keeps decreasmg How much the cost keeps decreasing can
be calculated by two methods commonly used, i.e., stralght line deprecnanon method and
the dimunshmg value method. - .

"

,..
s -
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- Example 1. 4 JCB excavator operator purchases the machme for¥ 1500000 The operating  Replacement Problem

cost and rhe resale value of the machine is given below. and
_ : Project Management
Year - 1 2, 3 4 3 5 6 7 8
8 30000 | 32000'| 36000 | 40000 | 45000 | 52000 | 60000 | 70000 ~ NOTES
Cost(@?® . .|~ | il B s _
Resale valve . o R ' )
“12 - ) . t
. (mlakhsof?) -12 “_10 8 5 4.5 | 4. 3 ‘ 2 | _
When should the machine be replaced?
Solution,. ‘
) - C= 1500000

" 0 (#) = Operating cost
8 (#) = Resale value
t= Time ‘

-

n = Number of years after when the machine is to be replaced.

Let us draw a table showing the various variables required to make decision. This is shown
in the table below. ' i

-+

Resale value | Depreciation | Total cost | Average )
o
Year |- Cumulative| S@(n | C-S@®(n | TC(m(in | TC () (in |.
(in thousand O() | thousands of | thousands of | thousands of | thousands

. | of Rupees) Rupees) Rupees) Rupees) | of Rupees)

17 30 30 1200 300 - | - 330 330

2 2 | e | 1000 " 500 562 281

3 % | 9 | 80 | 700 798 266

4. 4 ] 18 | 500 1000 1138 284.5

5 45 183 450 . 1050 1233 246.6

6 52 235 | 400 1100 1335 222.5
7 60 295, 300 - 1200 495 | 2136

8 707 | 365 200 13000 | 1665 208

I third year the minimum average éost is 266000 as shown in the table above. So,
replacement should take place at the end of three year. ’

Example 2. 4 new tempo costs % 100000 and may be sold at the end of year at the ﬁ;iiowmg
prices :

Year 1 2 3 4 s | 6
}, Selling Price () | 60000 | 45000 | 32000 | 22000 | 10000 | 2000

The corresponding annual operating costs are :

Year {1 L2} 3 4 5 6
Cost'Year (T) | 10000 | 12000 | 15000 |20000 | 30000 | 45000 B
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-

It is not only possible to sell the tempo aﬁer use bu: a!so to buy a second hand tempo. It~
may be cheaper to do so than to buy a new tempo

Ageof_ter_npo o 0 1 g 2 13 4 3
Purchase Price (%) | 100000 | 60000 | 45000 | 33000 | 20000 |- 10000

- What is the age to buy and to sell so as ra minimize average annual cost?

‘Solution. Cost of new tempo = T 100000
Let us find out the average cost per year of the new tempo.

T

Cumulative:|”

Year of | Operating | “Operatin | Resile | Depreciation | Total éo'st Average
Service | Cost O {1). Cost O (3 . Value S () C-85( CTCm | wTC@
{1) 2 3) @ 5 ©=0C)+0) | (M=6)+1)
1| 10000 | 10000 | 60000 40000 | 50000 | 50000
2 12000 | 22000 | 45000 | 55000 77000 | 38500
3 15000 37000 | ‘32000 | 68000 | 105000 35000
4 | 20000 57000 22000 | 78000 135000 | 33750
5 30000 87000 10000 90000 177000 | 35400
6 | 45000 132000 2000 98000 230000, 35000

Average cost is minimuum at the end of fourth year; hence the new tempo should be replaced
afler 4'years. .

Let us now find ouit thé average total cost of second hand tempo.

Yesr of | Operating | . Cumulative * | Resalé | Depreciation | Total Cost Average
Service | Cast O (1) | Operating Cost O (f) VglueS(t) C-8(n TC (n) -TC (n)
(1) 2) - (3) ) (5 ©)=3)+(5).[ (D=(6)+ (D) _
0 100000 | 100000 100000 _
1 10000 | 10000 60000 | 40000 | 50000 50000
2 | 12000 22000 45000 55000 77000 [ 38500
"3 | 15000 37000 32000 | 68000 | 105000 | 35000
4 120000 | 57000 20000 | 78000 | 137000 33750
5 | 30000 87000 10000 90000 177000 35400

The tempo may be replaced by éecond hand tempo at the end of third year and the owner
can save X (35000-34666), i.e., T 334 instead of buying a new one.

.Example 3. (a) Machine A costs T 9000. Annual operating costs are T 200 Jor the first

year and then increases T 2000 every year. Determine the best age at which to replace the
machine. If the optimum repfacemem policy is followed, what will be the average yearly
cost of owning and operating the machine?

(&) Machine B costs € 10000. Annual operaring cost are T-400 for the first yeaf and then

increases-by X 800-every.year. You now have a machine of type A ‘which is one year old

-Solution. () Let us assume that there is no scrap value'of the machine Avetage total cost

can be computed as



Year | Qperating | Cumulative Operating DepreEiation Total Cost Average
(n) Cost O (1) CostZO () C-S(9 Cost
1| 200 - 00 | 9000 9200 9200
2 2200 . 2400 forall years | 11400 5700
3 4200 6600 ' 15600 5200
4 6200 12800 21800 | 5450
s | 8200 51000 ' 30000 | 6000
It can be seen that the best age for replacement is.third year.
{b) For machine B, the average cost can be calculated as follows :
.| Year | Operating Cumulative Operating | Depreciation Total Cost Average
(n). | CostO(9) . CostZO(D C-S(8 | Cost
1 400 400 *10000 10400 10400
2 1200 1600 for all year 11600 5800
3 2000 3600 ! 13600 . | 4533
4 2800 6400 N 16400 4100
5 3600 10000 _ “| 20000 4000
6 4400 14400 24400 |- 4066

Sinc;e the minimum average ‘cost for machine B is Jower than for machine A, machine B

should be replaced by machine A. Minimum average cost is (T 4000), it should be replaced |

when it exceeds ¥ 4000. In case of one year old machine T 2200/- will be spent next year and
T 4200 the following year. We should keep machine A for one year.

Replacement policy of an equipment/item whose operating cost increases with time
and money value also changes with time

In previous examples, we assumed that the money value does not change and remains
constant but it is well-known that as the equipment deteriorates and operating costs keep
increasing, the money value keeps decreasing with time. Hence, we must calculate the Net
. Present Value (NPV) of the money to be spent a few years hence. Otherwise the resale value,
the operating costs, which are to take place in future, will not be reallst:lc and management
will not be able to take optimal decisions.

Let " C =Initial cost of item/equipment
O C = Operating cost -
R =Rate of interest

A rupee invested at present will be el:luivalent to (1 + ») a year after (1 + r)? two years hence

and (1 + )" in » years time. It means that making a payment of one rupee after n years is

equivalent to paying (1 + r)" now. The quantity (1 + 7)™ is calied the present worth or

present value of one rupee spent n years from now. _

Present value of arupee V=(1+r) U= /1 + 7 is called discount rate and is always less than 1.

Then, yearwise present value of expenditure in future years can be calculated as

Present value (n) =(c + oc)) + oc, v+ 0cy V. +0c, V-l (e+oc) v+ oc; Vil
+oc Vi L +oc, V'V 3 (et oc) Vo VT L o, !

Replacement Problem *
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- ,.' Total costs of machines X and Yare calculated as sﬁown below. .

Steps Invelved in Calculation of Replaéement’ Policy When Time Value Changes .

Step L Find out the present value factor at fhe given rate and multlply it with the
Operatlng/ maintenance cost of the equipment/items for dxﬂ'erent years..

Step 11, Work out the total cost by’ addmg the cumulatwe present value to the original
cost for all the years.

Step IIL Cumulate the discount factors.

o " A

‘[ Step IV. Divide the total cost by correspondmg value of the cumulated discount factor

for every year.

Step V. Find out the value of Iast column that exceeds the total cost. Eqmpmentr’ltem
will be replaced in the latest year .

These steps will be explamed with -the help of-an ejcaniple -

Ex;mple 4. The yearly cost of two machines X and Y, when money value is neglecred is
_shown below. Find which machme is more economical if money value i is 10% per year -

Year 1 2 3
- Machmexm 2400 1600 1800
| Machine Y (@) ™ 3200 800 1800

1 Solution:. It may be Seen:that the total cost for each machine X and-Y is T 5800

(2400 + 1600 + 1800) or (3200-+ 800 + ~1800). When the money value is not discounted
the machmes are equally. good, total costw13e, when money value is not changed with time,
with money va}ue 10% per year, the discount rate; it changes as follows . _ .

| — IS R =0.9091~ .
. 1+r-l+010 ll\,

Tt Y ="

| Year Sl 2 . 3 Total Cost %)
M&chine X :_‘--‘-2490,; ) iisoo,x 0.9091 = 1440 = | 1800 x 0.9081 = 1620 5450
| Machifie Y._ | 3200 |800x0.9091=720 .1800 x 0.9081 = 1620 - 5540 ‘

The total goét of machine X is léss than that of machine Y, machine X is more ecoriomical.
Example 5. 4 manufacturer is offered two machmes X and Y. Machine X is priced at
%-10000 with running cost of T 1000 for first four yearsand increasing by ® 400 in fifth year and

. subsequent years. Machine Y which has the same capacity and pedormance as Xcosts 38000

but has maintenance cost oﬂ‘ 1200 per year for first five yéars increasing by X 400 in ihe sixth,
.and subsequent yéars. If cost of money is 10% per year, which is a more economical machine?
Assume running cost is incurred at the beginning of the year

w

Solution. Pv- =0909 . o
1+010 S .
MachmeX C= 1000 ’ '
vor | 0 | v e [ P T i Comanie | Vs
| 11000 100 1000 11000 1.00 . 11000 '
[-2 {1000} o909 909 11909 1.909 59845
3 1aodo | oss | 3 826 | ] BRns 4 2735 |- 465630 .




4 | 1000 | 0751 751 13486 3-486 38686
5 | 1400-| 0683 956 14442 4169 3464
6. | 800 | 0621 | 1116 15558 | 4790 - 3248 :
7 |2200], 0564 1240 16798 " 5355 3137
8. | 2600 | 0513 | 1326 18124 5868 30886
9 {3000 | 0466 | 1398 19532 6334 3084
10 | 3400 | 0424 1429 21951 6759 3247
Machine Y, C = 800. ‘ X
: PVof [ €+ Cumulative | Cumulative | Weighted
Year | OC | PViactors . o | * pyofoc | PV Factor Avéraigg: Cost
1 | 1200 | 100 |"1200 9200 T 100 - | 9200
2 | 12004 0909 | 10908 102008 | 1909 | 539067
30| 1200 |.08%. | 9912 | 11282 | 273 4125
c 41200 | 0751 | sm12 121832 3.486 34948 -
s | 1200 | 0.683 8196 |- 130028 4169 | 319
6 | 1600 | ‘0.6210 |.9936 | 139964 .| 4790 1| 2922
7 | 2000 | <0564 | m28 T  1si244 | 3355 | 282435
" 3. 2400 | 0513 | 12308 | 163556 | 5868 2787.25.
9 | 2800 | “d4e6 | 13048 176604 | 6334 27882
10 | 3200.| 0424 | 13568 19017.2 6.759 2813.6

It can be seed that weighted average cost of machine X'is minimum, i.e., T 3084 in ninth

- year. Where as the weighted average cost of machine Y is-minimum in-8th year, i.e.,

© 2787.25 so it is advisable to purchase machine Y. ;

I

52 REPLACEMENT POLICY FOR 'EQUIPMENTIP_OLICY
THAT BREAKS DOWN/FAILS SUDDENLY

As an equipment or item, which is made of a nuriber of components ages with time, it deteriorates
in its functional efficiency and the performance standard are reduced. However, in real life
situation there are many such items whose performance does not deteriorate with time but fail
suddenly without any-warning. This can cause immense damage to the system or equipment
and inconvenience to the user. When the item deteriorates with time, one is expecting reduced
performance but othe items, which may fail without being expected to stop performing, can

" create alot of problems. A minor component in an electronic device or equipment like TV, fridge

of washing machine, costs very little and may be replaced in no time but the entire equipment
fails suddenly if the component fails. Hence the cost of failure in'terms of the damage to the

_equipment and the iricorivenience to the user is much more than the cost of the item.

If it is possible to know exactly the life of the component, it is possible to predict that the
component and hence equipment is likely to fail after, performance of so many hours or
miles, etc. This is the concept of preveative maintenance and preventive replacement. If the
equipment is inspected at laid down intervals to know its conditions, it may not be possible
to expect the failure of the item. The cost of failure must be_brought down to minimum,
preventive maintenance is cheap but avoids lots of problems. In many cases, it may not be

1
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possible to know the time of failure by direct inspection. In such cases the probability of )
failure can be determined from the past experience. Finding the Mean Time Between Failure - .

(MTBF) of the equipment in past is one good way of fmdmg this probablllty Itis possrble
by using the probabilities to find the number of items survwmg up to certaln time penod or

| the number of items failing in a particular time period.

In srtuatrons, when equipment/item fails without any notice, two.types of situations arise.

" (a) Individual Replacement Policy. In this case an iteth is replaced immediately when
it fails.

(b) Group Replacement Policy. In this policy all the items are replaced irréspective of
the fact whether the items have failed or not, of course, any item failing before the
time fixed for group replacement is also replaced. : .

'Indrwdual Replacement Policy B

In this policy, a particular time ‘¢’ is fixed to replace the item whether it has failed or fiot. It cart
be done when one knows that an item has been in service for a particular period of time and has
been used for that time period. In case of moving parts like bearings, this policy'is very useful to
know when the bearing should be replaced whether it fails or not. Failure of a bearing can cause

‘| alot of damage to the equipment in which it is fitted and the cost of repairing the equipment is

much more than the cost of bearing if it had been replaced well in time. it is possible to find out
the optimum service life ‘¢'the sudden failure and hence foss to the equipment and production
loss, etc, can be avoided. However, when we replace items on a fixed interval of preventive
maintenance period certain items may be left with residual useful life which gbes waste. Such”

items could still perform for another period of time (not known) and so the utility of items*
-| has been reduced. Consider the case of a city corporation wanting to replace its street lights.
| If individual replacement policy is adopted then replacement can be done simultaneously at

every point of failure. If group replacement policy is adopted then many lights with residual
life will be replaced incurring unnecessary costs.

Analysis of the cost of replacement in case of items/equipments that fai] without warning is
similar to-finding out the probability of human deaths or finding out the habrllty of claims
of Life Insurance Company on the death of a polrcy holder.

The probability of failure or survival at dlﬁ‘erent times can be found out by using mortality
tables or life tables

-

The problem of human births and deaths as also individual problems where death is equivalent ;

to failure and birth is equivalent t0 replacement can also be studied as part of the replacement
policy. For solving such problerns, we make the followmg assumptions: :

{a) All deaths or part failures are immediately replaced by births or part replacements and
(b) There are no other, except the ones under consideration, entries or exits.

Let us find out the rate of deaths that occur during a particular time period assuming that
each item in a’system fails just before a particular time period. The aim is to find out the
optimum period of time during which an item can be replaced so that the costs incurred are
minimum. Mor:ahty or life tables are used'to find out the probability destination of lifespan
of items in the system. - ) -

Let f(#)- number of items surviving ‘at time (t- 1) n=Total number of items with system under
consideration. The probability of failute of items between ‘¢ and (s — 1) can be foud out by
pe ((r-l)~f(f)} - _

n 3

.

—



_ Réplqcement Policy

Let the service life.time of an item be T and » ='number of items in a system which need
to be replaced whenever any of these fails or reaches T.

. F (£} = number of items surviving at T - d : NOTES

F'(#) = 1 - f(#) number of items that have failed .
O (7} = Total operating time
Cf = Cost of replacement after failure of item

CPM = Cost of preventive maintenance

Cost of replacement after failure of service time T=n X (1) X €,

Also cost of replacement for item replaced before failure =n [1 - f ’('i")] Com
=n+f(Thef+n[1-f«T) Com

Hence we can replace an item when the total replacement cost-given above i minimum where

Ot)=f(t)at

4

‘Group Replacement Policy -

Under this policy, all items are replaced at a fixed interval ‘¢’ irrespective of the fact they
have failed or not q_nd at the same time keep replacing the items as and when they fail. This
policy is applicable to a case where a large number of identical low cost items which are
more and more likely to fail at a time. In such cases, i.e., like the case of replacement of
street lights, bulbs, it may be economical to replace all items at fixed intervals.

Let  n= total number of ttems in the system
N (f) = number of items that fail during time ¢
C (1) = Cost of group replacement after tirlrlle ¢
C () / t = average cost per unit time
C g Cost of group replacement
C f= Cost of replacing one item on faiiurc

CO=nCg+Cf(n tny+ ... +n,_,)

F (t)='Averagecpstperunittime=C(r)/t=n'Gg+Cf(n;+n2+ ...... +n, 1)'ft )

“We have to minimize average cost per unit time, so optimum group replacement time would
be that period which minimize this time:
It can be concluded that the best group replacement policy is that which makes replacement
at the end of */'th period if the cost of individual replacement for the same period is more
than the average cost per unit time.

‘Example 6. The following mortality rates have been.observed for certain type of light bulbs :

End of week 1 2 3’ 4 5
Percentage Failing | 10 | 20 50 70 100

There are 1000 buibs in use and it costs T 10 to replace an individual bulb which has burnt
out. If all thé bulbs are replaced simultaneously, it woild cost X 5 per buib. It is proposed
to replace all the bulbs at fixed intervals whether they have fixed or not and to continue
replacing fused bulbs as and when they fail. At what intervals should all the bulbs be replaced
so that the proposal is economical?

o
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' A\'femge number of replacement per week =

Solution: Average life of a bulb in weeks = Probability of failure at the end of wék X
number of bulbs

= (1 x 10/100 +2 x 10/100 + 3 x 30/100 + 4 x 20/100 + 5 x 30!l00)
=0.10+0.240.9+0.8+1.553.5 |
Number of bulbs 1000

Average hfe - 33 =285.

Costperweek@!‘lt)perbulb 285x10 2850 - _"‘ -

Let n,, ny, 15, n, and ng be the number of bulbs being replﬁced a the end ofﬁrst, second, -
third, fourth and ﬁﬁh week respectively then . . I - .

i

_ number of bulbs in the begmmng of'the “first week % probablhty of the
2 bulbs fallmg during first week = 1000 x 10/100.= = 100..

By —(number of bulbs in the begmnmg X probability of the bulbs fallmg during

second: week) + number of bulbs replaced in first week X prcbablllty of
these replaced bulbs fzulmg in,second week.

= 1000 x (20 - 10):‘100+100x10;'100—100+10 110‘

= (number of bulbs in the beginning X probabitity of the bulbs fallmg during

third week) + number of bulbs be:ng replaced’in first. week X probabﬂ;ty

.of these replaced bulbs failing in second week) + nuinber of bulbs being
T replaced in second week X probability of those failing in third week)

. =-100 % (50 - 20);’100+100x(20—10)4’100+110+10l'100 300+ 10+

11=3%

2 g=.1000 X (70 - 50) noo + 100 x (50~ 20) /100 + 110 20 10;100 +320 x

CIRTY T 5
Sl =200+30+1132= m
© mg= 100x:30/100 * 100 x 20/100 + 110 X 30/100 + 321 x.10/100 + 273 x
10/160
4:300+20433 4324285413 . .

_ The econom:cs 'of individual or group replacement can be worked out as shown in the table

r
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below - _#_;v,&f” . . . .
’. e:;f N i i | ot | 2o |
Failing Bulbs Replacement ;. © "~ ' Cost_
T 100 | 100 1000 5000 | 6000 | 6000 -
S| e f 220 2200 5000 ! 7200 | 3600 -
3 R . osa | S4107 5000 | 10410 | 3470
4 273, 814 | - 8140 | T s5000. | 13140 | 3285
5 413 1227 | 12270 5000 17270 | 3454

Individual replacement cost was worked out to be T 2850. Minimum : average cost per week
corresponding to 4th week is T 3285, it is more than individual replacement cost. So it will

-

be economical to follow individual replacement policy.



1

_Example 7. The computer system has a large number of transistors. These are sub;ecz fo  Replacement Problem

a mortality rate given below :. : . L-ond :
Project Manngement
Period | Age of Failure in Hours Probability of Failure ’ L
1| 0-400 T o005 v " NOTES
B 2 400 - 800 015 .
| 3 800~ 1200 035
| 4 1200 - 1600 0.45 ’

If the transistors are. replaced individually the cost per transistor is T 20. But if it can be
done as a group at a'specific interval determined by the preventive maintenance policy of
the user, then the cost per transistor comes down to T 10). Should the transistor be repldced
individually or as a group? ' _‘
Solution. Let us assume: that a hlock of 400 hours is the one period and toﬂ number of | *
transistors in the system are 1600,
Find out the average failure of transistors : S
Average failure = Number of transistors J’Average mean hfe ; \
: lGOO!(OOSx1+015x2+035x3+4x045) |
1600/ (0.05 + Q.30+ 1.05 + 1.80) . o
1600/3.2 = 500 s

~If cost of mdmdual replacement pollcy is adopted, Cost T500%20=¢ 10000 now we
must find out the failure of transistors per period of block of 400 hours,

ny = nypy =1600 X 0.05 = 80
. n'-nup1+n;pl—-l600x015+80x005 240 + 4= 244

< m= = n0p3+n]p2+n2p,—1600x035+80x015+244x005._
. ‘ 560+l2+122 585 R

rH

.

= nopg] n1p3+n,p2+n,p,-1600x045+80x035+244xo1s+585 x0.05

= 720+28%36,6%2925=814 = 1
Now average cost of group replacement must be found

-

-,

Period: | Failure _of | Individuat * - Group | Average
400 Yours ! ICs during _c‘;.'.n:;;::t:“ Replacement| Replacement 1‘;‘:::: Total .
‘Block | ‘Month Cost @ 20 . Cost @10 i Cost N .
1 80 - 80 | 1600 |1600x10=16000| 17600 | 17600
. 2 244 324 6480 222480 | 11240
3 585 909 18180 : 34180 | 11393 .
4 | 814 1723 | 34460 {50460 | 12615 +

r.

The minimum cost of group replacement s 1240 for an mterval of 400 hours. Individual
~ replacement is optimal policy since the cost is T 10000 ‘which is less than the group X
- replacement cost.

l

B . | - |
E N

|

r
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‘Manpower replacement policy-(Staffing policy)

All organizations face the problem of initial recruitment and filling up of vacancies caused
by promotions, transfer, employee quitting their jobs or retirement and deaths. The principle
of replacement used in industry for replacement of parts, etc, can also be used for recruitment
and promotion policies, which are laid down as personnel policy of an organization. The
assumption made in such case is that the destination of manpower is already decided. Few
examples will illustrate this point. _ '

Example 8. An ar1sy unit requires 200 men, 20 Junior Commissioned Officers (JCOs)

and 10 officers. Men are recruited at the age of 18 and JCOs and officers are selected out
of these. If they continue in service, they retire at the age of 40. At present there are 300

| jawans and every year 20 of them retire. How many jawans should be recruited every year

and at what age promotions should take px’ace 2 Z

| Solution. If 300 jawans had been recruited for the past 22 years (age of recruitment 40

years — age of entry 18 years), the total number of them serving up to-age of 39 years = 20

X 22 = 440 |

Total number of jawans required = 200 + 20 + 10 =230 _ |

Total number of jawans to bé recryited every year in order to maintain a strength of 230 *
=800/440 x230=418 - i

it

Let a jawan be promoted at age of X, then up to X - 1 year, number of f jawans recruited is
200 out of 230. Hence out of 800, jawans required = 200!230 x 800 696.

696 will be available up to 5 years-as20 retire every year and (800 20 % 5) 700. Hence

promotion of jawans is due in sixth year. ¢

Out of 230 jawans required, 20 are JCOs therefore if recruited 800 number of JCOs = 20/230
x 800 = 70 approxnmately : :

In a: recrultment of 800, total number of men and JCOs = 69‘? +70= ?66 '
Number of ofﬁcers required = 800 — 766 = 34 ‘

This number w1ll be available in 20 years of service, so promotion of JCOs'to officers is
due in 21 year of service. : -

Example 9. College X plans to raise the strength of its facufty fo 150 and then keep.it at”
that level, The wastage of facuhy due to retirement, qu:mng, deaths, etc, based on the fength
of service of the faculty member s as given below.

172 Self-Instructional Material

Blockyeas | 1|2 |34 | 56| 7] 8 10
% of teachers O0- | 5 (10] 15| 20 |30 35
Those who liveupto | | 5 | 451 60 | 65 | 70 | 85 | 100
end of year _ _
(/) Find the number of faculty members to be recruited gvery year.
(i) If there are 10 posts of Head of Departments (HODs) for which length of service

is the only criterion of promotion, what is the average length of service after. which
a new faculty. member should expect promotion? - :




L
|
|
}

T AT Teee—e—
]

Solution. Let us assume that the recruitment per year is 100. These 100 teachers join ii;itially
in the block of 0 — 5 years, will serve for 35 years and will become 0 in 7th block of 5 y_ears;
i.e., at the service of 35 years. Those 100 who join between the block of year 5 — 10 will
serve for 30 years and become 15, the third set of teachers will become 30 after 25 years
of service and soon.

Year: . No. of Faculty Members
0° 100
5 95
10 65
15 40 .
20 35 .
25 30
] ' 15 :
35 0

Hence, if 100 faculty members are requirtd every year, the total number of staff members
after 35 years (7 block of 5 years) of service = 380"

To maintain staff strength of 150, the number to be recruited every year = 100 /380 x 150 =40

Ifthe college recruits 40 every year, then they want 10 as HODs. Hence if the college recruits_
100 every year then they will need HODs = 10/40 x 100 =25,

It can be seen from the above table that 0 + 15 + 30 = 25, f.e.; the promotion of the newly
recruited faculty member as HODs can be done after 20 years of service.

PROJECT MANAGEMENT {

5.3 INTRODUCTION

Programming Evaluation and Review Technique (PERT) and Critical Path Method (CPM) are
two techniques used in project management. Project management is necessary to ensure that
a project is completed within the stipulated budget, within the allocated time and perform to
satisfaction. - :

PERT was developed by US Navy in 1958 for managing its Polaris Missile Project. It is very
useful device for planning time and resources of a project. Polaris Missile project involved
3000 separate contracting organizations and was regarded-as: the most complex project
experience till that time. , "
Parallel efforts, at almost the same time, were undertaken by Du Pont Company,
which developed Critical Path Method (CPM) to plan and control the maintenance of
chemical plants. These methods were subsequently widely used by Du Pont for many
engineering functions.: . .
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5 4 PROJECT MANAGEMENT

Deﬁmtmn of Terms Commonly uaed in PERT and CPM

A - v - 5

A E _-E.,;,‘,,s‘ ’._ . '3! s .

Actmtx i p.he smaHest umt of productive efforts to be planned, schcduled and controlled. It
“is an |dequﬁahle part of the project, which consumes time and resources. In fact, a project.

is & combmatmn of inter-related activities, which must be performed in a certain order for -

| its complctlon "The project is divided into different activities by the work breakdown into

s%mﬂ%r work contents. In network {arrow diagram) an activity is represented by an arrow, -
the tail that represents the start and the head, the finish of the activity. | The length, shape
.and du'ecnon of the arrow have no ¢ relation to thesize of the actmty » '

v N

Tail : Activity,
Event

T PgsY

Event ‘ ’

An event is an instant of time at which an activity starts and finishes. An event is represented
by a node, i.e., O. The beginning of an activity is Tail Event and ﬁmshmg of an event'is
Head Event. :

o

An unbroken chain of activity arrows connecting the initial event to some other event is
called a path. '

Predecessor Activity.

-| This is an activity that must be completed mmledlately before the start of another activity.-

Successor Activity

Activity, which cdnnot be started until one r more activities are completed bur immediately
* succeeds them is called successor activity of a project. :

Dumy Activity o
As seen in the definition of activities, all activities take some time and resources. A dummy

activity s the one which is introduced in the network for communication when two or more
activities have the same head and tail events. It means that two or more activities share the

 same start and finish nodes simultaneously. A dummy activity takes no time and requiresno .,

resources. Itis s}mwn as a dotted line in Figure 5.2. Figure 5.3 shows wrong representation.

Dummy Activity
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Fig, 5.2. Correct Representation ~ .



+  Tail Evem
~ or Start Node

.~ orFiniskNode

- - - Fig.5.3. Wrong Representauon

Letus assumc that the start of activity C depends upon the completron of activity ; A and
B and the start of activity D depends only on the finish of activity. For this situation,

we draw wrong and right representation in Figure 5.4 to understand the introduction of
* dummy activity in network: .

A .’ " C
P. ' Dummy Activity
I D 2

{a) Wrong Representation (b) Correct Representation

- -

Fig. 5.4

5.5 NETWORK (ARROW DIAGRAM)

4 network is the graphrcal representation of logically and sequentially connected arrows
representmg activities and rodes representing events of a project. T '
Looping .
Sometimes, due to errors in network logic, a situation of looping or cyclmg error ocours in
which no actmty can‘be completed as all the activities of the network ‘are interlinked. In
such situations, there is need to re-examine the network logic and redraw the network To
-~ understand looping, see Figure 5.

Fig. 5.5

Activity B cannot start until activity D is completed and activity D depenids on the completion
of activity C but C is dependent on the completion of activity B. Thus activities B, C and D
form a loop and the network cannot proceed. Such condition can be avoided by checking the

e
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<Dangh”g ; ‘ - ,\i
In a network all activities éxcept the final actmty has a successor.activity. A situation may

occur when an activity other than the final activity, does fiot have a'successor actwlty The
situation is shown in Figure 5.6.

‘L

Fig. 5.6

"In must be remembered that except the first node and last node, all nodes must bave at least_
‘one activity entering it and one activity leaving it.

Construction of Networks .

Construction of a network is a simple. procedure of putting all the events and activities in
a logical and sequential manner to meet the réquirement of a particular project/ problem.
Difficulty occurs only when the basxc rules are ignored. The following steps are helpful in’

"constructing the network : - '

(@) Divide the project into activities by following the procedum of Work Breakdown
Structure (WBS). .

(b) Decide the start event, and the end event of project for all the activities. ThlS is
called establishing the precedence order and is the most 1mportam part of drawing
the network.

() ' The activities decided by the precedence order are put ina loglcal sequence by.
using the graphical representation notatlons Logical sequence can be decided by
asking the following questions :

H] Whalarelheactmtlcsthattmxstbecompletedbeforethestaﬂofaparﬂcu]aracnwty?
(Predecessor Activities) .

(i) Whatactivities must follow the activity already'drawn ? (Successor Activities) .

"(if) Are there any activities which must be performed simuitaneously with a
particular activity ?

Rules to Construct a Network

1. Activities are represented by arrows —— and events are represented by circles O

2. _Each activity is representea by one and onl'y' one arrow. The tail of the arrow
-represents the start and head the end of the activity. -

. 3. Each activity must start and end in a node.

4. Arrow representing activities must be kept straight and should riot be shown curved
or bent.

5. Angles between arrows should be as larges as possible to make the activities clearly
' dlstmgulshable from each other..

6. Arrows should ngt Cross cach other,




+

7. Event Number 1 represents the start of the project. There will be no activities
(arrows) entering this node,
8. All events (nodes) should be numbered in an ascending order.
- 9. No events numbers can be repeated.
'10.

Dangling is not permitted.
11.  Diummy activities also must follow the above rules, even though they do not consume
any resource or time. .
Numbering of events

For numbering of t‘ﬁe events, Fulkerson’s Rule is very helpful.
(@)
(b)

Initial or start event, having no preceeding event is numbered 1.
"Numbering of other events is done, from left to right or from top to bottom as
2,3, 4, etc. ' ’

©
: new initial events; these must be numbered in ascending order.

-Continue numbering all the events till we reach’ the last event out of which no
activity (arrow) will emerge. It will be allotted the highest number, as it is the end
event. "

@

. The numbefiiig: of. actiyities is illustrated with the help of Figure 5.7.

Fig. 5.7

Skipping of Event Numbers T

In large projects in which the activities run into hundreds, it is not always possible to list all
the activities at the initial stage and some additional activities may have to be added as the
project progresses, Hence, while numbering the events contimuously as 1, 2, 3, 4...and so on,
the events are numbered in gaps of 5°s or 10’s so that other events «can be inserted without
. causing any inconvenience to the logic of the network. The first event may be numbered §
and _subéequent events may be numbered as 10, 15, 20 and so on.

Example 10. Let us usea simple example.to illustrate the procedure we have just learnt, Listed
below is the precedence chart showing the activities, their precea‘euce (sequence), etc., for
the project, Launchmg anew product’ Sequencmg is very 1mponam part of the construction
of @ network.- The precea’ence given below must be carefully undersiood, as this example
will be used 1o draw the network ata later stage

The events, which has been numbered are ignored or deleted. This will result in

Replacement Problem
and '
Project Management
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< S ‘Immediate Predecessor Time

Acﬁ;riij’ N _Description Activity (Weeks)
A Arranging a sales office . - ™ 6
B J'Lﬁriug sales persons A H 4
-C. Training sales persons ) 3 7 .
D Selecting advertising Agency 4 2
‘ E Plan advertising campaign D 4
P Cond:_tct'adirérﬁjing campaign- E 10
G Desagn packaging of product - ' 2 -
H.  Establish packaging facility G . 10
! Package initial stocks’ _ - HJ - 6
S Order stock from manufacturer - o
K Select distributors - A o 9
L Sell to distributors o T kK 3
M Transport stock to distributors LL . 5

Thé'logic of the predecessor activities for each activity listed in the above table should be

understood properly. The project ‘Launching a new product " can be broken down into a
riumber of activities. The set of activities given in the table are one perception based on

simple logic. Other such logic could also be developed. The studerits are advised 0 carefully -

study the precedence of the activities.
Solution. Network diagram for the activities listed in.the table is shown in Figure 5.8.

Fig. 58

Please see each activity carefully 10 understand thc loglc The network is listed with 0
event and the activity has. 0 time and is written as start (0). Armngmg a sales office does
not have any immediaté predecessor activity. This is written as activity _A___Wlth its time

178  Self-Instructional Material .
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(6 weeks) written in the brackets as A (6) on top of the arrow. From node.1 there are three

activities, which do not have any immediate predecessor activity, i.e., A (6), G (2) and
J(13). This may be verified from the precedence table. Activity B, hiring of salespcrsons can
only commence after arranging sales office (activity A) so activity B (4) is shown as arrow
coming out of node 2. Also activity D (2) and K (9) can also start only after activity A has
been completed and they are shown with arrows moving out.of nodé 2. There is only one
activity C (7), which can start after complétion of B and is shown as leaving node another
node 11 has been created and the finish actmty moving out of node 10, Finish actmty has
0 -times as shown in the network diagram.

Example 11. The characteristics of a praject schedule are given below -

§. No. Activity Time S.No.  Activity- Time

I r-2 7 ¢ C 2, -3 4

3. 2.4 1 4. 34 2,

5. 3-5 5.+ & -7 7

7. 5-6 8§ 8  6—3‘ 1
.9 87 "2 0 7-__9‘ 2

i 8-9 i _ | gy

Construct a suitable network.

Solution. The network is shown in Figure 5.9

Fig.59

Example 12. Draw a network-diagram based on the following project schedule
information available :

S. No. Activity Immediate Predecessor Activity . Time
L A - 2
y 2 B - ’ - 4
3. C §
4 b B o3
5. E D 8
6. F E 3
2 G F 2

Iieplaoement Problem
and ~
[Project Management
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.a typical project. Four typical Beta curves are shown below.
T _

186 Self-Instructionil Material

Solution. The network is shown in Figure 5;10. :

Fig. 5.10

Cntwal Path and Actlwty Times

As explained earlier PERT is a very useful techmq’ue for planning the time and resources of

any project. It is an event-oriented approach as it is mainly concerned with various events

in a project. PERT deals with probability of completion of a project in pamcular time, as

the time of various activities involved cannot be known accurately. It is only, the time an ,
actmty is expected to take for complet;on which can best be ¢alculated; Expected time of y
completion of each actmty can be found out from the followmg three timings :

{a) Optumstlc Time ]

©(b) The most llkely time ' _ e

{c) Pessumsnc Time, .
These three tlmmgs are based on Beta Statistical Distribution. Beta distribution is used as
it is extremely ﬂemblerand can take on any form of activity and times that are associated in’

™.

. @ . ETm b a . ET i - b
Oy _ - (D)
Fig.5.11. - +7

1t can be seen that the Beta distribution has finite end points like (a), the optimistic time
“and (b) the pessmlstlc time and the Expected Tlme (ET) of the actmty is limited between



these two ends. Curve (A) i$ a symmetrical curve and the difference between the most likely ~ Replacement Problem
time (m) cnd Expccte(_l Timel(ET) is very small. Had the ccrve been exactly_s.ymmen‘ical'," Project b‘;ﬁﬂg ement
the firm line (m) and dotted line (ET) would be exactly the same. Curve B indicates a high '

" probability of finishing the activity m and ET indicates that if something goes wrong, the
activity time can be greatly extended. Curve C is something like a rectangular distribution.
Here the probability of finishing the activity early or late is almost cqual Similarly; curve
D indicates very small probability of ﬁmshmg the actwlty early but it is more probable that
it will take an extended period of time. “The Expected Time (ET) can be calculated from
the followmg formula :

1

NOTES

a+4m+b . o
6.

ET =

~ Activity Times— Estimated Time

- After constructing a network reflecting the precedence relattonshxp, we have to ascertain |
the time estlma_tc for each activity. We must calculate ET for each activity using the above
. formula: _ , . ' .
" _ie,  Er=4ximtd : . |
6 : -

Now the variance of the activity time has to be calculated.

'v2= u]z"
: 6_

Earliest Start and Finish Times
Let us take zero as the start time for the project, then for each activity there is an Earliest
_Start Time (EST) relative. o the project starting time. It-is the earliest possible time that

activity can start, assuming that all of the predecessor activities are also started at their EST.
In that case for that particular activity, its Earliest Finish Time (EFT) is EST + activity time.

Latest Start and Finish Times
~ If we assume that the effort is to complete the project in as soon as i)ossible time, this is

the Latest Finish Time (LFT) of the finish activity or.of the project. The Latest Start Time
(LST})is the latest time when an activity can start, if the project schedule is to be maintained

LST = LFT activity tlmc
Finish actmty has zero time, hence LST = LFT

Slack. Slack of an actmty can be defined as the difference between the Latest Start Time
(LST) and Earliest Start Time (EST) or the difference between the Latest Finish Time (LFT) |
and Earliest Finish Time (EFT). This is the srgmﬁcancc of slack or.Total Slack Time (TST)
that the TST for any activity must bcused up.

Critical Path

If we observe the network, we can see that there are a number of paths that lead to the finish

- .activity, i.e., completion of the project. But the longest path is the most limiting path. This

~  path is called the Critical Path. It can be easily determined by adding the activity times of
all the activities on the largest path from start to finish of the project.
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Calculation of EST and EFT

These calculations can best be described with the help of a network. Let us draw a network
as shown in Figure 5,12 ;

Fig. 5.12 -

| This is the same network as was drawn in exaniple 10.

In the above figure the name of the activities are written above the arrow and their timipgs:
are written in:the brackets. The start activity and the finish activity with zero timing have
only been listed for convenience.

For calculati.f)ns of EST and EFT let us proceed forward through the network as follows :

(a) Put the value of the project start time in both EST and'EFT positions near the start _
activity arrow. So for start activity EST and EFT is zero, which is placed under the

start activity as -

(b) Considéractivity A with activity time of 6. For this EST is zero and EFT is 6 because
that is the minimum time the actwny will take. It has been placed near actmty A

as - & * -
e .

(c) Al actmtles emanatmg from node 2 will have EST as 6 and EFT EST + activity

time, hence for activity Bit is because activity B has a tlmmg.of 4,

Similarly, near activity D has been -as it has activity time of 2. All the ~
timings have been written in this mannet.,

{d) -Continue through the entire network and mark the EST and EFT. The critical path
is ABCUK and is 36. Hence for the finish'activity EST = EFT = 36..

Calculation of LST and LFT _ s T

I

For this purpose we work backward through the network. These timings have been listed

in Figure 5.13.

For activity K, EST was 26 and EFT was 36. LST for this activity is 36 — 10 =.26 and LFT
is 36 so mark it next to activity K as shown Similarly, let us take activity F. EST was 12
and EFT 22 as activity time is 10. LST can only be 26 — 10 = 16 and LFT is 26.

-
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| 26]36]

Fig. 5.13

*  Calculation of Float (Slack) and Crashing the Network

-Example 13. 4 project consists-of the following activities. The Opr!mtst:c Time (OT),
Pessimistic Time (PT} and Most Likely Time or the Expected Txme for the activities is a:’so .

listed in front of them.
Predecessor Activity Successor Activity or Most Likely Time PT
-2 2 2 3 4,
2-3 3 3 L6 9
’ 2-4 ¢ 3 4 5
3-5 5 2 4 6 )
' 3-6 6 - 0 S
‘ 4-6 6 - 0 -
©4-7 7 4 5 6
5-7 7 4 6 8§ .
6-7 7 6 75 D2

Draw a network diagram of the above project and calculate associate timings of the project,
i.e., Earliest and Latest Occurrence times of different events, slack, identify critical events
" and mark the Critical Path in the diagram. What is the total project duration ?

Solutien, The network dlagram is as shown below.

(4, 6), (3, 6) > Dummy Activities L
Critical Pathi 1,2, -3 ~ 5~ 7, Longest Path K
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) - Predecessor -Suecessor ET= 2+_‘_th_+_6 ' “
NOTES 1 2 3
L2 3 6 -
2 4 4
- <03 5 a 4
“ 3 6 0 .
4 6 0
4 7 5
5 7 6
) - 6 7 ’ 8 :
’ EST LST -
Event 1.=0 Event7=19
Event2=0+3=3 " Bvent6=19-8=1]
_ Event3=3+6=9 Event 5=19-6=13
- - Event4=3+4 Event4="11-0=11
: ' ' Event5=9+4=13 Event3=13-4=9
- : Event6=9+0 Event2=9-6=3
Event7=13+6=19 . Eveatl=3-3=0
| Now the slack-can be calculated. ' : . .
. ‘ " Event EST - LST Slack  ~
c . 1 0 0 0 i
o 2 0
3 | 9 0. . ,_
T 4 7 . il 47
s i3 _ 13 0 .
6 9 1} 2 .
7, 19 19 0 L
All the eve:its having zero slack are the Critical Events, i.e, [, 2,3, Sand 7. This isthe Critical Path. - -
The project duration is 19 (days/weeks). _ '
Crashing of Network '
‘Most of the. projects -result into cost overruns because of the inability of the project
“management team to complete the project in minimum possible time frame. The crashing of
network involves considering the cost incurred on different activities required for completing.
the project. Let us understand certain terminology associated with crashing of network.
. ' Normal Cost This is the cost of the project. when-all the normal attivities are
' c;uﬁedhout, ie, thgre isno o{;ertime or there are no special resources

. for which extra payment has to be made.
184  Self-Instructional Matérial. : . :
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Normal Time It is that time in which project can be completed with the normal
. cost as defined above: o

L

Crash Cost It is the minimum possible time, which is associated with the crash
cost, :

The relationship between these costs can be expressed as shown in Figure 5.15.

Crash Cost C

B -
g |- )
o D .
& A — i E Normal
3 Cost
o
L+

0 ’ P ' Q

Crash Time ‘Normal Time ~ *
Fig. 5.15 .
Itcan be easily seen from the diagram above that the cost-time slope (angle) mgg- C();; = %% 5

Slack

1t should be appreciated that slack can refer to an activity as well as an event. It can be
defined as the difference between the Latest Time and the Earliest Time. Since normally we
deal with activity time in case of activities, slack and float have the same meaning. When
slack is associated with an event, then the activity can have two slacks.

Head slack (slack of the head event) = LFT - EST of head event
"Tail slack (slack of the tail event) = LFT — E_S’f _q£ tail event.

Float

Float can be described as the free time associated with an event. It is.the. time available
Jor. performing an activity in addition to the duration timé. Hence, really float or slack is
that time by which an activity can be ‘delayed without delaying the entire project. These

activities which do not have any; float or slack are the activities, which cannot be delayed .

. without delaying the project. These activities are called the critical activities. Hence, along
the critical path the float or slack is zero.
Float is an important concept in project plannin‘g. It helps the project management team to :
() pnorities resources for allotment; -
(#) transfer of resources from one area to another dependmg upon where these are
required earlier;
(i) mlnumzatlox_l of resources;
(iv) smoothen the use of resources.

Total Float

Total float is that time by which any activity can be maximum delayed without delaying the
entire project. If the total float is used up in an activity, that pa:'ucular activity and all the

subsequent activities become critical.
Pl

-

-
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Total Float = Latest occurrence time of the succeeding event—Earliest occurrence time of
the preceding Event - duration of the activity.

Free Float

It is that time by which an activity can be delayed without effecting the commencement of a
succeeding activity at its earfiest start time. Free float results when all preceding activities occur
at the earliest event times and al! succeeding actmtles also occur at the earliest event tlmes

Free Float = Earliest occurrence time of the succeeding events - Earliest occurrence time
of the Preceding events-duration of the activity.

| Independent Float . ~

Independent float is a measure of spare time that is available in an acnv:ty ifit is started as
late gs possible and finished as early as possible. Hence, it is that amount of time by which
an activity can be delayed, when all preceding activities are completed as late’as poss:ble
and all succeeding activities are completed as early as possible. '

‘Independent Float = Earliest occumence time of the succeeding event-Latest occurrence
time of Preceding event-duration of the activity.
Example 14. A project consisting of eight activities is shown with the help of a network

diagram below. Activity times have been marked on top of the arrow in brackets, calculate
EST, LST, EFT and LFT. Also calculate the total float for each activity..

o Fig. 5.16

Selution. EST = Earliest Event Time of the tail event
EET =EST{(1-2)=0 ‘

Earliest Event Time = Earliest occurrence time of the event preceding the event +

duration of the activity.
EST(1-3) =0
EST(i-5) =0
EST(1-5) =0
. EST(2-3) =1 ‘
N EST(3-4) =5 ‘
EST(4-5) =8
’ EST(5-6) =12
EST(6-7) =15




Also, let us calculate the Latest Finish Time from the abqvq rework. - Replacement Problem

LFT(1-2) =5 _ Project ﬂ‘;:gagemm
LFT(2-3) =5+3=8 - _
LFT (1 -'3) =38 ' NOTES
LFT(3-4) =8+3=11
LET(4-5) =11+1=12 _
LET(1-5) =12 . -
LFT(5-6) =12+3=15"
LFT(6-7) =15+1=16.
LST can be calculated as ) . \
LST = LET - Duration of the activity converging on the head event .
LST(1-2) =5-1=4
LST(2-3) =§-3=5 L .
; LST(1-3) =8-5=3 ' -
LST(3-4) =11-3=8
LST(4~5) =12-1=11 :

LST{1-5)=12-12=0
LST(5-6) =15-3=12
. LST(6-7) =16-1=15
EFT can be calculated as follows : . i
t _ EFT = EST + duration of the activity emanating from tail event
' EFT(1-2) =0+1=1 .
EFT(2-3) =3+1=4
EFT(1-3) =0+5=5
EFT(3-4) =5+3=8§

- EFT(4-5) =8+1=9 ' ‘
EFT(1-5)=0+12=12 )
EFT(5-6)=12+3=15
EFT(6-7) =15+1=16 .

These timing can now be entered in the network.

Fig, 5.17
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EST have been entered on top half and LFT on the lower half.
Total Float can be calculated a5 follows :
Total Float=. Latestoccurrence time of the succeeding event— Ezfrliést occurrence
time of preceding event — duration of the activity.
~LST-EST '
Float(1-2) =4-0=4
Float(2-3) =5-1=4.
Float(1-3) =3-0=3
Float (4—5) =11 -8=3
Float(1'-5) =0-0=0
Float (5 - 6) = 12-12=0
Float{(6-7) = 15-— 15=0 |

These values of EST, LST, EFT and LFT as also the total float can be put in the form ofa
table as shown on the next page.

- . %5

Activity ~ Duraton  EBST  LST  EFT  LFT Total fioat
A i 0 "4 1 5 4
B 3 i 5 4 , 8 4
*C 5 0 3 5 8 3
D 3 5 8 8 1 3
‘E i 8 1 9 12 3
F* 12 o -0 12 12 0 Critical
G 3 12 12 15 15 0 activities
H 1 15 15 16 16 0-

The total projectdurahon 12+3+ 1=16.

' Project eosts are the most vital aspects of project management, if due to any reasons, there
| are- cast over-runs, the entire decision- -making process may be affected adversely. One
< | major advantage of Critical Path Method is that it is able to establish a relationship between

*| critical path measures the expected duration of the project time, through identification of

188 Self-Instructional Materia!

Critical path FGH has been shown with thick line (1 -5~ 6— .

Pro_]ect cost and crashmg of actlvmes

time and cost. The management is always interested in cutting down the project time, since

the critical activities which need special attention. The aspect of, pro;ecr pianmng in which
the project duration is intended to be reduced is called project crashing. It is desirable for
the following reasons :

{a) Completmg the prOJect in the least possible time,
(b) Reducing the project cost as far as possible

() Time and hence cost ovér-runs can be minimized as the project inanagers can take
_measures to expedite other activities if the critical activities have taken more time
than planned for.

A



~ Reduction inidle time of the facilities and smoothing the utilization of the resources.

Plans can be made to utilize the resources and facilities in efficient manner and these
can be transferred /switched over to the other more profitable / desn'able pro;ccts

manpower and machines as ongma.lly planned for or by workmg over times in different
shifts.. .

Example 15. Draw a network ﬁ'om the following activities and f nd a cnncai path and
* duration of the project.

Activity Duration (Days) Activity . }.:)ura::'on {Days)
12 10 5-7 7
2.3 8 6-8. 9
5.4 12 7-8 6
3-5 13 8-9 15
4-6 7 9-10 17
5-6 1"
Solution., -

Various paths Duration of paths .
1-2-3-5-7-8-9-10 10+8+13+7+6+15+17=76
' 1-2-3-5-6-8-9-10 108+ 13+ 1149+15417= 83

I—2a3—-4—6—8—9—10 10+8+12+7+9+15+17=78

Hence the crmca} pathis’l -2=3-5-6-8-9= 10 with' total duration of 82 day. It is
marked with thick lines, ;

Example 16. 4 small project consists of rke  following rwe{ve jobs: whose precea'ence relations

are ldennf ed with their node numbers as follows : S
Job Prece_depce m;‘;” Jo b’ L Prece dguce _.D(xg;;;n
4 -2 i0 G 3-7 1)
B 1-3 p H -5 s
C I-4 I 5-6 . 6
D 2- 3_ : J _ 6-7 5
E 2-5 12 K . 6-8 p

The duration of the activities can be reduced by either allocating more resourccs in |

Replacement Problem
cand ' -
Project Management ,
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(@) Draw a network diagram representing the project.

(b) Find the critical path and project duration.

(©) Calculate EST, EFT, LST, LFT for all the jobs.

(@) “Tabulate Total Float, Free Float, Independent Floar. -
Soluﬁ_pn, 'Ifﬁe network diagram is shown below :

G(12)

Paths Duration

1-2-3-7-8 (10+5+12+7)=34,
1-2-6-7-8 1049+5+7=31

1-2-6-8 10+9+4=23

1-2-5-6-7-8 10+12+6+5+7=40
12-5-6-8 10+12+6+4=32

1-3-7-8 4+1247=23 »
1-4-5-6-7-8 6+15+6+5+7=39
1—4%-5-6-8 . 6+15+6+4=31

Critical path is 1 — 2~ 5—6 — 7 — 8 with duration of 40 days. It-is marked with thick lines
in the network diagram. '

Computation of EST, EFT, LST and LFT :

Job Duration EST LET  LFT LST  TouiFloat pom i
Q@ () W 5=0+) 6=4-2) @=6-3) @ ©O=7-9
-2 10 o 10 0 . 0. . 0 o ‘0
1-3 . 4 0 2 4 76 s 1
-4 6 0 1 . 6 _ .1} | 1 0
2-3 5 10 21 15 16 6. 6~ 0

—ri — L




~2-5 1210
2.6 9. 10
3-7 124 1S
4.5 15 6
56 6 .2
6-7 5 28
6-8 4 28
7-8 7 33

Terminology in Time Cost Relationship

22

28
33
22

28
33

40

40

10
29
27
21

28
EX]

32

40

(a) Normal Time of an activity (r,)

() CrashTime of activity (¢,)

(¢} Normal cost (C,)

(d) Crash cost of the activity (C,)

L

Cost

{€) Activity costslope or angle =

0
19
21
7

22
28

36

33

AC . Crash cost — Normalcost C,-C,

Total Cost

Indirect Cost

AT ~ Normal time ~ Crash time 1,

#

e

Fig. 5.20

L

It may be seen above, that the indirect cost of the project decreases with the increase in the
duration of time, whereas direct cost increases with time and these two costs are opposite to
each other. The sum of the two costs isshown as total cost. The project duration for which
the total cost is minimum is called the opfimum time duration shown as f,.
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56 STEPS IN PROJECT CRASHING

The following steps are involved in project crashing : .

Ste]i. 1. Calculation of the cost slope C e
As shown earlier cost slope = AC_ -G -
AT  t,-1,

where C,, C,, 1, and ¢, have the usual meaning and Ac denotes the cost of
reducing duration of an ‘activity by one unit of time. .

Step I1. Mark the critical path from ‘which the expected duration of the project is found.
Find the assocrated project cost for this critical path.

) Step IIL Select the least cost slope. activity out of the critical path activities. If there
happen to be more than one critical path then select’ one such actmty on each
. of the critical paths. .

Step IV. Keep reducmg the activity time of the’ sélected "activity unless and until elther
crash time is reached or the earlier non-critical, parallel path becomes crmcal

Step V. Step II to IV are repeated until we identify a critical path on which none of
the activities can be further crashed.

Step VI. List the time and cost in the form ‘of a matrix and select optimum duration of the
project;

| Example 17. The network of a small pr'ojeer is'shown below :

Fig. 5.21

-

The data for the cost and time is also givén below. If the indirect cost of the project is
estimated to be X 100 per day of the project duration what is the optimal project duration?

Activigy | Normal Time | Crash Time: V' Normal Cost Crash Cost
(days) {days) ) - ®)
A 2 1 70 80
, B 4 .2 80 200
C 3 . l " 130 . 332 ......




"""" S S S v
E 3 3 120 120
F "4 2 80 120
H 4 2 100 280
I 5 2 80 200
J 3 2 60 00
Total Normal Cost = 1120 . .

r

Solution. Step I. Calculation of the cost slopes of the each of the activities of the project.
80~ 60 ‘

A= =20
2-1
200-80
B= =60
4-2 )
- c=1%_5
2
100 ’
» D=2"=50
2
F=3_5
180
= =00
- )
140
- H=-2=70
2
1=120_40
- 1=.2_3

Step I1. Identify critical path and find the expected duration of the project and direct
cost of the project.
CP=A-B-G-H-I, Expected normal duration=2+4 +3 +4 + 5 = |8 days
Direct Cost= ¥ 1120 “

Step III. Least cost activity on the critical path is A, as it has the lowest cost stope of
20 and this can be crashed by 1.day (crash time = 1 day given in the problem,
- ie,2-1=1)
New duration= 18 - | = 17 day
Newcost=7 1120+ 1 ><20 T 1140

The new network wrth activity A crashed (circled to show that it has been crashcd) it shown
below. v
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~ Fig:522 - 7
Step IV. Repeat step 1I to 111

Out of the remammg activities on critical path, BGHI, activity | has the lowest unit cost of
crashmg of 40. 1t can be crashed by (5 - 2) = 3 days.
"New Duration of the project = 1}’ 3 =14 days
New Project cost = 2 1140 + 3 X 40
- = 1260 .

»

Out of the rematning three activities ot the CP, i. e, BGH actwlty B has the lowest cost of |

60and1tcanbecrashedby =4-2=2days

New project duration = 14 -2 = 12 days
New Project Cost = 1260 + 2 x 60 = {.1380
The new network may be drawn to show the impact 6f crashing. .,

Fig.5.23 4

%

.| With crashing of B, the path ADFJ has also become critical. To crash the project duration .‘

further, we select one activity from each of the two critical paths and crash each selected
activity by'smatlest of duration by which these activities can be crashed.




~ On path ABGHI, G and H'are left for crashing and in the path ADFJ, three activities DFJ
can be crashed. Since both activities H and F can be crashed by 2days(ie,H=4-2=2,

F=4-2= 2), it wﬂl results in
NewPrOJec’tduratlon =12-2=10 -

Project Cost =1380+2 x 70+ 2 x20 as cost slope'ofHand F are ¥ ?0 and
20 respectively =¥ 1560 )
The crashed network is shown below. ’

Fig. 5.24

" Onthe original critical path only one activity G remains to be crashed which can be crashed by
2 days but costs T 90/ to crash per day. On the other CP activities D and J remain to be crashed
which cost ¥ 50 and T 30 to crash per day. Since their total cost is less than ¥ 90 (i.e., T 50+ T 30
<X 90) activities D and J have been selected to be crashed. D can be crashed by 2 days but
- J can be crashed by one day, hence ‘both will be crashed by one day. -

- New project durahon = 10 1=9 days
* New project cost = 1560+ 90X 1+30x 1

_ =% 1680 |
It can be seen in the network drawn below that the crashing of activities G dnd J have made
. all the three paths critical. Now only one activity i.e., G remains to be crashed on CP, A
- B -G - H-1, similarty only activity D remains to be crashed on CP°-A-D-F - J. But
on the third-CP, ACEI two activities C and E remain to be crashed. We have to select one
activity each from each of the CPs and crash it. From CP, A — C — E -1 activity C will crash
since E cannot be crashed technically. So, activities'G, C and D have to crash. Out of these-
G'eould originally be crashed by 2 days but it lias already been crashed by one day. All the
three activities on the three CPs will be crashed by one day.

New Project duration =9 — | = 8 days _
New Project cost = (680 + 90 x 1 +50 x 1 +50x 1
| =3 1870

*
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The finally crashed network can be shown below.

Crashed duration of the project = 8 da'ys on all three critical paths the total duration is 8 ,

-—

It may seen”that the cost is minimum when the project duration is 10 days.. The result of
} crashing exercise undertaken above can be summarized as

-Normal duration of the project = 18 days

Crashed duration of the project = 8 days
Optimal duration of the project = 10 days
Minimum cost of the project = T 2560

—

days only. '
Step V. List the project-time cost in a table and. select the optimal duration of the.
project. ) . .
“These are drawn in the following table. _
Project Duration Indirect Cost (3) Totat Project.
{days). Direct Cost 3) . @ T 100 per day Cost -
18 1120 1800 ~ 2920
17 ' 1140 1700 2840
14 1260 1400 2660
12 1380 ; 1200 2580
10 1560 1000 2560
* 9 1680 9200 2580
! i
8 1870 " 800 ‘2670

57 PROBABILITY AND PROJECT PLANNING

As.explained’ earlier in this chapter, PERT is able fo provide help in decision-making
under conditions of uncertainty. Uncertainty is almost always associated with the project
completion time and completion of different activities in planned time.

L s

-



1

Using the concept of time estimates, optimistic time, most likely time and pessimistic time
and the formula associated with these, ' .

Tcp = Expected time of,cér_npletion of the project

=Wt bt |
where b5 te,s s 1,_are the expected times of the activities on critical path and V,, Vo oy
V,, are the variances of the activities. _ )
. Variance V= %ﬂ and Standard Deviation s = (b%)

then o= JV1+V2+V3+...+V,,

Example 18. Activities of a small project given below. The network of this project is also
drawn. What is the probability of completing the project within 26 days, within 28 days.

Acriviry. Most Optimistic Time . Most Likely Time " Most Pessimistic Time
' (Days) - {Days) - (Days) .
1-2 : N 1 1
2-3 ! 1 7
2-4 8 12 10
3-5 3 5 7
4-5 i 1 i
5-6 3 6 9
P
5-7 4 6 8
6-8 4 8 A 2
7-8 2 5 8

Fig. 5.26

Solution. The expected time ¢, and the variance of different activities can be fond out. It is
given in the following table
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. Most Most
Activity  optimistic :[;:'(';':;g pessimistic
time (days) : time (days)
1-2 1 1 1
2-3 1 R 7
2-4 8 12 10
3-5 3 5 7
4-5 2 1 3
5-6 -3 6 9-
5-7 4 6 8
6-8 4 8 12
. 7-8 2, ~ 5 8
EST for each activity can bé calculated
. Node 1 =0
Node2=0+8=8

Node3=8+4=12
Node4 =8 +12=20

Expected

variance time
_a+ dm+ b

6
1
4

SRR [

- 5
3
6 -
6
8

5

-

Standard ,

" deviation

ote (i‘_"

6
0

-1

0111

. 044
027

L

- 044
-1.78

—Node 5 =Maximum, out of [(12 + 5), (20 +1)] =21

Node 6 =21+ 6 =27
Node 7 =21 +6—2?

a

Node §'= Maxlmum out of [(2}+ 8) and (21 +5)]=29.

Similarly; LST for each actmty can be caiculated
LST Node § =29
Node 7=29'-5=24
~ Node6=29-8=21

%

Node § = Maximum out of [(21 ~ 6), (24~ 6)]—15

. Noded =15-3=12
"Node §‘=__1'5_-5= 10

Nodel=1-1=0.

-

Let us redraw the network showmg the critical path with a thlck lme

Node 2 = Min out of {(1211), (10— 4)] =1

]’V

k]




Critical pathis.1 -2-4-5-7— 8.
Expected time in completing the project =1+12+1+6%425 days
Project variance = 6>=0+ 0.111+ .027 + 044 + 1
-+ =1578
1.578'=1.256

Probability of complctmg the prolect in 30 days,

JX=X_26-25 000 ,, o
) "6 125
where, X =30 days (time under co:‘lsideration)

X = Length of crifical path = 25 days.
o =D of ciifical path

The value from gh"e cumulative normal distribution table for Z = 0.796 is 0.7852. Hence,
the probability of completing the project within 28 days is 79.6 %.

-Similarly: when we have to find probability of completing the project in 28 days, - .
Z= -2—8;-2—5- =2.388
- 1256 g

r

The value from the table for Z-= 2,388 is 991576
ie., the probablhty of completing the project in 28 days is 99.15%

Example 19. An R & D project has large number of activities but the management is
interested in controlling a part of these activities 7, innumber. The, foﬂomngdata is available
_for these 7 dctivities :

Activity Preceding activity (a)  Times (m) )
4 None 4 6 8 -
B A 6 S { 8
c 4 8 18 10
D B 9 9 9
E . c . 10 ¢ 4
) _F A 5 s 5
. G D.EF 8 6 10

0] _Draw a PERT network for the activities shown in rhe table.
(#) Prepare the schedule of the 7 activities.
(iif) Mark the crmca! path on the network. )
()  If the management puts a deadline of 37 days for completion of this part of the
project, determine the probability it will be completed in 37 days.
(v} When should the management start these activities to get a confidence level of 99%
' of completion of these activities in the scheduled time?

.

Replacement Problem
and ,
Project Management

NOTES

Seif-Instructional Moterial 193




Quantitative Techniques

_ /
NOTES

Solution. The network for the above data an be drawn 25 shown in Figure 5.28 :
() '

[15] 17]

Fig. 5.28

(i) Time for each activity has been determined using the formula
. = ﬂ_ﬁgﬂ and shown is brackets alor-lg with the activities.
. Activity A B o D . E | F G
: © Time 6 9. | 15 9 5 1 5 ?

The crmcal pethisA-C~E-G ma:ked with thick lines and the expected length
of this partofpro;ect 6+15+5+7=33 days.

200 Self-Instructional Matertal

-
- Now: let us work out the vananoe fe,; crzusmg the formula (b—g)
il . &' L K :
’ Activity A B c. i E F G-
Time | 0444 0111 | 0.1l 0 1 0 0.111
Variance = 0,444 +0.111 +0.11] )

—16660r0' ,f =129

EST and LST have been shown along side each node.

(u:’) Probablhty that the project will be completed in 37 days
SREL N S
129 129

Z == 1.55 the value from the tables is 0.93943.

Y

For

i.e., the probability.that this part of the project will be completed in 37 days is 93.94 %.

(#v) For 99% assurance the Z value from the table is 2.33.

i

Y -t
Z= Xl 2;9 we can substitute Z value in this.
233 = 2239

S orX -39=233x1.29=3

] or X =42 : _ J
The management has 99% assurance, that this part of project will be completed in
42 days.




Example 20. Given below is the list of activities aiong with their predecessor activties.  Réeplacement Problem

Three time estimates are also provided. and
. Project Management
Activity Pﬁiﬁi?;or © Most oz;fmisrfc . ;;::zﬁgfeh) Most pessimistic
; t likely (m) () NOTES

A NIL i 2 g
B A 2 3 4
c "4 2 4 6
D A 3 5 7
E c 5 7 9

, F D 1 3 5
G B i 4 "7
H G 2 6 10 ,
I EH 4 ] ]
J F 2 b 10

What is the probability of critical path being completed in (i) 23 days (ii) 21 days?
Solution. For drawing the network we need the activity time, which can be calculated using

the relationship 232 ¥ 2 _ Also for finding out the probabilities the * must be calculated.
These calculations ae given below. !

Activity Al B C|D|E F1 G| HI|I J
Activity Timeé - 3 3 4 5 7 3 | 4 6 7 6 ~

6

2 o
{5-") =c" {316 | 011 | 044 [ 0.44 | 044 | 044 | 1 | 177 {01 | 17T

Now the-network ca‘mﬂbe drawn

Fig. 5.29

The activity timings have been shown in brackets alpﬁg with the activity on top of the arrow. |

"+ The critical path, the path with longest duration is ABGHI and the total duration of the activities
on critical path is 3+ 3 + 4+ 6 + 7 = 23 weeks. It is marked with thick lines in the network.
Variance o on critical path = 3.16 +0.11 + 1 + 1.77 + 0.11 2

o’ = 6.15

G = 248

Self-Instructional Material 201

b




Quantitative Techniques

"NOTES

Scheduled time — Duration of the critical path-
.Standard Deviation of critical path ()

Standard normal deviation Z =

If the scheduléd time of completion is 25 days as given in the problem,

then . z= 25-2_qg0s1
-2.48 .
‘Hence, probability of completion of thie critical path of the project is 80.51%. If the scheduled
time is 21 days.
12-23

= YT =—0.806. Ignoring the negative value read the pr(;babiiity value, which'is 0.8051.
. ; .

Probability of completing the project is 21 days = 1 - 0.8051 = 0.195
ie., the probability completing the project in 21 days 1.95%.

5.8 SUMMARY

s Replacement of old plasit and équipment and items of use like bulbs/tube-lights,

refrigerators/heating, tools/gadgets, etc, is a necessity. All these items are designed

for performance up to the desired level for a particular time (years/hours) or

particular numbér of operations.
. Whenmahngmphcanmtdemsmns,memmmgememhasmmakeoemassumpuons,
these are : ‘ ,
(i) The quality of.the output remains unchanged. ' -
' (i) There is no change in the maintenance costs. - .

-(ui) Equipments perform to the same standards.

e Most of the machinery-and equipment having moving parts detenorate in their
performance with passage of time. The cost of maintenance and repair keeps
increasing with passage of time and a stage may reach when it is more economical
(in overall analysis) to replace the item with a new one. .

o Activity is the smallest unit of productive efforts to be planned, scheduied and -

‘controlled.

* A network is the graphical representation of logically and sequentially connected’

arrows representing activities and nodes representing events of a project.

o As explained earlier PERT is a very useful technique for planning the time and
resources of any pro;ecr - v

¢ The longest path i is the most limiting path. Thls s path is called the Critical Patk

¢ Slack should be appreciated that slack can refer to an activity as well as an evenr
It can be defined asthe difference between the Latest Time and the Earhe§t Time.

. One major advantage of Critical Path Method is that it is able to establish a
relationship between time and cost.

o The aspect of project planning in which the project duration IS intended to be
reduced is called project crashing.

o PERT is able to provide help in decision-making under conditions of uncertamty

_Uncertainty is almost always associated with the project completion time and

completion of different activities in planned time.

T




59 REVIEW QUESTIONS

f

What is replacement problem? When does it arise? o
Describe various types of replacement situations. -

I

2

3. Enumerate various replacement problems.

4. What'are the situations'which make the replacement of i items necessary?
5

Give a brief account of situations of which the replacement problems arise. What
does the theory of replacement establissh?

6. -Discuss in brief replacement procedure for the items that deteriorate with time,

7. Thecost of maintenance of a machine is gwen as a function increasing with time and
its scrap value is constant. Show that the average annual cost will be minimized by
-replacing the machine when the average cost to date becomes equal to the current
maintenance cost.

8. Discuss the replacement problem where items are such that maintenance costs
increase with time and the value of money also changes with time,

9. Fmdtheopmnwnreplacementpohcywhxchmmnnmesﬂletotalofallﬁmuedxscomted

costs for an equipment which costs ¥ A and which feeds’ maintenance costs of
¥C,,C,, ..., G, ete.(C;, ., > C,) during the first year, second year etc., and further
Dis the depreciatio:i value per unit of money during a year.

10. State some of the simple replacement policies.

11.  Construct the cost equation reflecting the discounted value of all future costs for a
policy of replacing equipment after every n periods. Hence establish the following :

() Replace if the next period cost is greater than the weighted average of previous costs.

(i:) .Do not replace if the next [;E:riod’s cost is less than the w‘eighted average of previous
.C08ts.

T E
s Y -

11. What is “group replacement”" lee an example

13.  Write a short note on group replacement and mdmdu_al replacement policies..

14.  The cost per item for the individual replacement is C, and the cost per item of group
replacement is C, . If only individual replacement is more ecohomical than the group
replacement along with the individual, find relation between C, and C, .

15.  Atruck has been purchased at a cost of T 160000. The value of the truck is depreciated
in the first three years by ¥ 20000 each year and ¥ 16000 per year thereafier. Its
maintenance and operating costs for the first three years are ¥ 16000, ¥ 18000 and
T 20000 in that order and increase by T 4000 every year. Assummg an interest rate
of 10% find the economic life of the truck: .

16. A manual stamper currently valued at T 10000 is expected to last 2 years and costs
4000 per year to operate. An automatic stamper which can be purchased for T 3000
will last 4 years and can be operated at an annual cost of ¥ 3000. If money carries
the rate of interest 10% per annum, determine which stamper should be purchased.

" 17, “The cost of a fiew machine is 5000. The maiitenance cost of nth year is given by
o Ry=500(n-1)n=1,2,.... .

Suppose that the discount rate per year is 0.05. After how many years will it be
economical to replace the machine by new one? .

Replacemént Problem
_ ard
' Project Management
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18.

19.

20.

21..

22,

A machine costs T 10000 operating costs are ¥ 500 per year for the first five years. ~
Operating costs increase by ¥.100 per year in the sixth and succeeding years.

. Assuming a'10 per cent discount rate of money per year, find the optimum length
of time to hold the machine before it is replaced. State clearly the assumptions

made. . -

An individual is plapning to purchase a car. A new car will cost ¥ 120000. The
resale value:of the car at the end of the year is 85% of the previous year value,
Maintenance and-operation costs during the first year are T 20000 and they increase
by 15% every year. The minimum resale value of the car can be ¥ 40000.

_ (i) When should the car be replaced to minimum average annual cost (ignore interest)?.
(@) Ifinterest of 12% is assumed, when should the car be replaced?

A large computer installation contains 2000 components of identical nature which
are subject to failure as per probability distribution given below :
t ' -

Weekend : 1 2 3 T 4 s
Percentagé failure to date : 10 25 50 - 80 100
Components which fail have to be replaced for efficient functioning of the system.
If they are replaced as an when failure occur, the cost of replacement per unitis ¥ 3.
Alternatively, if all components are replaced in one lot at periodical intervals and
individually replaced only as such failures occur between group replacement, the
cost of component replaced is ¥ 1. '

(a) Access which policy of replacement would be economical,

(b) 1f group replacement is economical at current costs, then assess at what cost
of individual replacement would group replacement be uneconomical.

(c) How high can the cost per unit in group replacement be to make a preference
for individual replacement policy?

Let p- (£} be the probability that a machine in.a group of 30 machines would

" breakdown in period ¢, The cost of repairing a broken machine is 7 200. Preventive

maintenance is performed by servicing all the 30 machines at the end of T unit of
time. Preventive maintenance cost is ¥ 15 per machine. Find optimum T which
will minimize the expected total cost per period of servicing, given that

0.03 for 1=1
pO= | pt-1H+001 for £=2,3,...,10
0.13 for 1=11,12, 13, ...

What is the optimum replacement plan?

A manufacturer wants to replace a machine. The purchase price of the machine is

% 10000. Following other detaii are available : -

- Year . Maintenance (3) ) .Resale Price (3)
’ 1 1200 | 6000
2 L1300 3000
3 1500 2000 .




4 2000 1000
s 2200 800
6 3000 © 00
7 ¢ 3200 400
8 3800 300

-Suggest in which year the machine may be replaced, if the suppliér of the machine -

is prepared to prove 3 years in situ maintenance free of cost.

23 What is the critical path analysis? What are the areas where this technique can be
applied? L. ‘ ‘

24. How does PERT differ from CPM? Describe briefly the basic steps to be followed
in developing PERT/CPM programmed?

25. Under what circumstances would you use PERT as opposed to CPM is project
management? Name a few projects where each would be more suitable than other.

26. What is the significance of three times estimates used in PERT? How an on what

. basis is a single estimate derived from these estimates? ]

27. What is critical path? What does it signify? What are its benefits?

28. Describe with the help of a diagram, the procedure to ammive at the critical path in a
PERT network.

29. What do you understand from earliest finish time and latest finish time? How are
they calculated? Explain your answer with an example.

30. What do you understand from slack? What are the different types of slacks? How
dqeé knowledge of slack help better project management?

31. A-management institute plans to organize a conference on the use of “Quantities
techniques for decision-making”. In otder to coordinate the project, it has decided
to use a PERT network. The major activities and times estimate for ach activity
have been completed as follows :

" . . Times Activity that
Activity Description Estimate must precede
a. Design conference meeting theme 1-2-3 None
] b. Design front cover of conference proceedings ‘ 1-23 A
¢. Design brochure 1-2-3 A
d. Compile list of distinguished speakers 2-4-6 A
*e. Finalize brochure and print it 2-5-14 - CandD
f. Make travel arrangements for distinguished speakers 1-2-3 D
g. Send broachers 1-3-5 E
h. Receive papers for conference 10-12-30 |, G
i. Edit papérs ’ 3-5-7 H .
j. Print proceeding§ 5-10-15 BandI

—
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.(@) Construct an arrow diagram called network.
(b) Calculate expected time for each activity. .
(¢) Identify critical path and determine the project duration. . _
32.  Major activities involved in the develpment of an item with a vendor are as l]pder :

) Actjirity Duration o V(Weeks)
A . 2
8 1
o 2
D 1.

E - — "5

F 8 -
G 4

H 2

I . . ~

J > 4

Constraints :
(i) " A'is start activity.
(ii) B can start on completion of A.
* (@) C,EandHsucceed B
(i) -C controls D, E controls F and H controls I
(v’i G can commence after F is over,

hy
b

"(vi) J can start once D and I are over.

(vii} G and J are last activities. -
(a) Draw the project network and identify all the paths.
(b) How many weeks are required by the vendor to develop the item ?

*
=

{c) What suggestions do you make to reduce the development time ?

33. A company manufactunng plant and equipment plant for chemical processing is in
the process of quoting a tender called by a Public Sector Undertaking. Delivery date
once promised is crucial as penalty clase is appllcable The wining of ténder also
depends on how soon the company is able to deliver the goods.” Project manager
has listéd down the activities in the prOJECt as under :

S.Ne. | Activity | Immediate Proceeding Activity | Activity Time (Weeks)
I A 3
2 B ) o 4
3 C A 5
4 D A, 6
5 E | C i 7
6 | _F D 8
7 G B - 9
8 H E,F G 3




(¢) Find out the delivery week from the date of acceptance of quotation. Replacement Problem

(5)" Find out total ficat and free float for each of the activities. Project Moagement
34. Calculate EST, EFT and LFT for the following network. The duration for each
activity is given on upper side of arrow line. NO‘II‘ES
'35. Time and cost data of the activities of a small project is given below : - -
Normal Crash : Cost Slope - )
Activity | Time . Time Time -
) (Days) Cost (?) (Days) Cost ) (Days) C_osf £4)
1-2 3. 360 [ 2 T 400 i 40
2-3 6 1440 | - 4 1,620 1 90
2-4 9 -2,160 5 -2,380 4 55
. 2-5 7 1,120 5. 1,600 | . 2 240 ||,
3-4 8 400 4 800 4 160
4-5 5 1,600 3 1,770 2, 85
5-6 8 480 7 769 1 280 )

The overhead cost per day is ¥ 160.
(i). Find critical path. -
(if) Crashthe project to achieve optimumn duration and othimum cost.

36. A project consists of nine activities, Activities are identified by their beginning (¢} |-
and ending (f) node numbers. The'three estimates are listed in the table below.

_ Estimated Duration (Weeks)
Activity (i —J) — — -
Optimistic Most Likely Pessimistic

1-2 1 1 7
1-3 1 4 19
124 1 4 ¢ 7
45 2 5 14
2-6 2 5 8
5-6 1 4 19
5-6 1 .4 19

i 3-7 > 5 14
6-7 3 6 15

' (@} Draw the project network and identify all the paths through it.
(b) Identify the critical path and determine the expected project duration.
(ci Calculate variance and standard deviation of the project duration.
(d) What is the probability that the project will bé completed.
(i) Atleast2 weeks carlier than expected? '
(ify Not more than 2 weeks later than expected?
{¢) What due date has a probability of completion 0.957
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=

Given normal distribiition function

*| Normat Deviate (z) | Probability % | Normal Deviate (2) Probability %
209 18.4 +0.9 81.6
01 © 159 . +1.0 " 841
-1 136 |+l . 864
-1.2 . s 4 412 .88.5
-13 97 | . +13 903

v 14 8.1 (414 ' 913

. 37. The following table gives for each activity of'a project, its duration and résp_onding

resource requirement as well as total availability of each type of resources :

Activity | Duration {Days) Resources (Machines) Required (Men) '
12 - 7 o2 20
-3 7 2 20
243 8 - 3 30
24 6 4 20
36 9 2 20
4-5 3 2 ‘ 20
56 5 4. T40

Minimum available Resources.

" (i) Drawthe Network, compute earlicst Occurrence Time and Latest Occurrence
Time for each event, the total float each activity and identify the critical
path assuming that there are no resource constraints.

(u) Under the given resource constrains ﬁnd out the minimum duration to -
.complete the project and compare the utilization of the resources for the _
duration.

38. A projection consists of 10 activities, each of which requires either, or both of the
two types of resources R, and R, for its performance. The duration of the activities
an their resource requuen_)ents are as follows : '

Activity Duration (Days) | - R, R,
1-2 3 3 [ 2 y
-3 2 ] -
1-4 6 e -
. . 26 4, - 4 )
' 35 2 C 2 2
C 45 t 4 | -
48 4 4 =
5-7. 3 3 2
67 S 27 1 3
7-8 4 & 5 -




39,
4“.

41

42.

45,

4.

. 49.

Resource availability : 8 units of R, and 5 unis of R,
Determine the duration of the project under given resource constraint, If the resources
were not a problem, how long would the project take to complete in the normal course?

* Explain the meaning of crashmg in network techmques

What do you understand by the term direct cost and md:rect cost in PERT costmg
techiniques? How do they behave in project cost with range of duration?

. (@) What do you mean crash duration?

(b) Write a short note on ‘project crashing using network analysis. {Also give graph
“for cost slope).

What is a least-cost schedule of a project? How is it obtained?

How do you disfinguish between resource levelling and resource allocation
problems? State and explain an algorithm of resource allocation.

Explain how network analysis can be used for resource planning and levelling in
project management.

Explain the use of float in levelling of resources.

Give a procedure of resource levelling using PERT/CPM.

Distinguish between ‘Precedence Diagram’ and ‘Network Diagram’.

A small project consisting of 8 activities has the following characteristics :
' Time Estimate (Weeks)
Activity | Preceding Activity | _
. | Most Optimistic | Most Likely | Most Pessimistic

A None : ) ) 4 12
B None 10 S 6
c A . 9 10,
D A 10 15 20
E. A 7 s 11
F B,C 9 | 9. -
G D o R B X T 7
H . EFG | s 5 5

(@) Draw the PERT network for the project.

(b} Determine the critical path.

(c) Ifa30 weeks deadline is nnposed, what i$ the probability that the pm)ect will
be finished within the tnne Limit?

The following information relates to a construction project for which your company
is about to sign a contract. Seven activities are necessary and the normal duration,
normal cost, crash duration and crash cost have been derived from the best available

-
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Activity | Preceding Activity | Duration in Weeks |  DirectQ Cost (%)
Normal | Crash- Norma_l,- " Crash
a_- - 15 12 4,500 5,250
b - T 14 _'4,000 4,50‘0 .
¢ - 9 5 | 2500 4;500
d A 6 5 1,700 | © 1,940
e A 14, 9 4,300 5,350 -
i B,b 9 6. | 2,600 3,440
g e 8 3 1,800, 3,400

Each actmty may be reduced to the crash duration in weekly stages at pro rata cost

There is a fixed cost of 2 500 per week

Requtired :
(@), Draw, clearly labelled, a network and indicate the notation pattern used
(b) Indicate the ‘critical path and state the normal duratlon and cost:

(5] “Calculate the critical total cost, showing clearly four working, and the rev:sed
duration and cost for.each dctivity, .




