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8.1. INTRODUCTION

In the discussion of correlation, we estimated the degree of relationship between
variables. The coefficient of correlation 7, (-1<r<1) measured the degree of relationship
between variables. A numerically high value of ‘F resulted because of closeness of
relation between the variables, under consideration. The coefficient of correlation is

unable to depict the nature of relationship between the variable. For a given data’
regarding the corresponding values of two related variables, the coefficient of correlation |-

cannot give the estimated value of a variable, corresponding to a certain value.of the

_other related variable. For example, the coefficient of correlation between ‘height’ and |

‘weight’ of a group of students of a.university cannot help to give the estimated weight
(resp. Height) of a studerit with given height (resp. weight). This type of assignment is
dealt with the tools of regression analysis. * .

ol

8.2. MEANING

The literal meaning of the word ‘regression’ is ‘stepping back towards.the average’.
British biometrician Sir Francis Galton (1822-1911) studies the heights of many
persons and concluded that the offspring of abnormally tall or short parents tend to
regress to the average population height. In statistics, regression analysis is concerned

with the measure of average relationship between variables. Here we shall deal with

~
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| variables under consideration then the re
| this text, we shall restrict ourselves to the study of only simple regression. The

| 8.5. REGRESSION LINES

the derivation of appropriate functional relationships betweéen variables. Regression'
.explains the nature of relationship between variablés.

- Tijere are two types of variables The variable whose vahie is influenced or is to
be predicted is called dependent variable {or regressed variable or predicted variable or

| explained variable)!The v?ﬁéble which influences the value of dependent variable is

called independent variable (or regressor or predictor or explanator). Prediction is
possible in regression analysis, because here we study the average relationship between
related variables.
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8.3. USES.OF REGRESSION ANALYSIS - e

-?I-‘he tools of regression analysis are definitely more important and useful than those of
correlation analysis. Some of the important uses of regression analysis-are as follows:
' {t) Regression analysis helps in establishing relationship between dep_endenltg
variable and independent variables. The independent variables may be more than
one. Such relationships are very useful in further.studies of the variables, under

ponsideration, : -

(1) Regression analysis is very useful for prediction.-Once a relation ié established
between dependent variable and independent variables, the value of dependent variable
can be predicted:for given-values of the independent variables. This is very useful for
predicting sale, profit, investment, income, population, etc. 3 -

®*  (iif) Regression analysis is specially used in Economics for estimating demand

function; production function, consumption function, supply function, -ete. A very
important branch of Economies, called Econometrics, is based on the techniques of

| regression analysis.

¥ (iv) The coefficient of correlation bétween two s variables can be found easily by
using the regression lines between the variables. Foo wun -
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8.4. TYPES OF REGRESSION T -

-

.. . | o ) - .8 -
| If there are only, two variables under consideration, then the regression is called simple

regression. For example, the study of regression between ‘income’ and ‘expenditure’

for a group of family would be termed as simple regression. If there are more than two

gression is called multiple regression. In

regression is called partial regression if.there are more than two variables under

| consideration and relation between only two \:ariables‘_ié'e_stablished after excluding

the effect of other variables. The simple regression is called linear regression if the
point on the scatter diagram of variables lies almost along a line otherwise it is termed
as non-linear regression or ciirvilinear Fegression. . P
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Let the variables under consideration be denoted by ‘¥ and 'y’ . The line used to estimate

the,value of y for a given value of x is called the regression line of y on x. Similarly, the
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(* line used to estimate the value of x for & given value of y is called theé regression line of

xony. In regression line of y on x (x on ), the variable y is considered as the dependent
(independent) vanable whereas x is considered as the mdependent (dependent)variable.
The position of regression lines depends upon the given pairs of value of the variables,

Regression lines are also known as estimating lines. We shall see that in case of perfect |

correlation between the variables, the regression lines will be coincident. The-angle
between the regression lines will increases for 0° to 90° as, the correlation coefficient
numerically decreases from i to 0. If for a  particular pair of variables, r = 0, then the

regression lines-will be perpendicular to each other. The regression lines will be -

an

determined by using:the prmc;p!e of least squares.” 10 x s
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8.6. REGRESSION EQUATIONS

We have already noted that for two vanables x and y, there can be two- regreasion
lmes If the.intention is to depict the change in y for a given change in ¥, then the

“regression line of y on x is to be used. Similar argument also works for regression line

of xon y- CF ; . &
2 @ Regressxon equation of y on x. The regression equation of y on xis estimated
by using the ‘principle of least squares’. This principle will ensure that the sum of the
squares of the vertical deviations of actual values of y from estimated values for all
possible values of x is minimum.

% -
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Mathematically, Z(y — y )% is least, where y and y_ are the corresponding actual
and computed values of y for a particular value of x. -

Let n pairs of values (x;, ¥,), (X3, ¥9), ..., (%, ¥,).of two variables x and y be given.

Let.the regression equation of yon xbey=a+ bx. i LD
By using derivatives, it can be proved that the constants @ and b are found by .
using the normal equations: .
Ty=an+bix . 2
and s, Zry = alx+ bR - o )
Dividing (2) by n, we gei; S 5
- o a+b _Z_x_
n n
= F=d+bX o)
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Business Statistics - Subt_ractil;gl(_ﬁl). j_from (1); weget .. “ " -

= r - = bk ~ x) L s e TR LB
7 ey .
Multlplymg ()] by Ex and (3) by n and subtractmg, weget | .
" NOTES C COE) - nSxy=bEx? —bnZa® i ¥ wf . oa o.r .
| feem nEny- EH) = bd- (zx)z) up o Faa s
it £ T A
R A2 e~ 1 S .
EY ‘ “.x fr- fp 3 !r. p.nzxz - (&)2 3 A d e -
The constant b is denoted by b -and’is ca]led regression coefﬁclent ofyonx
‘-‘ﬂ!‘-;:: (!?)._' a: y__~J! =x§_yx( x )J Wh_@.{g.byx ﬂ%)?y.lr o, i T -\-——-—-,:
. ﬁ . i 'L-:. f - TR _~
e Remark. b _______any (Zx)Zy) implies =~ =T ¥ - e
nZe? - (2x)” .
< ’ . % o= -
1. ! ‘\ n * I ¥ 3 L ’nzyz _ (zy)z_
anrz —<sz any —<zy>2 Jn3e? - (@), .
. n,
3 _ oy .
. ]:|yx =y = . % ,

Thus we see that the regression equation ofyonxisy - ¥=b, (x-%),

where =%, 52y PRy EY) , which is also squal tor .
n n -Cx)? O -

Example 8.1. Find the regression equation of y on x when we know :

¥ =68275=99 X=044r=076
Gx & &
Solution. Wehave ¥ =68.2, ¥ =9.9 0—5' 044, Ir=0.'f6.
o,

The regression equation of yonxisy - y = byx (x— X).

= y-y=r z—y (x-x) = y —?3.9 = (0.76)(0.44)(x - 68.2)
= “y -99=03344(x-682) = y=03344x+99- (0.3344)(68.2)
-~ _ | T = 7 y =0.3344x - 12.9061.

Example 8.2. x and y are correlated variables. Ter observations of values of
{(x; y) have the following results: o
Zx =55, Sy = 55, Zxy = 350, Xx? = 385. * : ,
Predict the value of y when the value of x is 6,
Solutlon., To predict the value of y for a'given value of x, we shall require the
equation of regression line'of y on x. L
The equation of repression line of y on x is

y-5=b,@-7%). _ (1)
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We have Ex =55, Ty = 55, Zay.= 350, Za2 = 385, n = 10 ) Regression Analysis
g 85 . o Xy 56 _
Now x_n_10_5'55y-n 10—-5.5
_ nExy - (Bx)Sy) _ 10(350)- (85)(55) _ 475 _ 05758, NOTES
*" pzx?-(Zx)?  10(385)~(55)° 826
() = ¥-5.5=0.5758 (x - 5.5) N
= y =0.5758x +.2.3331. .
This is the equation of regression line of y on-x. = .
When x = 6, the predicted value of y s !
= 0.5758 (6) + 2.3331 = 5.7879.
Example 8.3. For the following data, find the regression line of y onx:
x | 1 2 |* 3 4 5 | &8 | 10
¥ 9., 8 10 12 4 | Is 15
Solution. Reg‘ression line of yon x S
S. No. x - y 2 x*
1 1 s 9 4 1
2 2 - 8 16 - 4
3 3 10 4 30 9
4 4 12 48 ] 16 %
5 5 14 70 25
6 8 16 I 128 64
T 10 15 . 150 i 100
n=17 =33 Ty=84 | Zxy=451 ~| I?=219
The regression line of yon xis y—-'3 =b (- )
F=2.8 i -2 8
N n 7 ) n T
_ nixy —(ZxXZy) _ 7(451) —(33X84) _385 = 0.867
* aEx?o(Zx)? 7219)-(83)2 44
The equation of regression line of y on x is -
y-12=0.867 (x-4.714)
or y=0867x+ 12 - (0.867)(4.714) = )
or ' y =0.867x — 7.913. - -

(1) Regression equation of x on y. The regression equation of x on y is also
estimated by using the ‘principle of least squares’. This principle will ensure that the
sum of the squares of the horizontal deviations of actual values of ¥ from estimated
values for all possible values of y is minimum. Mathematically, Z(x — %,)? is least,
where x and-x, are the corresponding actual and computed values of x for a particular
value of y. ,

s £ )
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Let n pairs of values (x,, yl), (g7 yg), = (xn, yn) of two variables x and y be given.
Let the. regresswn equat.mn ofxon ybex=a+ by L oy ...(=1)
« < By using denvatwes, 1t can be proved that the constants a and b are found by

-using the normal equatwns . PPN o3 E
ca -~ e =ZTy=gr'+ by - - - ...(2)
land * .. ., . Zxy=aSy+bn? - )

D1v1dmg (2) by n, we get ) #

—zl =a+ e
n n
= T=a+by - (&)
Subtracting (4) from (1), we get . . v ' .

i x-E=bly-P ’ ()

Multiplying (2) by Zy and (8)-by n and subtracting, we get
_ 2 CEOE) “nZey = bE)? - buky? -
= niry— @O0 = bnZy? - Iy)? _ -
_ nZxy —(Ex)(3y) )

v nEy - (217)2 . F

The constant b is denoted by b,, and is'called regression coefﬁcxent of x on ¥.
£

F4 -
@) o wx—Fs {Jw(y-y)';where-r b, =220~ (22X %)

-

Remark ' 5 =____n2xy (ZxXZy) ‘implies
T nzy? - (zyp P s _
. f 2'_(&)2 ,E*(ET
._ 5. . :____
b 2nzry (Exx y) 2"- Erx e A =r-gﬁ._
. Jan _(:x)anEy _(zy:’ - Jﬂ.zy —(Iy)z ) }" p &2- _\ﬁ(’&)? ?y
e Lo * n 2elf R n
i:ﬂ:-’-' - ‘ = EI[" . : w ty i e
Lo : I)v rl-u’l * o f" 4 -

Thus, we.see that the regression eﬁuation ofxonyisx-x =byy ¥ =9

. ¥ o
where X = Ex_, y= E—y.-,_b,y nzxys (Ex)(!;y) » which is also equal tor i 3
n n nXy* - (Zy) ) Gy
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Example 8.4. Find the regression coefficient b_ between x and y for the following

" data: : S - .
1 Iy =30, Ty = 42, Ixy =199, Zx2= 184, Zy* = 318, n = 6. +
] ' any (Ex)Zy) _ 6(199) - (30)(42) _-66 -
Solution. b, = T %) 6318 —( 42)2 144 WB:E‘SS

Example 8.5. For obsewauons of pairs (x, y) of | the variables x and y, the foﬂowmg
results are obtained: . - .7, - — : A

¥4 = 110,35 < 70, 24 = 2500, 5y* 2000, ny-mo n = 20,
Find the equation of the regresswu hne of x on’y. Estimate the value of x

wheny =4,
Solution. We have ol )
Sy = 110, 3y = 70, Zx? = 2500, Zy% = 2000, Zey = 100, n = 20.
'. : The equation of regression line of xonyis N O OR S
: x-X =b (y ¥ ). 2D |
CNew g I 1O oo Ey_?O_.a; B
% A 20 " n 20 '
. | Y, onEy - () 20100 -(110X70) | -5700 _0.1624
- w7 nIylo(Zy)?  20(2000)-(70)* 35100
(1) = x-55=-01624 (3.5 . ;‘ -
= x==-0,1624y + (0.1624)(3.5) + 5.5 F
= x--01624y+60684 * ’
I This is'the regression equation of x on y '“:
When y.= 4, the estimated value'ofy . * ‘“ O
{ ==0.1624(4) + 6.0684 = 5.4188. . *
: Exampless Findtheequauonsofﬂwkneofregresswnofyonxtmdxonyforme
data: : i€
x 5 2 . I 4 - 8
y 5 3 I S 2 10
j Solution Regression Equ:ations '
8. No. x| ¥ 7 P £ R
1 “ 9 ] 25 25 25_ _
2 2 8 16 £ 4 84
3 . hl . 4 - ﬂk;_4. - 1 18
4 4 . 2 8 18 - 4
5 3t 1 T "'sf(_i"-* ’ 9 | 100
n=5 =15 | Iz Ty=83, | Ef=55 Iy% = 209
=2 B 5 ; BB 54 .
o n b .+ Ty
The regression equation of y on x is. y-—i ='b (= T)- apr s
- % b nE‘ry (Ex)(Ey)l -5(83) - (15)(29) A7 20 -0
= -Ex)?  5(65)-(15)%> - 50 iy
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g« The equation is- , *
y—-58=- 0 4(x-3)

or K
ATV

_y=-045¥ T,

The regressmn equatlon of xomny lS %= b y-7)

1

The e}quat.i.on Is _ -
x—3=—0.098(y—5.8)
x=0.098y + (0.098)(5.8) + 3

or
or

and sales:

- b kLap 7
v y=—04x+ 043+58. - 4
~ & rar
3 Ny @
nf-xy (zx)(zy) 5(83) - (15)(29)_ -20 = _0.098

f ¢ nEy? - (3

x=-0.098y + 3.6684.
Example 8.7, You are given below the following inforniation about adwrnsement

5(209) - (29)2 204

]

e

&

-

-| ‘Advt. Expenditure (xf "~ Sales (3)
o (in crore rupees) |, ofin crore rupees).
" ‘Mean fltor 20 o 120
4 —— — = =
“¥8.D, s 25

- Coefficient of correlation = 0.8.

() Caleulate the regreésion equations.
(18) Find the likely sales when advertisement expeuditure is? 25 crores.
(i) What should be advemsemenr, budget ;f the company wants to attain sm‘,es

| target of T 1 50 crores?.

=
e

Solution. We have, , 1 .

X =20, y=

120, o

wh

t

&

,=5,0,=25,r=08

&5

iy

() The regression equation of yonxis y -y = b, (x—x).

.ﬁ e

=

- -

=

Y- J"_l"-&—-(x ) = y 120 = (08)—-(x 20)~r

y=120=4(x=20)
--The regressmn equation of Yonyis x—x. =b_(y—~ 7).

=

y = dx + 40,
so=xy
x—-20= (08)-—()'
x = 0.16y + 0.8.

x—-20=0.16 (y - 120) =
. ) ¥
(i) We are to estimate the value of y for a given value of x.,

We use regression equation of y on x which is y = 4x + 40,

Estimated sales =¥ 140 crores..

., When x =25, the estimated value of y = 4(§5) + 40 = 140

-

(Lu) We are to estimate the value of x for a glven value of y.
'We use regression equation of x on ywhich is x=0.16y + 0.8
When y = 150 the estimated value of x = (0. 16)(150) + 0.8 =24.8

-Estimated advt expenditure =¥ 24.8 crores.
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Example 8.8. Given: n .
x-series yrseries
Mean ' 5 . 4 .
S.D. 1224 1414

Sum of products of deviations from means c:f x and y series’=6
Number of items'= 8. '

@) Obtain the regression equalions.
(i) Estimate the value of x when y = 5.
Solution. ) Wehave ¥ =5, ¥y =4,0,_= 1.224; a,= 1414, Z(x—X)y—-¥)=6
and n =48

.

. Ba-By=y» % 6
Now r= r =
NEa-DII-PF J 2-%) [Xy-yF 1
T A n ¥ =n
6., _ 3 v
= 8.0, Kib2axtale) - 0483
y Rpgressibn equation of y on'x is . 1 Sapayn
g Y-y =b k= 5). T - )
R _ G_J' - _._ s

= y—-¥=r 5. Sx.’ x) MR y-4= 0433:(1224 {x—5)

= y-4505(@=5:-~y » W2u . ¥T05r+4-25 Kk

= y=0.5x + 1.5, - - =

*  Regression equation of x on y is: s * o
x—-X = bx:' y—¥)

\ - M o 1224

= x—x—roy b-¥) = «x 5-9‘.433Xl414(y 4)

= $-5=03T5(—4) =  x=03T5y+5-(0.375) x4

=> i X= 0 376y +3.5. 1
(u) When y =6, the estimated value of x = (0.375) 5 +3.5 =,6.376.

» 3 (By using regression equation of x on y)

Example 8.9, You are given the following data: . v . ;

Ix= 300, x =50, Zy= 240 varignee of x = 2.56, variance of y=1.986, coeffwwnt
of correlation between x andy = ="+ 0.6. - . :

Find : -
() Two regression coeffictents
(it) Two regression equations.

Solution. We have- wl L
£ - . . . “
Zx=300, % =50, Zy=240, 0,” =256 0,"=225,r=14086.
k - ;
- : . ~3
g=2  Bo= 200, ,_300_g
" n 50

Regression Analysis

¥

NOTES
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6.’ =256 = 0,=+ 256 =16 ) TR O
=1.96 T = o,=+(116 =14
14
=p Sy x — = 0525,
® b?, o 06 76 -
- o, 16 - -
b, =r —% =06 x—=0686
and . by 'o >-<1.4 °
-(it) Regression equation of yonxis y— y=b,(x-%) K

| | o, _ 240
. = y - 40 = 0.525 (x ~ 50) ( 'T=T=40]
Tos = 0.525x + 40 — (0.525) 50 §

= y = 0.525x + 13.75.

R‘egresréion equationof xonyis x- %= by (y - % ).
x— 50.= 0.686 (y — 40)

=
= & = 0.686y + 50 = (0.686)(40) < '
= x= 0.6863' + 22,56, .

Example 8.10. From the following data, find the regression equations:

x 6 2 10 P 8

8 -% 7

y 9., mo 5

Il

Solution.— o

Estimation of Regression Equations

1 6 9 54 36 B ) B
' 2 2 1 22 1 4 = 121
3 10 5 50. 100 25
4 B4 8 32 18 64
5 r .8 A 56 64 49
n=5 £x=15 Ty =40 Sxy =214 £2=220 | 5?=340
_ 3x 30 ~ 5 4o « |
= 5 e— 6 = —
| RSy YETeg 8
The regression equationof yonxis y— y = b, k- %) k
; ¢ nZny - (Ze)Ty) _ 5(214)-(30)40) <130 0gs
»" azx®-(x)® 0 5(220)-(30)° 200 O
The equatmn 18 oL
—8=-0.65(x-6) or y——065x+(065)6+8 .
‘or y =119 - 0.65x, T
The regressmn equation of ¥ on yis x-3 = b - y)
| nZwy - (En)(5y) 5219 - - @040 _-iso
? - 5(340)-40)? 100 -

-
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The equatlon i ’ . Y s . Regression Analysis
6—-—13(y 8) or x=-13y+{13)8+6
or x=16.4 - 1.3y. -
Example 8.11. In order to find the correlation coefficient between two varibles NOTES
X and Y from 12 pairs of observations, -the following caleulation were made: ’
X =30, X2 =670, LY = 5, XY? = 285, EXY 344,
On subsequent verification, il was dwcauered that the pair.(X = 11, Y = 4) was
‘copied wrongly, the correct values being X =-10.and Y = 14. After making necessary.
correction, find the: -
(i) regression coefficients *
(i) regression equations and - . -
(zii) correlation coeffEbient. i _
Solution. We have XX = 30, 2X? = 670, ZY = 5, 5Y2 = 285, ZXY = 344.
] Incorrect pair= (X =11, Y=4 =~ - . ‘
) - ‘Correct pair = (X = 10,Y ='14) B .
Corrected sums o , . ‘
. 3X=30-11+10=29 .
e TY=5-4+14=15 .
-~ ZX?= 670 - (11)? + (10)>= 649 ~
- | EY2 =285 — (4)2 ¥ (14)2 = 465 |
| XY = 344‘ (11 x4+ (10x 14) = 440 -
@) Regressmn coefﬁcmnts : P:_ _"ﬂ » ks ' . ! - o '
_ nXXY = (ZXXZY) ¥ 12(440) - (29)(15)u 4845 .
brx = X" - X " 12649)- 297 947 ='0.6974
N nEXY (EX)(EY) . 12(440) - (29)(15) _ . . ;
e ey TN 12465)-(57 5s_§5 ;0’90448'
(i7) Regression equatioi:ls » i £ T
, z_2X _29 Y 15 £ _
R Xj? 12 "?1‘42 J;Y:_n—"_ﬁ=l‘25r ) | .
Regression equation of Y on X issY - Y= bYX X - Xo. - |
= . Y-125= 06974(X 242)
= P Y =.0.6974X + 1.25 - (0.6974)(2.42)
Fo= L . Y =0.6074X - 0 438. - . - , '
Regression equation of X on Y is X X_= byy (Y - ?) - -
= X-242=09048(Y-128) . ~ . S ST 2
= . X=09048 Y + 2.42 - (0.9048)(1.26) = +
R % iIX=0.9048Y +1.289. ’
& F h ¥ LTI w % 2 ¥4 S
(i) b . bm,—[r I ch 2 e T4
s I A-Ox A0y ) N R SRS
= . o
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r=z .‘J 0.6974 x 0.9048 == 0.7944

. Y. f’ﬁ' O'y <
: >0 >0
LT H - be}O = r>0 . i ( o, ]
r=+0.7944. - s * : 3
- EXERCISE 8.1 | 3
i
1. Find b,, from the following data: 3
Tx =30, Zy=42, Exy =199, 22?2 = 184, 12 =318, n =6
2. Find b, from the following data:
x 17 2 3
y 6 8 7 6 8
8. The following results were worked out from scores in Statistics and Mathematlcs ina
certain examination:
Scores in Seores in
- Statistics (x) Mathematics (¥)
\ AM. _ 39.5 _ 475
8.D. 108 ' -17.8

Karl Pearson's coefficient of oorrelatmn is 0.42. Fmd both regmssmn ].mes Estnnate the
value of y when x = 50'and x when y = 30.

4. , From thé foliowing data find the yield of wheat in kg per unit area when the rain fall is
. 9 ‘inches:

M B A
_; e ™ Metm S.D: B
“Yisld of wheat per unit area (inkg) [ 0, 8
Annual rainfall (in inches) & | - 2
Coefficient of correlation = 0.5. ‘ -

5. You are given ‘below the following information about:advertisement expenditure and
* sales: . :

-

-

Adut. Expenditure (x) " Sales ()

. (in crore rupees) (ih crore rupees}
Mean : 10 - 90
8.D. 8 12
Coefficient of correlation =+ 0.8, ~

(i) Calculate two regression equations..: .

(i) Find the likely sales when advertisement expenditure is ¥ 30 crores.

(tii) What should be the advertisement budget if the company wants to attain sales
target of ¥ 150 crores?

.
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6. Find the equations of regression lines for the followmg pairs (x, y) for variables x and y:
’ (1: 2):' (2= 5)= (31 3)9 (4s 8)& (51 7)'



7. For the following data, d(itqrn}ine the regression lines: Regression Analysis

L x 6 2 | 10 ] 4 -8

y s . 1 .5 8

L

NOTES

- From these mgressiqﬁ?]ines, gstimate the value of; L =
) ywhenx=5 and - - (&) xwhen y = 10.
8. Find the regression lines for, the following pairs (x, y) for variables x and y:
fy s «1(1,6), (5,l1), (3 0y, (2 0}, (1 1) (1, 2) (7, 1),3, 5) w ey H

+

9. By using the follomng data regarding pairs (x, » for vanables x and y, find the most
likely value of y, when x = 6.2:
(1,9, @, 8), (3 10), (4 12}, (5, 11), (6, 13),, (7, 14), 8, 16), (9, 15).
10. A computer while’ calculatmg the eorrelatmn ooefﬁcmnt between two variables x and ¥
obtained the following constants:
n=25, Ex—127 Ey—IUO E‘cz 650 Ty? = 480, Zxy = 516. A
It was however, later. dlscovared at thie' t:me of checlung that 1t copled down twa pairs of
|

W s w —
¥ . ’ i 3

x yi e x X
observationsas: [ § | 12. |while the correct values were:| 8 | 10 |, After making
. ' 6 14

. - lels
the'neéessary corrections, find the: E -

@ regresslon coefficients . (u') regressmn equauons and
(m') correlation coefficient, *~ <+ B e ke o s
) . % b s 1! ks ‘"\':' ;:‘
s — - A e - -Answers ) - —_— -
1. -03235 ; 2.02 - v W,
3. y 0.6922x + 20.1581, x 0. 2548y + 27,397, 54.77; 35 04 . 24,12 kg',_
5, Dx=02y-8, y=32x+58,° ‘(i) T 154 crores (ui) 222 crores “
_6. Regressionlineof yonx:y=11+13x% _ . 4.\; Ty
Regressmnhneofxuny x= 05+05y . o e 3V
7 0y= 11.9 - 0.65¢, x= 16.4 - 1 3y P 1) 8.65 * & (i), 8.4 o :
9 y=2 8745 0 3042x, x 3 4306 0 27?83! %.&%.‘_14;‘1“5 -
16. @) b, =0826, b,,=0. 095 _ . — )

s (i) Regression equatlon of yon x: py=0.826x - 1.96- . ¥ -

¥

¥

v

Regressclon equation of xony x=0095y+4.7 ¥

(ui) r=028 - e g R
wi
¥ ) ®u

-

8.7. STEP DEVIATION METHOD . o \

When the values of x and y are numerically high, the step déviati(;n method i5 used

Deviations of values of variables x and y are calculated . from some chosen

arbitrary numbeérs, called A and B. Let & be a positive common factor of all deviations

(x — A) of items in the x-series.”Similarly let & be a positive factor of. all deviations -

(v — B) of items in the y-series. The step deviations are: - :

| _ “‘“_ LA ¢ iepi? 2 A . |
| ETE TT% o v _
- In practical prohlems if we do not bother to divide' the deviations by common
‘ factors, then these deviations would be thought of as step deviations of items of given

series with ‘1’ as the common factor for both series:

e
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NOTES

The equation of regression line of y on x in'terms of step deviations is

H y_y=b’x(x_f)s . .

where F=A+ (2] h, ¥ =B+ (%)'k 2
_ kE  nZuv— Cu)Zv) &
=by, — =~
and b h nm?-Gu? B
The equation of regression line of x on y in terms of step deviations is
x= x = b 0’ y ): e T 1°t ¥ -
N>R

where T=A+ (E] h, 7=B+ [—} k
) . n n t

p nIuv-— (Eu)(Ev) h

'and bnz ;w-\z"" __(xv)z 'k.

Remark.Inpart:Lcularlfu-—x Aandv =y-Bie,whenk=1,%k=1,ws have

= = o pd
_A.+.n_, y—B-l- o o
nIuv - (Zu)Zv) aZuv - (Zu)Zv)
o == b = DUV —REUAEY)
L (Zu)? and b, nz? - ()’
Example 8.12. An investigation inio the demand for television sets in 7 iowns
has resulted in the following data:

Population x 1 M | 14 | 17 |, 1 21 25
(in thousand) . i} .

No. of TV, sets. 15 27 27 | 30- 34 38 | 46
demanded ¥ : :

Calculate the regréssion equation of y on x and estimate the demand for T.V. séts
for a town with a pepulation of 30 thousands.

Solution. Computation of Regression Equation of y on x .

8. No. x oy u=x- A4 v=y~B* w u?
A=17 ‘B=27 .
1 11 15 -6 -~ 12 72 36
—
2 14 - 27 -3 0 0 9 .
3 14 | 27 I R ‘;:ho . "'{T,__r T 9
4 17 - 30 o |, T, 0 o
5, 17 34 0 7 0 0
.8 21 38 4 1 44 16
T 25 | 46 ‘8 19 7| cisg M| 64
| n=7 u=0% | fv=28 | suw=068 | zi?=134

ra RS = -

Regression equation of yonxis y-y =b,, (x- ).

We have ¥ = A+ %—-=17+%=17

!

Ty 28 ’
= —:27+_=31 1o .
B+ " 7 . v

‘-e|'
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- nZw - (Su)(Zv) _ 268)- (0X28) 268

b, s = el = =
" () 7(134)-(0)° T 134
R .
~ The required equatmn is" L ’
- bt b - ,v‘.
y—3812 2= 17) or y=2x—3. . £ X
When population is 30 thousand i ;.e,, x="30, the estimated value of
S “ « ¥=2(30)-3=57 - 5
"The estl.mated demand for T v sets is 57. -
Example 8.13; Ob&am the two’ regressmn equanons from the foIIowmg data.
x |25 | 28 1 35 | -32 31 - 36" | 29 - 38| 34~ 32
y | 48| 46 | 49 | 41 | 36 | 32 | 3 30 | 33 | a9
- A.’.soﬁndthevaluet;)"_j;uit_er;xtsemmlto.?o o
Solution. Computatlon of Regression Equations
S. No. x ¥ u=x-A | v=y- B .up u? v
g A=32 B=3 ‘
1 25 43 -7 5 - 35 49 25
2 28 46 -4 . 8 -32 16 64
3 35 49 | 8 - no "33 9 121
4 32 41 0 3 "o 0 9
5 '81 38 -1 -2 2 1 4
6. 3 | 32 4 -6 | -24 16 36
7 29 31 -3. =T 21 9 49
8 38 - 30 - 6 : -8 —48- .36 64
9 34 33 2 i85 ¥} 10 [ve 4 25
10 32 39 0 , 1 0o | 0 | 1
n=10 Tu=0 | Zv=0, |Zuw=-93 |Zu?=140| Iv?=398
Regression equation of ‘y on'x’ e
The regression equation of y on xis ,y = ¥.= b, (x=X).
Zu 0
S pmAt+ — =82+ — =32.w
. x:=A - 3 0 3
b3 0 “"I y

y= B+—=38+——“38 ~

_ nzuv (Zu)(Ev) F10(- 93} - (0X0) 93

T ETe et 10 0F 0 0
The required equation is y - 38 =~ 0.6643 (x -~ 32).

= y=—0.6643x + 38 + (0.6643)(32) ., "
= (v ¥=-0.6643x +59.2576. v R
When x = 30, the estunated value of y = (— 0.6643) (30) + 59.2576 = 39.3286.
Regression equation ¢ of‘x on y’ L P
The regressmn equation of xonylisx= x=b (y ¥).

¥ =32 ¥ =38 o e

b nZuv - (Zu)Zv) _ 10(- 93)- (0X0) L 98rg. 0.9337

o T Tt —(Z0)F 10(398) - (0)F 398

Regression Analysis

NOTES
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-, Business Statistics s The required equation iﬁlr x—32=-0.2337 (y - 38).

= = T £=-0.233Ty+32+ (0.233D(38)
_ = x=-0.2337y + 40.8806. 5t 1.
) NOTES Example 8.14. FoHowmg are the heights of fathers and sons in uwhes
Height of father | 65 .| 66 67 68 | 69 71 73 4| 67
Height of son 67 | 68 64 72 70 . 69, 0" | 68
Find the two lmes of regression and esamate the he;ght of the son when the
height of the father is 67.5 inches.
- Solution. Let the variables ‘helght of father’ and' ‘height of son be denoted by x
and y respectively. -,
Computation' of Beg‘ression Equations . ot
S. No. x y u=x-A4 | v=y-B wo | Sl
o A = 68" ‘B 68 | * "
1o 85 67 -3 -1 8 9 1
2 66 68 -2 Y 0 4- 0
3 67" 64 -1 Co-4 4 1 16 7,
4 68 72 0 4 0 0 16
5 69 70 1. 2 2 f1 4
6 . 71 69 3 1 3 9 1
i 73 70 ’ 5 2 10 25 4
8 ] 67 - 88 -1 0 0 ] 1 . 0
n=8 Zu=2 To=4 | Zuw=22 |Zu?=50| £¥=42
Regression equation of ‘y on x’
The regression equationof yon xis y -y = bﬁ(x -x).
N A |
‘¥ =A+— =68+ = =68.25inches =~ -
n B r\?‘ By ™ 1 s ¥
=, 4 -
y= B+ — =68+ r = 68.5 inches
n}.‘.uv (ZuXZv) _8(22)-(2)4) 168 .
b= - (zu)? ) 850) - (2)* =396 - 04242
The required equatlon is : N
y — 68.5 = 0.4242 (x — 68.25). PN
= y =0.4242¢ + 68.5 — (0.4242)(68.25).
= . 'y =0.4242x + 39.4835.
- Regression equation of ‘% on y’ ® &
o ) The regression equatlon ofxoriyis x2% = b o= 7).
' . ¥ = 68.25 inches, y'—685mches ' #
. o DZuv— (ZuXZv) _ 832)-(2X4)" =0 '525
T am?i(3)? 8(42)-(a)R " 320
The required equation is “ $
x~68.25 = 0.525 (y - 68!5). os _ -

N
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= x = 0.525y + 68.25 — (0.525)(68.5) - Regression Analysis
= ‘w ,  x=0.526y +32.2875, o
‘ To ﬁnd the estimated value of height of gon () for a gwen value of height of
fath f
ather (x), we require re&ressmn.qua'tlon ofyonxie, ) ] NOTES .-
5 Brgn o y= 0.4242¢+39.4835. - _ -
When x=67.5 mches the estimated value of § = N
=(0. 4242)(6'? 5) + 39.4835='68.117 inches.
Example 8.15. Students of a chzss have obtained marks as -given below in Paper
1 and Paper II of Statistics: 2 -y 3 T .
Paper] |- 45. 55 | 56 | 52 | 60 | 65 |"68 |. 70 | 75 | a0 | 85
PoperIl | 56 | 50 | 48 | 60 | 62 | 64 | 65 | 70 | 74 | &2 |*90
Find the means, coefﬁcx-ent of correlatwn, regression coefﬁcwnts and regression
equations.
" Solution. Let the variables marks in Paper I’ and ‘marks i in Paper IT be denoted
by x and y respectively. - s
- Computation of X,¥,r
S. No. x ¥ u=x—A4 | v=y-B uv w v
__ A=60 | B=70
1 | 4 | 8 | -15 =14 | 210 295 ~ 1 196
2 .55 | 50 -5 -20 100 " 95 400
3 56 | 48 -4 - 22 88 - 16 484
4, 58 60 -2 -10 20 7 4 | 100
5 60 | . 62 0 - -8, 0 ‘ 0 - G4
8 65 64 |- =5 | -8 - 30 25 |~ 36
7 68 6 8 | -5 - 40 64 | 25
8 70 T0 10 . 0 0 i 100: 0
9 5| 14 | 15 4 60 | "225 16
10 - 80 82 20 12 240 400 144
1m>7| 8 |° 9. 25 20 | 600, | 625 400
n=11  Zu=57 | Tu=-49 | Tuv=1148 |Eu?=1709 |22 =1865
Means ¥ =A+ —?-—60+ EI- = 65.1818.
o Zo o (-49) _
- ,gs'_‘ y=B+ P =70+ T = §5.5455.
Coefficient of correlation )
o nIw- (). ’
, ozt “(ZuPyn2? - (TP - .
'
x a 11(1148) - (57X~ 49} “ =
- J11(1709) - (67)? {/11(1866)— (- 49)*
' 15421 15421 -
= = = = 0.9188.
V1565018114  124.70x134.59
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Regression coefficients ; _ x - vig

_ nZuv - (Zu)XEv) “IN1148)S(57X-49) _ 15421

B PuT T T T 709 (B /T 166504 00N 5
NOTES., * i B ST A ¢ ¥ uw P
TES ,, p o nZw= (Tu)Ey)  1M1M8)- (BTX-49) 15421 _ .
#7 nEo® - o) 1 11(1868) - (s 49) mdc 18124 T Y

-

2
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Regression equations ¢ + ~ . » r 1t

vy Regression equation of y on x is- y— ¥i=bk(x —¥). L 8 wlx

= ¥ - 65.5455 = 0.9917(x — 65.1818) b
= ~ 9.5 0.9917x + 65.5455 - (0.9917)(65.1818) . ,
W . 35 @ yE09917x+0.0047. T 7 -t
Regressmn equatmn of xony is x-X, —-b (y £ "" .
=  £-651818=08513(y — 65.5455) LI
= ... x=0.8513y + 65.1818 — (0.8513) (66.5455) ,  ~
= T x=0.8513y +9.3820. . : w T

Food 3-:{:, 3 '
- * EXERCISE 8.2

i

The following data relates to advertlsmg expenditure’ (in lakhs of rupeel) ‘and sales Gin"
crores of rupees) -

Advertising expendilure 10 12 15 93 20
. (in lakhs of rupees) ) A L ? -
’ Sales (in crores of rupees) 14 17 ‘93 o5 ¥ o1

Estimate (i), the sales corresponding to advertlsmg expenditure of ¥ 30 lakhs and (i) the
advemsmg sxpenditure for & sales target of 35 crores.

Find two lines of regression from the following data:

=

'\ Ageofhusband [ 25 | 22 | 28 [ 26 | 35 | 20 | 22| 40 | 20 | 18
Ageofwife | 18%|* 15 | 20 | 17 | 22| 14| 16 |21 [*15 | 14.

Hence estimate (i) the age of husband when the age of wife is 19 years and (u') the age of
wife when the age of husband is 30 years.

Find the regression equation of y on'x for the following data: ¥ e
x 78 89 97 | 69 59 79 68 61
y 125 137 156 | 7 '112 . 107 ~136 124 108
w4 T e T e s B

Find the two regression equations for the followmg series. What is the most likely value
of x when y = 20 and most l]kely value of ¥ when & =927

» [ .

~x | 35 25 29 | 3t 27 24 33 | 36

y 23 27 | 26 = 21 | 24 |- 20 29 30

- -~ 3 T‘ ¥ T v ey




5. Find the regression equations for the following data: . ~ Regression Analysis
x | 23 26 | 39 31 36 21 30 39
¥ 45 48 45 42 31 39 38 . 32

Also find: NOTES
(f) the value of y when x =30

(i) correlation coefficient between x and y.

_ 6. Obtain the lines of regression and show them on the greph paper for the following data:
x | 65 66 67 67 | 68 | 69 71 -
y | 61 | 68 64 g8 |- 70 | 70 | e9 68

v
_ Answers
1. _(¥) 29.9666 crore rupees _ (D) 31.75 lakh rupees

2. If x and y respectively represent ‘age of husband’ and ‘age of wife’ ﬁhen the fegression
“aquations are x = 2.23y — 12.76 and y = 0.385x + 7.34 - T

(3} 30 years nearly .. (i) 19 years nearly

3. y=1212x+34725" -

4. Regression equation of xon y: x=0.543y + 16.425
Regression squation of yon 1y =0.352x + 14.44
x=27.285 when y = 20, y = 22.184 when x =22

‘5. Regression equation of yon'x: ¥y =0.4x+27.75 g : ' .

E;.egreggion'equation of xon y o x =,0'.5|1‘iy + 10:}85 )

(1) 39.75 (i7) 0.452

6. Regression equationof yonx: y=02353r+52

Regrossion equation of xon y: % = 0.4615y + 36.618.

8.8. REGRESSION LINES FOR GROUPED DATA

. 3 . . .
- i In case of grouped data if either x or y or both variables represent classes, then their
respéctive mid-points are taken as their representatives. ﬁ‘

Inthiscase,ifu=x_A. v=y-B, .
_ . h k
then the regression lineof yon xisy— ¥ = bﬁ x—x),

s (5 -

‘?=B+[%]k S .

_ Nxfuo - (SfudSfo) k
> Nzﬁ‘Z--(zﬁ‘)Z “h

where x

and - b
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o s T e chiem am b g ow owf e § o
Business Statistics . The regression line of xon yis _~ _ " . g o
W . - s . . ’ _‘
oo FZESb Y, 0 L . o 0
v & n ! > L
: - L ' zﬁ[ e Eatd ’{\ A s - . ke
L whera =A+|=—Ih, T .
NOTES - ¥ AT [ N Ly e
¥ Voo s > P
i:B*‘(Ef_U}’“ Lo T e
w, AN ; S w * g ing w e
TF e S szu (SfuXEfo) h T T
ha‘:nd : b b_' = °- zziﬁ} . . + :-... -; I £
N3 - (Zfo) k o
_ Example 8.16. Compute regression lines correspondmg to the marks obtained
by 25 students in Economics and Stalistics:*
T D ww Marksin Statistics N !
Marks in M . Ll sas LT
Economics 30-40 40-50° 50-600 T |T 60270
3040 3 1 ' 1 ' e ®
oo 5 .
40-50 2 6 I B R T
50-60 1 - Fghe SR g SR &
60-70 0 Ty * F &
Solution. Let x and y denote the vanables marks in Stat.lstlcs and marks in
Economlcs respectively. .
Class of x 30-40 40-50 50-60 60-70
. . e R L | * “
Mid-poini (x) a5 45 55 65
; " opP N -
Deviation from " _
A=45 -10 U 10 20
= Step dekuon by h=10 o ‘% #x-,-:k ;# ey
[ 4 - C
-.it" i\[:.‘-: o :?'I.‘ai‘ B *Lﬁhe I..I! " 1-..1 i ; LJHS%I ) .:3‘
. - (e o 45 S —— T St N B T - WL Y
(” = J o ! . ~L 0 1 :
4 \ I_Oﬁ / [ b { ! - : F| ‘! A5 KAt " F A .
Class of y B 3040 ¥ 40-50  +.50-60% & r50-70 %
Mid-point (y) 35- 45 55 - 65 )
Deuviation from ToT '
B= 45_ ¢ —40 i(.l R 20 5 yy
Step deviation by k = 10 X . -
W " - =
(u =1 45) 1 o z
10 - .
# 3
~
* - k] MJ’}.
- &
C"\a
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Regression Table - | " Regression Analysis *

N K _.‘_30-'40 4050 | .50-60 | 6070 | TN
N o s B S fuv _
Y. \ s PR 2 | _ - ) NOTES
'3 0] J-1
3040 -1 . Ea R 5 -5 |[“'8 2
3 1" 1 “|o -
- o] [of Lo Lo ‘
40-50{ ~0 £ - 11 0 BUI I
2 6 1 .2
=1 ol 2| “[2 )
s0-60] 1 |™ ‘_ L‘ I'_ _ L— 6 |6 " 6 | &
T 11" 7 |2 12 o7
- oo-pol 2]
60-70, 2 - I— . [4_ 3 6 |12 6
0 1 1 1 K
.f 6 | 10 | 4 | N=25|Zf=7 3p'=23 ﬁ;’
fu -6 0, 5. | 18 |zm=7{ \
i 6 0 5 "i-16 2’ \
- =27 * Y
¥ T 3y 1
. i ‘
%fuv E _ 0 3 6 | = 11
- » R . - “_]_;:; . JE "":: /“’j_
.Now x= [2{;]?& 45-!-[-2% 10L=47.v8’h L. N
T I‘fv} (7 | T = -
B =45+ —|10=478
Y= +( N "\25 .t
* b _ NZfuv - ~ (TfuXZfv) k_25(1D) - (7)(7) 10 _ 2260 - 0.361
== NIl -Gfa)?  h 2527)- (7 10 6260
b _ NEfuv - (Zfu)Zh) b 2601 - o’ 10 2260 _ 0.429
2= TNSRE -G)T kB 25023)-(F ~ 5260 ~ ,
The regression lme ofyonxis y-¥ = b (x~X) K |
or y—478=0.361 (x - 47.8) .
or : y=0.361x + 47.8 — (0.361)(47.8) )
or : y =0.361x + 30.544, 7
Theregressmnhneofxonyls :c—x-b w-5) vz *
o i t"" ETy ‘ . .
or : x— 47, 8 0.429 (y 47 5) )
" 1
or - x=0.429y + 47.8 — (0.429)(47.8) . b
or ! x = 0.429y + 27.294. T
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~ EXERCISE 8.3

1. The fo]lowmg table gives the frequency, accord.mg to groups of miarks obtamed by
67 students inan intelligence test. Compute the regression lines between the variables

age (x) and marks (¥): - ¥
B 1 Age(inyears) -
Test marks - 31 \ge (in yeors) — ,
: 18 ' 19 20 * ‘21
200—250 |~ 4- 4 L2 1
250—300 3 5 t g 2
'300—3850 2 6 8 '5 f
N -350—400 - 1 4 L , 6 ° 101
2. Following is the distribution of students according te their height and weight:
~Height - " —+  Weight (in Ibs) oL
(in inches) g0—100 | “oo-110 | 110—120 120130
. 50—55 4 7 D
. it g = E — — L . - [3
. 55—60 6 10 7 4
N 6065 | 6 12 io T
~65—T0 A= -3 - |- 8- | .« 6 3
Obtain (i) the coefficients of regression and (i) the regression equations.
"""“ - Answers = -
1. y=21.5134x - 109.7157, x=0.008y + 17.1727
2. ()b,=0152 b_=0041, ~  (D)y=0.152x+99.93, x=0.041y + 55.88.

¥

8.9. PROPERTIES OF REGRESSION COEFFICIENTS
AND REGRESSION LINES

c, * “a
@ Wehave b_=r. X and b_=r. =%
» o 7 g
1 . x ¥ Y
o, and o, are always non-negative.

E

The signs of b,_and b_ are same a%that ofr. .,
The signs of régression coefficients and correlation coefficient are same.
Thus b’,,l b,, and r are all either positive or negative.

g_\‘

O: — 42 1

o, C .

NowO0<r?<1lbecause—1<r<1y
0<b b <1 .

i
The product of regressxon coefficients is non—negatwe and cannot
exceed one.

@b, b =r X r

x

- ¥ 4 - "

&
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5 c Regression Analyxis

b, b =r—=* r=<=r2 "' -
@i b,, bw r o r o, | '
A rEx ‘an b“’ .'. B r . i . .
The sign of r is ta‘l;en as that of regression coefficients. - NOTES ,
(iv) The regression line of y onxisy-';y =b - x). -
= y= b x + (‘V - b x Z)
When y is kept on’ the leﬂ; side, then the coeﬁﬁclent of x on the right
side gives the regression coefficient of y on x. 1
For example, let 4x + Ty — 9= 0 be the regressmn line of yonx.
[
We write this as y=—%x+ % LG T : ey %
r . x [ e o 14;“ 4
Regression coefficient of y on x = coefficient of x = — CER
{ The regression lineof xon yis’ x - ic';'=b"'(y . - .
= x=b_y+(¥ -b, k2
. When x is kept on the left gide, then the coefficient of y on the right
gside gives the regression coefficient of x ony: ) 1 |-
For example, let 5x+9y 8 = 0 be the regression ! line ofxony LA
. LE IJ
o ‘9 -8 ! '
We write this as x=-—-y-_l--. -~ w .
5 5 = LI
Regr'ession coefficient of von y = coeﬂ?lcient of y=- g .
%

) Theregressmnhne ofyon xis. y- 5 = b (x )
This equation 1s satlsﬁed by the pomt (x,¥. Thls peint also lies'on the regressmn
. lineofxony. . .
d . =% =b, 0= ¥)a % g¢
The point (%, ¥) is common to both regression lines. In other words, -
if the correlation between the vanables is not perfect, then, the regression

lines intersect at (X, y). . 2 1y s
(vi) Angle between the lines of regression. . ¥
The regression lineof yonxis y-% =b, (x=-%). ! k4
= y=b,x+(¥ -b, %) . Slope=b_=m, (say)
Theregressmn}meofxonylsx—x =b, (y F).
- y=ix+[?-if} . Slope= L =m, Gay):
L i by by _ by
Let 6 be the acute angle between the regression lines. '
A ‘ ho -1 | - .
= - = b bybg -1
' . + ntan@= 1m1 L = w
: - T mymy 1+b, L b +by,
\ _ by,
_ &

w 1
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3 ¥

r—l.rc" -1] . - L 4 -':}i'“
s, o, B r?-1 2
e . r x 7 U 2+U 2 ™ .a'f - -
NOTES" R R IR O I alc ;0,15)7 Mz‘i L T
YU I o O T
| 2= 1|]o;0,_l (1‘—r2)a'c' w7 » -
Irlle*¥o,2 " |r|(0,2%3,%) T
v & JToNn m( 2) *nuf ¥ Rzl 2TpEn oY
tan 6= T_f—)“ e e st W@ o i v R
r|{c,’+0o
. I .Qf"' '3.1”:» ‘? _.u-_r_" o i 3 e 1—"-‘1‘
Particular cases: . ' N
@ r =20, In this case, tan 9 is not-defined. ~ - - ¥ x5 g s
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0=00°%e, tl}e_ regression lines are perpendiculor to each other.
" @) r=1(or-1).Inthiscase, tan §=0" ¥l * =~ 1« 4

The regression lines are coincident, because the point (¥; y) is.on both the

regression lines. W F & ¥ ) w

Thus, we see that if the variables are not correlated then:the regressmn Jlines
are perpendicular to each other and if the variables are perfectly. correlated, then the.

regression lines are coincident. The closeness of regression lines measure the_ degree
of linear correlation between the variables.

7

| 4
LV
Example 8.17. Find the mean of the variable X and Y and carrelauon coefficient
from the following informations: g T F
i -Regression equationof Yon X 2Y-X=50=0; & ¢ &% ~ x»
Regression equationof Xon Y: 3Y-2X-10=0. v T nugy
Solution. Regression equation of Y. on_ X 82Y,=X=50= On. T ()
Regression equation of X on Y is. 3Y52X-10=0 (2
Miltiplying (1) by 2, we get 4Y 2K — 100=0 ~ ®
Subtracting (3) from (2), we get -Y i 90=0. => Y=90 ¢ '
M = 200-X-50=0 = X=18 ~ -
e e X=130, ¥=80.. .
- 1. = 1
@ = . A% .E-:X*%f‘ i R AT IE
. " '3 3
@ = . X=3Y-5 = ke X
Now Sy By - by ; _ -, (Regression coefficients are + ve)
1 3_43
= Exa—?—O.BBG. .

-




% Example 8 18. Out of the following two, regression lines, ﬁnd the lme of Regression Analysis
. regression of y on x: o :
: ‘: fo—5y+33=0 and 20x-9y;107=o.
i Solution. The regression lines are ' e
- 4x-5y+33=0 = K | N ) . NOTES
. ¥ . e
20x — 9y — 107 0 - . _ L2) |
Let (1). be the regression line of y. on X, ' .
(2) is the regression line of x on y.
R i a3 4
n = y=3x+-5— | b,;:g v
; 9 107 9
@ = L T ¥ a0 + by=35 i
by, and bxy are of same signs,. “ .
4 9 _ 36 .
Also o bebyTE 90 T 100 < . ¢
Qur choice of regressmn lines is correct. N ‘

Regression line of y on x is 4x = 5y + 38=0." *
Example 8.19. Find the regression coefficients b and b when .the lines of

regression are Py ‘
_ | 4x+3y+7—0 an-d 3c+4y+8=0. ‘
| Solution. The regresslon linesare v v Ye

_ dy+3y+ 7= =0 2 oD and 3x+4y+8=0 ..(2
Let (1) be the regression line of y on x. ' .
(2) 1s the regressmn ‘line of x on y =

s 4R ) __4
{1 = y——a:c—_3 "g..bi“__-S
' ~-._ 4 8 =, 4 ’
@ = *=-39-3 w by=-3
- 4Y _4)_16 ¢ & o
- ¢ p o =i—=] ~=|== z
ke by, - by, ( 3I 3] g ~1: !

>

This.is impossible, because 9 <b . b <l
Our supporﬂtlon i8 wrong )

(1) is the regression line of x on y and (2) is the regression line y.on x.

29k = «.3 7% v 2 U N Y
o = F=ETy-1 .
and (2 = ' y=- % x-2 T
g o, dam "'3- ¥ W ot owowu
bx3'=- 4 and bsur g . B m ey
Example 8.20..The equatwns of regression lines are given by dx "5y, +35=0 |
vand 5x - 2y = 20. i £ gr _ r |
_ - Also, variance of x-series is 9. Find: » N "
| @ mean values of x and y variables N - " !
() correlation coefficient between x and y varmblesJ Froaag
(iif) standard deviation of y series.. . = fhe b, ,
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Business Statistics Solution. The equations of regression lines are eyl

4x-Fy+35=0 R 61
__ Br-2y-20=0" R @
“ NOTES MWx2 = 5x—10y+70=0 " ~ : (3.

2 x5 = 25x — 10y — 100 = 0 ' (@

WB-@) = —17x+ 170 =0 = x=10

L m o 410) -5y + 365'=0 *
= by=40+35=T5 = y=15
(10, 15) is on.both lines. o &

¥r=10,y=15. t
(u) Let (1) be the regressmn line of ¥ on x. a

(2) is the regression line of x on y.
_ 4 < | _4
O = - y=gz+T o be=y
2 . ' 2
@ = e T AL B WS-
~ b, and b are of same sign. - L - <
. _(4Y2)_ 8 Yo
== =]=— <%
P |
Our choice of regression lines is correct. s
4
. o b - and b 5 ¢
‘! .
1’ 1# 2 2J_ = {,56567.
v
4 o, 4
(zii) b =— =3 A
& b3 5 . - Gx 5 )
242 6, 4 €
—_—— = (- X = = =3
= Rl (- var.x=9 = o,=.9=3
4%8 -
= =22 =
= o2 12426,
Example 8.21. Equations of two regression lines are:
dx+3y+7=0 oand Sx+4dy+8=0
Find: .
. @) mean of x, mean of y; * : _— v

(ii) regression coefﬁc;en.',s b,andb,, and
(iit) correlation coefﬁczent between x and y "

- Solution. The equations of regression lines'are: ™ * + i
45+ 3y+7=0 - )
and 3x+4y+8=0 V= o 2
‘ H)x4 = 16x+ 12y +28 =0 "oy 0 e
> @x3 = “igr+ 12y +24=0 Y U L@
AL

-4 = Te+4=0" % =5 g=_47
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T

e

¥

3
e

e o dapeyri=0
T _-7+067 _ 11

= y=——— ==

L1

(- 4/7, — 11/7) is on both lines.
Since regressions lines intersects at (X, ¥), we have

. Ll af
¢ % " x-=-41, ¥ =- 1111, Ay
(u) Let (1) be the regression line of y on . ¢
(2) is the regression line of xon y. > L,
'{"1
4 7 4 '
1 = y=-3*-3 b.=—3 ;
4 8 4
. (2)~ = X=-g¥-g bxy——g
R
» w7 3J\ 8) -8
This is impossible, because 0 £ byx. b, <1l "

QOur supposiiion is wrong.
(1) is the regression line of £ on y and (2) is the regression line of y on x.

3 7 . '3 .
{H = x=—"-4'y—z. . bﬁ:'z
- ; 3 _ 3 _
# (2) = y=_zx_2 - b}:\::-’"z-
- .8 | gy g "=
Gi) - r=- by == (-_)[__};__
RS 4)\ 4 4 .
¥ " .

EXERCISE 8.4

m_._l_._:._ln a_problem. of regression snalysis, the two regresssg.-lin coefﬁclents are found to be

—06and-14. W'hat is the correlation coefﬁclent" ——
- 2. Out of the, followmg two, regression lines, find the regressmn lme of x on—_gi__ :%:&i
@) 13- 10y,# 1120, 2x-y -1 =0, R .
(u)x+4y+11-0 -dx+ ¥ — 7= 0. _—_— s
3. Find the correlation coefficient when the ].mes of regression are py . ,
2x-9y+6=0,x- 2y+1=0. ATF: o+
4. 'The equations of two regression lines obtained in & correlation analysis are as follows:-
A 3x+13y=19, x+ 3y = 5: TR C g
*# - Obtain (f) the means of x and y - <~ 1w 3% X ;
*(ii) the regression coefficients b and'bxy‘ * o Y F P SI r
(ni) the correlation coefficient. PR |
%5 'In‘a partially destroyed récord, the following data are available: =% =
g Vanance of x= 25 - e < o3 o F Tl p
. Regression equation’ ot' % on y 5.:"""y 99k =+ B o
. F Ragressmn equation of ¥ on r 64x 45y 94. - ¥ ¥ ; é ;3‘: 4
¥ v & *
yFiI} T he ™ v, ey oaf

0] Mean values of x and y
(if) Coefficient of correlation between x and y
(iii) Standard deviation of y.
]

.
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6. The regression equations of a biva’;-iate distribution are:

Regression equation of y onx 4y=9x+15

it

. -Regressmn equatmn of xony:r 26x= =6y + 7.
Find: . E .
(f) Coafficient of correlation. - g “ s “p s
_(li) The ratio of means of x, and . ' .
& B ¢ 3

(ui) The ratio of S.D.of x'and ¥.

7. Inapartislly destroyed laboratory record of an analys1s of correlation data, the following

results are legible: .

Variance of z=9 )
Regression equations; 4x—-5y+33= 0
: 20x - 9y = 107.
On the basis of above information, find:
(i) the mean values of x and y.

2 : .

P

im

(ii) standard deviation of y-series, and
(iif) the coefficient of correlation. 44
8. The equations of regression lines are given to be 8x+2y-26=0and8x+y—-31=0.Find

the values of % ,¥Yandr. - A

MW

E

Answers

- ¥ -
b < « o E 4

- RS
1. -0.9165 .

2. (D2x-y-1=0 (@D4x+y=T=0 3. r=086667
o= _ n, 3 _ w8

4, (;)::,-2,3’-1 (t?b’:_-—ﬁ,bq-—S e L (;u')r——71—3=
5. ()¥'=6,5 =8 @r=gns (iif) o, = 40/3 ‘
6. ()r=07M8  G)EF =501 Gi) 0,lo, = JENT5 i
7. (;)x =18, ¥ =17 (i) o, =4, (i) r=08
8. T=4,5=17r=—05. LI

s e

) .’h:!‘f!

8.10. SUMMARY

'» .In statistics, regression analysis is concerned with the ‘measutre of ‘average

retationship between variables. Here we shail deal with the derivation of

-appropriate funétional relationships between variables. Regression explains the

nature of relationship between variables. 2

»~ There are two types of variables. The variable whose value is influenced or is to
be predicted is called dependent variable.(or regressed.variable or predicted
variable or explained variable). The variable which influences the value of
dependent variable is called mdependent variable (or regressor or. predactor or
explanator),

¢ Ifthere are only two variables under consxderatmn .then the regressmn is called.
simple regression. If there are more than two variables under conmderat:lon
then the regression is called multiple regression. The regression is called
partial regression if there are more than two variables under consideration
and relation between only two variables is established after excluding the effect
of other variables. The simple regression is called lmgar regression if the

=

t % i 5y

el
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point on the scatter diagram of vanables lies almost along a line otherwise it is
] termed as non-linear regression or curvilinear regression.

—t T e Ll Ea 3 LS e e b S

-~

8.11. REVIEW EXERCISES / |. i

| ~1:, What are regression coefficients? Show that r2= bﬁ K b,y
2. Point out the role of regression analysis in business with the help of few examples.
! 't3:- What is regression? Why are there, in géneral two mgressxon linies? Under what conditions
. can there be only one regression l.me‘?A itk

: E
‘8. What is regression analysis? Explain its use in business problems with suitable examples
‘4 What do you mean by regression coefficients? What are the uses of regression analysis?

-

= ) i T Y
- ’ - “.—I
L . P
i iy
Ll
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. ¥
& -y T L8
e
il - 'J
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' ¥
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f i,
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- .24, Subjective Approach of Probability

. Summary

. Review Exercises

- . i

9.1. INTRODUCTION

The words ‘Probability’ and ‘Chance’ are quite familiar to everyone Many a times, we
come across statements like, “Probably it may rain today”, “Chances of his visit to the
university are very few”, ‘It is possible that he may pass the examination with good
marks”. In the above statements, the words probably, chance, possible, ete. convey the
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. sense of uncertainty about the occurrence.of some event. Ordinarily; it may appear
that there cannot be any exact measurement for these uncertainties, but in Statistics,

we do have methods for caleulating the degree of certainty of events in numerical

value, provided certain conditions are satisfied.

9.2. RANDOM E)(PERINIENT

When we pérform experiments in science and engineering, repeatedly under very nearly
identical conditions, we get almost the same result. 'Stich experiments are called
deterministic experiments.

There also exist experiments in which the results may not be essentially the
game even if the experiment is performed under very nearly identical conditions. Such
experiments are called random experiments. If we toss a coin, we may get ‘head or
‘tail’. This is a random experiment. Throwmg of a die is also a random experiment as
any of thé six faces of the die may come up. In this experiment, there are six possibilities
{lor2or3or4orbor6)

Remark 1. A die is a small cube used in gambli;ng. On its six faces, dots are marked as:

Numbers Enn a die

Plural of the word die is dice. The outcome of throwing a die is the number of dots on its
upper most face.

Remark 2. A pack of cards conmsts of four suits called ‘Spades, Hearts Dtamonds and . :

~ Clubs. Each suit consists of 13 cards, of which nine cards are numbered from 2'to’10, an ace, a*
king, a queen and'a‘jack (or knave)7 Spadés’and clubs"aré black faced éards, While hearts and’
diamonds are red faced cards. The kings, queens and jacks are called face. cards:

¥ i - . 1

9.3. SAMPLE SPACE

Y ™

The sample space of a random expermlent is deﬁned as the set of all possible outcomes
of the experiment. The possible outcomes are ' called sample points. The sample space
is generally denoted by the let.t.er S. We list the sample space of some random
experiments: A3

Random Experiment , Sample Space

1. Thmwmgofafalrdle = . S"{l 2,345 6} _ — e

2 Tossmg of an unbiased coin L _J{H T} -~ P
« .wad..Tossing.of two.unbiased coins... - .S= {HH HT, TH, TT} al
4 A-familjf of two childljegn oy s S ={BB, BG, GB, GG}
- A E o ‘ b

fy

9.4. TREE DIAGRAM

ATree dlagram isa dev1ce used to enumerate all the logical possibilities of a sequence
of steps whiere each step can occur in a finite number of ways. A tree diagram is
constructed from left to right and the number of branches at any point corresponds to
the number of ways the next step ¢an occur. '

.~ hrad

Probability

NOTES
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Ilustration 1. The tree diagram of the sample space of the toss of two coing is
shown in the figure.

LS

Second
First . oM x

. "~H HT
coin -
T - o
= = H TH e
T 1T

Illustration 2. The tree diagram of the sample space of the two tosses of a coin

is shown in the figure. , ' - Loa
+ L]
B . : Sacond. .

. " toss
First ~ .H HH

toss<

H

) T HT

<
r<1

_ T

9.5; EVENT | * :‘ " H | Y

An event is defined as a subset of the sample space. An event is called an elementary
(or simple) event if it contains only one sample point. In the experiment of rolling a _
die, the event A of getting ‘3 is a simple event. We write A = {3}"An event is called an

| impossible event if it can never occur. In the above example, the event B = {7} of *

getting ‘7 is an impossible event. On the other hand, an event which is sure to oceur is
called a'certain event. In the above example of rolling & die, the event C of getting a ;
number less than 7 is a cértain event. - P

o

In the throwing of two dice, the cases favourable to' getting sum 7 are 6 viz. ,
(1.8),2,5),3 49,43),6 2and 6 1.

- T

9.6. ALGEBRA OF EVENTS -

We know that the_event‘é of arandom experiment are sets, '[— — S
being subsets of the sa{mple space. Thus, we can use s_s:t 7
operatioiis to form new eveénts. = =T

Let A and B be any two events associated with a |-
random experiment.

1 L

- " . ®

204 Self-Instructional Material
x




= . P ol

. The event of occurrence of either A or B or both is
‘written as ‘A or B’ and is denoted by the subset A U B'of*
the sample space. The event of occurrence of both A and
B is written as ‘A and B' and is denoted by the subset
.A.n B of the sample space. For simplicity, the event
A N B is also denoted by ‘AB’.

The event of non-occurrence of event A is written
as ‘not A’ and is denoted by the subset A’, which is the
complement of set A. The event A’ is called -the
complementary event of the event A.

Illustratlon Let a die be tossed.
8= {1, 2 3 4,5, 6

~ Let . A=event of getting an even number _
and B = event of getting a number less than 5
A={2 4,6 and B={1,2,8; 4 s
Here _ Lo
AU B = event of occurrence of either A or B or both
={l1, 2, 3, 4, 6} " {See figure)
A B = event of occurrence of both A and B _ 5
=4 (See figure)
Also, A’=eventof non-occurrence of
A={1,3,5} "y
and B’ = event of non-oceurrence of
\ 4 B={5, 6}.
¥ ‘i‘ Cavw N ) 3

9.7. EQUALITY LIKELY OUTCOMES

) -~ 5" .. '
The outcomes of a random experiment are called equally likely, if all of these have
equal preferences. In the experiment of tossing a unbiased coin, the outcomes ‘Head'
and ‘Tail’ are equally likely. - -

In our discussion, we shall always assume the outcomes of a random experiment
to be equally likely.

= e

9.8. EXHAUSTIVE OUTCOMES

The outcomes of a random expenment are called exhaustnve, if these cover all the ‘

possible outcomes of the experiment. In the experunent of rolling a die, the outcomes
1 2,8,4,5 6 are exhaustive.

EY
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9.9. THREE APPROACHES OF PROBABILITY

There are three appfoaches of discussing probability of events. These approaches are
as follows:"

1. Classical approach ** K
-2. Empirical approach . -
A L

8. Subjective approach’ - Y
We shall first discuss classical approach of probability.

%

9.10. CLASSICAL APPROACH OF PROBABILITY

Suppose in a random experiment, thére are'n exhaistive, equally likely outcomes. Let
A be an event and there are m outcomes (cases)-favourable to the happening of it.
Then the probability P(A) of the happening of the event A is defined as

P(A) = - - =
s ¢ ) Total no. of exhaustive, equally likely cases

~ It may be observed from this definition, that 0 < m < n.

Total no. of cases favourable to the happeningof A._ m
ot

- 05721 or 0SPA)SL “
The number _of cases favourable’to the non-happening of the event A is n - m.

P(notA)—-—m—E—ﬂ=1_ m
n n n n

. P(A)+ P(not A)= 1. i.e. PAY+P(A) = 1.

If A is a sure event, the P(A) = = land if A
happen to be.an impossible event, thenes == . »
T YT PR,

-_“ - 5 :_P(A)if;?:—:.ﬂ.m st *-""‘": ' " ///é

3" * ,5.[1 ¢ g
9.11. ‘ODDS IN FAVOUR’ AND ‘ODDS AGAINST’ AN
EVENT ’

The ratio of cases in favour of A and cases agéinst Ais called the odds in favour of A.
Similarly; the ratio of cases against’ A‘and cases in favour of A is ca]led the odds

. . | against A. " S s
~* Ifodds in favour of‘A' are m n, then’ (0 odds ¢ agamst A aren:mand (ir) probahlhty
. L . k]
N of A= 2 - : ! *

m+n’ .} .

- Ifodds against A are m : 1, then () odds in favour of A are n : m and (i) probability
of A= 2
m+n’
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IMlustration. Let P(A) = % ) , .
Let total number of cases be 5A.. ,
< 3
P(A) = and thlS imphies that cases in favour of A are 3A and cases against

Aare5h -3 =2\ - ® :

odds in favour of A are 3A : 2h or 3 : 2 and odds against A are 2 : 8Aor 2: 3.
Example 9.1. Find the probabduy of gettmg the sum 10in a single throw of two

 dice.

-Solution. Here S =4{(d, 1, (1 2), (1 3), e , {6, 5), (6, 6)}.
No. of possible cutcomes = 6 % 6 = 36. : (
Let'A be the event of getting sum 10.
v ' = {(4-' 6); (5,5),6, B}
T w 1

P = =15

Remark. In the above experiment, the sample point (a, b) means that ‘@’ is on the first
die and ‘b’is on the’ second die.

Example 9.2: Find the pmbabzhty of getting sum I ai m two throws of a die.
Solution. Here S= {(1, (1,2, 34,3, .. (6 5), (6, 6)}

No. of possible outcomes = 6 X 6 = 36
Let A be the event of getting sum 10

A=1{(4, 6), 5, 5,6, D} .
R Wt U
(A) a6 ' 12°

Remark In the above expenment -the sample ponit (a, b) means that ‘@’ occurred in
the first toss and ‘b’ oceurred in the second toss.

Example 9.3. From a bag contammg 4 red and 5 green balls, a ball is drawn at
random. What is the probabmhty that it is a’red ball?

Solution. Total no. of balls =4+5=9

No. 6f red balls: =4

. Toral no. of fed ball _ 4
Prob. of getting a red ball = Totalno.of balls 3

Example 9.4. Three coins are tossed. Find the probability of getting at least two

heads.
Solution. Let S be the sample'space.
S = (HHH, HHT, HTH, THH, HTT, THT, TTH, TTT)
Let A be the event of getting at least two heads.
A ={HHH, HHT, HTH, THH} .
P(at least two heads) .
¥ . No.of cases favourable to A . 1
=P = Totalno. of exhaustwe, equally likely cases 9"
Example 9.5, Find the probability of gettmg a ‘King’ or a ‘Queen’in a single
draw from a well-shuffled pack of playing cards.
Solution. Let A be the event of getting a king or a queen in the draw. -

No. of favourable cases for the happening of the évent'A=4+4=8

=4,
-8
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Total no. of cases =52

o

. P(King or Queen) =P(A)= 3-2- = i% A

Example 9.6."Two unbiased dice are thrown. Find the probabduy that the total -

.| of the numbers on the dice is greater than 8. £

Solution. Let S be the sample space.
- . - 85={(1, 1,1, 2,4, ) . {6, 5), 6,6}
'I‘here are 6 X6 =36 exhaustlve equally likely outcomes .3

Let A be the event of gettmg total greater than 8.
A=1{3,6),4,5),(5 49,6 8),4 6, (5 5), 69,6 86).6,5), 6 6)
_ _ No. of cases favourable to A 105
Pleum > 8) = P = = N, of cases 3 18°
Example 9.7. Three unbiased dice are thrown simultoneously. Find the

*

‘ probability of getting (i) sum not greater than 5,1(i) sum at least 15, (iii) sum equal to 8.

Solution, Let 8 be the sample space.

S ={(,1,1, (1, 1,2, ..., 6, 6, ), 6,6, 6)}
There are 6 X6 X 6 216 exhaustive equally Izkely outcomes
(z) Let A= event that summnot greater than 5.

A={, 1, D01 21,21,¢C1LD Q1 3),
122,18, D2 1,220,611}
mA) 10, &

n(S) 216 108 ;
(ii) Let B'=event that sum is at least 15 &
B=1{(3,6,6), 4, 5, 6), 4, 6,5); 5, 4 8, 6,506, =
. (564),(636)(645)(654),(663), | ~
* (466)(556)(565)(646)(655) 1 1
(6,6, 4, (5,6, 6),(6,5,86), 6,6,5),(6,6,6}
n(B) 20 5 ]

(B)"?(E)"z_ls 54
(i) Let C = event of getting sum 8~ i o

Cz{(1+1,6),(1,2,5), (1} 3, 4),(1, 4, 8), (1,55, 2, "~

(1,6,1), 21,5, 224,233,242,
(251)(314)(323)(332)(341) s
@1, 9, d 2948 D6 1L2.621.61, 1)}

L.
poy=29_2L 7 .

‘1?

In

Li 8 -

P(A) =

Example 9.8, Fmd the probability that in a random arrtmgement of the letters

of the world DAUGHTER ‘the letter D occupies the first place.
¥

“ Solution. The,word DAUGHTER contains 8 letters and all are I_dift'erent. g
Total no. of possible arrangements
Y + ’ '-81—40320 - i - 2

Let A be the event of gettmg a word'with D at the first place. .

208 Self-Instructional Material




. Favourable cases to the event'A o f
® . =1Xno. of ways of arrangmg 7 letters (except D).
" =1%71= 5040 v
. P{D oceupies first place) °
P < 5040 1 - F
: 40320 8°

~+ 'Example 9.9. Find the probabd;ty‘that in a-random arrangement of letters of
the word MATHEMATICS, the consonants occur together.

Solution. The word MATHEMATICS contains 2 M's, 2 A’s 2Ts, 1 H 1 E
11,1Cand 1 S.

». Total no. of exhaustive cases

ur : .
= 312131 71 = 4989600 ~
For finding the no. of favourable cases to the event under consideration, we
shall consider all consonents M, T, H, M, T, C, S as one block. So in arranging 2 A’s,
1Es, 1Ts, 1 (MTHMTCS), all the consonents will occur together The. consonents
MTHMTCS can arrange themselves in

-~

e
2 12! 1260 ways
) . 51"
No. of favougqble_cases = 3T1T1r1 < 1260 = 75600 ¥
’ 75600 o
P ts th = - ={.01515. A
(consonants are together) 1089600 1

Example 9.10, A bag contains 10 red and 8 black balls. Two balls are draun at
random. Find the probability that:

i) both balls are red.
(i) one ball is ed and the other is black.
Solut_lgn._:(i),.thal number of balls = 10+8=18, ¢
"No. of selections of 2 out of 10 red balls
" No. of sel_ectjons of 2 out of 18 balls

"y -

Y

* B

' F
(i) P(both red balls) =
B¢, _10x97 igxi7  10x9 8
Bo, 1x2° 1x2 =18x17 11
(it) P(one red ball and one black ball)

Ne. of selections of ) No. of selections of
_ (lout of 10 red balls /{ 1out of 8 black balls

% No. of gelections of 2 out of 18 balls.

ar

_ ¢, x%,
18C2

. [

18x17 _ 10x8 80

2. 9x17 153°

¥ Ea] ™ 2

i .=(10><8)
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Business Statistics Example 9.11. From a group of 8,children (5 boys and 3 girls) three children
are selected at random. Calculate the probabilities that the selected group contains:

@ no girl_ (t2) only one girl
- NOTES (323] -on_l;tr one parucu'lar girl. . .
Solution. No. of girls =3 : .
. No. of boys =5

- Let Ag, A, A, and A, be the events,that there are no girl, one girl, two girls and

three girls in the random selection of three children.

=

5 5
@) Required probfabﬂlty =PA) = E =28" ~
. . - *C, x5, .15 ‘
(%) Required probability = P(A)) = ——}3—03—-?_ "%
(&%) The particular girl can be selected inonly one way. The remaining two children
In the selection must be boys, . : . £
R £ o LB | ‘i‘-;".
Required probability = 5, ~28"
EXERCISE 9.1

1. Find the probability of getting an odd number in a single‘thr_‘ow of a fair die.
A single letter is selocted at random from the word “PROBABILITY”. What is the
probability that it is 'a vowel?
8. Findthe pmb]a_bility of getting at most two heads in a single toss of three coins.
4. From a pack of 52 playing cards, one card is drawn at random. What is the probability
that it will be a queen of club or king of diamond? . _
L]
5. Two unbiased dice are thrown. Find the probability tl:l_at the total of the numbers on the
dice is'8,
6. ‘Tickets are numbered from 1 to 100. These'are well-shufflsd and = ticket'is drawn at
random. What is the probability that the drawn ticket has a number which is greater
than 757 # TrL -

¥
7. The following table gives a distribiition of marks:

Y Marks 7 No. of students .
" 0—10 ' 7 : L
1020 * 0 o
20—30 15
30—40. 28
4050 23
N 50—60" . 45 .
80—70 ' 12
70—80 ¥ 7
80-—90 2
90—100 1
An individual is taken at random from the above group. Find the probability that:
() his marks are bélow 50 (#) his marks are below 70,
) (iti) his marks are between 20 and 60 (i) his marks are above 70.
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| 8, Find the probability that in a random arrangement of the letters of the word VOWEL, Probabtiity
tHe lotter V'occupies the first place. : : *
:" 9, Find the probability that in a random arrangement of letters the word BHARAT, th
i[ two A occupies the first two places. - ,
10. Find the probability that in 4 random arrangement of the letters of the word NOTES
STATISTICS, the three T are in the beginning. . ST
11. Find the probability that in & random arrangement of the letters of the word
STATISTICS, the three T are t,ogeghey. N

12. Four cards are drawn from a pack of playing cards. Find the probability that none is a

, king. o -
| 18. A bag containe 6 white, 4 red and 10 black balls. Two balls are drawn at random. Find
. the probability that both balls are black. »
}i 14. Abag contains 7 white, 5 red and 8 black balls. Two balls are drawn at random. Calculate
the probability that none is white. 4 1
i Answers : ‘
- 1 9 — 5 ~ ‘s |
l 2 - i b "8 - 28
5 = 6+ . N
> 36 4 1 ; a 5
7. ()0.5533 (i) 09333 - (i) o6s - A (iv) 0.0667
|! 8 02 9. 0.0667 . 10.0,0083 11. 0.0667
./ ¢, 0oy 9 A 39
12. g, = 0;.7187 13- ®g, " 38 e C - e .
| i L

9.12. MUTUALLY EXCLUSIVE EVENTS.,

Two events associated with a'random experiment are said to be mutually exclusive
ifboth cannot.occur together in the same trial. In the experiment of throwing a die,

‘ the events A = {1, 4} and B = {2, 5, 6} are mutually exclusive events. In the same
-~ experiment, the events A={1, 4} and C=1{2, 4, 5, 6} are not mutnally exclusive because
ﬁ if 4 appear on the die, then it is favourable to both events A and C. The definition of
| mutually exclusive events can also be extended to more than two events. We say that

. l more than two events are mutually exclusive if the happening of one of these rules out

| the happening of all other events. The events A = {2, B= {3} and C = {6}, are
mutually exclusive in connecti_on with the experiment of throwing a single die.

| - |
| 9.13. ADDITION THEOREM (FOR MUTUALLY
EXCLUSIVE EVENTS)

If A and B are two mutually .exclusive events associated with a random
experiment, then
* P(A or B) = P(A) + P(B).
Proof. Let n be the total number of exhaustive, equally like cases of the
experiment. '
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‘and P(B)=£;2—.

“‘-r T -
‘Letm, and m2 be the number of cases favourable to the happening of the events

A and B respectively. .

A
m .
=5

Since the events are given to be mutually excluswe therefore there cannot be

{-any sample point common to both events A and B

The event A or B can happen in exactly m, + m2 ways.

PAorB) =™ “"2 +— =P@Aj+P@®).

S e n L3

Hence, P(A or B)=P(4) + P(B)

This theorem can also be extended to,even more than two events,

IfA, A, ... A, are m.e. events, then y

PA, or Ajor...or A= PA)+ P +...... +P(A).

Example 8.12. 4 box contains 4 red balls, 4 green balls and 7 white balls What
is the probability that a ball drawn is either red or white?-

‘Solution, Total no. of balls = 4 + 4 + 7 = 15 , :g::en

Let A = event of drawing a red ball 7 White

B = event of drawing a white ball.
The events A and B are in.e. because a bajl cannot be both red and white.
No. of red balls 4
et DA Total no: ofbal]s 15““’“ b e
No.of whité'balls » 7+ % « o mende

= == = PO =T no. of balls "1 -7 - g
¢ # Now A or Bis the event of drawing either a red lga]llo'r a white ball. By addition

Example 9.13, In a single throw of 2 dzce_, deterrmine tf‘w probability of getting
total 7or'l 1 -

Solution. Here * * § = {1,012, ..., 65,6 6

Let A and B be the events of getting total 7 and 11 respectively.
. e e s A={1,6), @ 5), 3, 4, (4.9, (6::2); (6, 1)}
and- ~ B={(5,6), 6,6} : . L : 3

The events A and B are mutually exchisive and,  ~ A i
= . 1= 2 1 =
P = — - —_ --—_=—_
A &)= 36 g -d PO F=r ?
By addition theorem,
P(total is 7 or 9= P(A U B) = P(A) + P(B)
-3
L = l+i_—.—3+1 =E
"6 18 18 @

22 Selfdnstructional Materiai ,
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Example 9.14. In a single throw of two dice, find the probabdlty that neither a

doublet for a total of 9 will appear.

Solution. Here $={1,1,Q,2), ... » 6,,5), (6, 6)}.
- Number of possible outcomes =6 x 6=36. ,
Let . E = event that doublet is occurred
? F = event tha§ sum is 9.
CE={1, 1,2 2,8,9, 4 9,6,5), 6 6)} .
T F= {(3 6) (4, 5), (5, 4), 6,-3)}.
. 4.

% ¥

6.1 _4h
P(E) = 53_6 and P(F) PR

P(peither a doublet nor a total of 9) - v«
=PEnNF)=P(EVFH)=1-PEUF (1)

The events E and F are m.e.
By addition theorem,

3

.5 _—

+31
9 18 -

c'all-t

PE U F)=PE) + P(F) =

5 _13
z - - 4
P(E nF)=1- 8 13
. LY -

) =

EXERCISE 9.2 i ‘%
Aand Bare mutually exclumve events for wluch P =0.3, PB)=p and PAV B) =0 5/

Find the value of p.

Find the probability that a card drawn from a l:fack of playing cards is elther a‘queen’ or
a ldng'. oy ¥

A and B are two mutually exclusive events of an‘experiment: *t
.Jf P(not A)) = 0.65, P(A \ B) = 0.65 and P(B) = p, find the value of p.. 7M.
[Hint. Use P(A w B) = (1 - P(not A)) +P(B). ] L

From a get of 17 cards, numbered 1,2, 3, ....., 16,17, one is drawn at randm:n Show that
the chance that its number 13 divisible hy 3 or 7is 7/17.

. Find the pmbablllty of gett.mg g the sum 9Yor 11 in a single throw of two dxce ' !

‘In a single t.hmw of three dice, ﬁ.nd the probability of getting a total of 17 or 18, .

Answers ; -t . ¥

~ 2 o I ; 3

Probabiity

'NOTES

0.2 2. —

3.03 - ' 5l
la V. - - '.6

e SRR

1 L
B4 % Frese ? i T

|

' 9.14. ADDITION THEOREM (GENERAL) ' ;

IfAand B are two events not necessanly mutua.lly excluswe, associated with
a random experiments, then E

.- P(A or B) = P(A) + P(B) - P(AB).
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Proof. Let n be the total number of exhaustive equally hkely cases of the
experiment. .

Let m, and m2 be the number of cases favoixr_able
to the happening of the events A and B respectively.

£

PW="1 and P®)="Z.

Since the events are given (o be not necessanly :
non- mutua]]y exclusive, there may be some sample points- 2
common to both events A and B. '

Let m, be number of these common sample points. m, will be zero in case A and
B are mutually exclusive. :

! .
PAB)= T |
The m, sample points which are commoai: to both events A and B are included
in the events A and B separately.
Number of sample points in the event A or B
=m +my—m,
m, is subtracted from m, + m, to avoid counting of common sample points twice.
P(AorB)= Mty —my i WL ]
n n n
Hence, P(A or B)=P(A) + P(B) - P(AB).

. Corollary 1. If events A and B happen to be mutually exclusive events, then
P(AB) = 0 and in this‘case addition theorem implies

¢ P(A or B) = P (A) + P(B) - P(AB) = P(A) + P(B) 0 =P(A) + P(B)
P(Aor B = P(A) + P(B). .

This is the same as the-addition theorem for mutually exclusive events.

Corollary 2, If A, B, C are three'events.associated with a rar;dom experiment,

- ? '=P(A) + P(B) - P(AB).

then
P(A or B or C) =P(A) + P(B) + P(C) - P(BC) - P(CA) - P(AB) + P(ABC).

Example 9.15. Find the probability that a card draun from a pack of playing
cards is either a queen or a ‘spade’

Solution. '_I‘otal.numher of cases (cards) = 52

Let A =event of drawing a ‘queen’
B = event of drawing a 'spade’
[ 3
4
P( 52 and PB)=-—

_Here the events are not mutually excluswe as drawmg of the card ‘queen of
spade’ is common to both events.

R P = 52 I T N
»=— By addition theorem, the: probability of getting either a queen or'a spade is
+ L s - 4
. P(AorB) P(A)+P(B) P(.AB)"i E—i"‘l—s—i' LA 5L

52 52 b2 52 138°
LI -1 4



" Example 9.16. One number is drawn from numbers I'to 150. Find the probability Probability "
that it is divisible by either 3or &. .
| Solution. Here 5=41,223 ... , 149, 150}
Let A= t that th is divisible b S
e event that the number is divisible by 3 NOTES'
: A=1{3,6,9,... , 147, 150}
50
PA=150- "~
Let ‘B = event that the number is divisible by 5.
: I B=4{ 1015..... , 145, 160 -
30 ¥ ;
P(B)= — - t
® = 150
--The events:A and B:are not me: because the sample pomts 15 30 45, .....5 150
are common to both. - = 3 ¥
o ~AB ={15, 30, 45, ....%, 135; 150}
P(AB) = ﬂ Y
150- ~
By addition theorem, the required probability of getting 2 multiple of either 3 or
5 i
. ]
50 30 10 .70 T
+ — p— — e T T ——
| _ P(A or B) = P(A) + P(B) - PAB) = 155+ 150150 " 160 18
1 ~ Example 9.17. A student applies for a job in two firms X and Y:The probabdtty
-of his being selected in firm X is 0.7 and being rejected in theﬁrm Yis0.5. ﬂleprobablhty
of at least one of his apphcatwn being re;ected is 0.6. What is the probabd:ty that he |
will be selected in one of the firms? i .
Solution. Let A= event of getping séglected in X .
]f . B = event of getting selectedin Y 7 - _ :
‘ o PA) =07, PBY='1-05=05 ’ - “
o : PAB)=1- P (rejecting in at least one ﬁrm) =1=06= 0 4
1 . P(selected in one of the ﬁrm) ’ _ . . .
Y g ¢ = P(A u.B) = P(A) + P(B)'- P(AB) 3 PF :
. . =0:7+05-04="08. ’
¢ ]
| - S
; A EXERCISE 9.3 ”
1. Find the probabxhty that a card drawn from & pack of playmg cards is either a ‘kmg’ or
a ‘elub’”.
2. A drawer contains 50 boits and 150 nuts. Half of the bolts and half of the nuts are
rusted. If one item is chosen at randoin, what'is the probability ‘that it is- rusted or is a
EE bolt ? : RIS e s
; 3. From 30 tickets marked with first 30 numerals, one-is drawn at random. Find the
probability that it is: £ F I
] (D a mu]tlple of 5or 7 - . (é multlple of 3 or 7.
4. A construction company is bidding for two contracts: A and B. The probability that the
company will get contract A is 3/5, the probability that the company will get contract B
is 1/3 and the probability that the company will get both the contracts i i5 1/8, What is the
probability that the company will get contract A or B? o
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't denoted as P(A/B). Let'us define the concept of conditional

5. ‘The probability that a contractor will get a plumbing contract is 2/3 and the probability
that he will not get an electric contract is 5/9. The-probability of getting at least.one
contract is 4/5. What is the probability that he will get both contracts ?

xake

o4 2 (06 o]
2=24(1-2|-paB).| -
[H.m 53 +( ,9) P(AB)] ¥
6. Find the probability of getting at least one five, in a single throw of two dice.
. Answers .

1. 13 2, s { 3.0 3 (i) 30
\ 97 14 11

4 E)' 5. T 6. 'ﬁ
9.15. CONDITIONAL PROBABILITY ¥,

Let us consider the random experiment of throwing a die. Let A be the event of getting

‘| an odd number on the die, ’

Ly -5%{1,2,3,4,56 and A={l,35).. 3
3 1

l.ﬂ ‘ ; P(A) - E - E ’

*  LetB={2 34,5, 6}

If, after the die is thrown, we are given the

information that the event B has occurred, then the

probability, of event A will no more be 1/2, because in

—
this case, the favourable cases are three and the total | |B- oy

number of possible outcomes will be five and not six. The woel /-
probability of event A, with the condition:that event B '
has happened will be 3/5. This conditional probability is

pmbabi}ity ina formal__ manner. ; B } v -

Let A and B be any two events associated .with a random experiment. The
probability of occurrence of event A when the event B has already occurred is called
the conditional probability of ‘A when B is given and is denoted as P(A/B). The

| conditional probability P(A/B) is meaningful only when P@B) = 0, i.e. when B is not an

impossible event.
By definition,

P(A/B) = Probability of accurrence of event A when the event B has already
occurred.

- no. of cases favourable to B which are also favourable to A
= ;  1Do.of cases favourable to B
..~ no.of cases favourableto AnB -
PA/B) = no. of cases favourable to B )
4 - no.of cases favourableto ANB  + ¢
: no. of cases in the sample space
Also, P(A/B) = no. of cases favourahl;e :,ps
1y no. of cases in the sample space _ Yo

P(AB)= P(AﬁB). ¥

" - =

P(B) * .
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%

!

P(B A _PAnB) -~

RemarklIfP #0, the P(B/A) = —.
(a) e P(B/ ).; “ PR~ PA) s o y
Remark 2. If A and B are m.e. eve_gt.s, ._then_ N T
P ST m——= = = -
(A/B) PB) FB) 0 and P(B/A) ) R 0 o

If A and B are m.e. events, then A/B and B/A are @posslble events,

For an illustration, let us consider the random experiment of throwmg two coins.
§ = {HH,HT, TH, TT). d

_ Let E.A {HHHT}B {HH, TH}{C =.{HH, HT, TH} and D = {TT}.
1 . 2 1 f,_.a,. T _l w
R TN i et

AfB is the event of gettmg A wzth the condmon that
nA'nB) * afHHFY L1,
PAB) = T B W TH 2
o n{HH, HT} 2 » n{HH, TH}
Similarly, PO = e |3 224 PO = Lme it TH)
We observe that P(A."C) # P(A), P('B/C) # P(B) . “"@q -~ g e
‘ThesventsAandDareme andwehave - PU T

nAND) _ 0 nDNA)_0
(D) o MA)y 2

Example 9.18. If P(E) = 0 40, P(F) = 0. 35 and P(E v F)=0.55, find P(E/F).

Solution, We have  P(E)=0. 40 P =035 PEUF) =055 *

B has occurred.

<

_2
3

@ By addition theorem, an b @ I toon ad “x

. ., .4 PEUP=PE)+P@ - P(EnF),,X .

w o o J055=040%085-PEOH. . o«
S _ PE AFy=0.75- 055 =0.20. . e

-

J tr ' ¥ T FP | rhou
¥ 4
Required probability, P{E/F) = M‘—) 020

P(F) 035, 7,
Example 9.19. A coin is tossed twwe an,d the four poss:ble outcomes are assumed
to be equally Likely. IfE is the event “both head and tail have occurred”, and F the event:

“at most one tail is observed”, fmd P(E), P(F), P(E/F) and P(FIE).,

Solution. We have ={HH, HT, TH, TT} -
E {HT, TH} and F = {HH, HT, TH}. "‘ w
"E A F = {HT, TH). R
n(E) 2_1 n(F) _3
P(E) Sy 4 2~ FO= e
' x v (EnF) 2- F n(Eﬁ Fy .
P(E/F)- a(F) 3 and P(F;’E) TnE *2 _3.' T

Example 8.20. A die is thrown twice and the sum of the number appearing is |

observed to be 6. What is the conditional probability, that the number 4 has appeared al

Least Once? b3 T L ¥ . o 1 _r - j“. ‘i & [‘E‘; &= o b |
Solution.-Let S be the sample space of the experiment. :
! L & m;* # Jmad ,Sfe-{(lhl 1): _(“_1.-,?)’_1 ;(6: 5)1 (6) 6)} Lo e
'l‘- 'T i ’ v » £ * "

+*

Probability

NOTES
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i Business Statistics Let A = gvent of getting sum 6

and ~B = event of getting 4 at least once.
e A={(1,5),2,4),3 9,42, 6, 1)
NOTES ‘and B= E§44)f)(5(1) z% g} 3, (4,19, 4. b), .(j 6), (1‘ 9, (2 9,
PO = wd 2= ;; + K
Ao ~“AnB={4,2,@ 49 '~ PAn B)='3%

Now, required probability. -
, = Probability of getting 4 on at least one die given that sum in 6

PBnA) PAnB)_ 2386 2

_CPEAETRRT T RA) 586 5

-Alternatively,
P@/A) = no. of cases favourable to ‘A~ B - _2_
no. of cases favourableto A i3
Remnrk 1. In practical probléms, it would be easier to use the formulae:
no. of favourableto ‘A N B’ ot
® P/ = -no. of cases favourable to B ) . p
-no, of cases favourable to ‘B A A’i.e. AnB" "~
@) PEA = no. of cases favourable to A. =~ &
Remark 2. The event A " B is same as B n A and each consists of sample points which
are common to both A and B.,

Example 9.21. One card in drawn from a well shuffled pack of 52 cards. IfE is
the event “the card drawn is either a king or an ace” and F is the event “the card drawn
is either an ace or a jack”, then find the probability of the conditional event E/F.

Solution. There are 4 kings and 4 aces in the pack.

4+4 2 ' :
) PB= 5 1 |
There aré 4 aces and 4 jacks in the pack. ’ .
' ' _ 4 + 4 .2 W ;
FO=% "1 .
The event E n F contain 4 aces,
_4._.1 ' p
PENH= 52 13
PEnF) 113 1

Required prohablhty =P{EF) = B Y TREL

Example 9.22. ’I?u'ee fmr coins are Lossed Find the probability that they are all

tails, if: *
. () at least one of the coms show tail {1) two coins show tail ;
(zu) at least two coins show head @v) at most one coin show head.
Solution. Here S = {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}. -
Let A= ‘évent of getting all tails .."*A = {TTT} .

() Let ¥ B event that at least one of the coins show tail
i~ B={I—II-IT,HTH,TI—IH,I—I‘I'I‘,THT,’I'I‘I—I,'I'ITI‘}
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AnB={TTT} * ¥~

Required probability = P(A/B) =
(1) Let

n(B)

B = {HTT, THT, TTH}

s R el TAT RS

AnB=}¢ by FES T

e eSS
-

— e vt g - T

nAnB) ‘1
=5
‘B = event that two coins show tail

-

ST O  ae. WEaea

‘:3 o

-

= E pani b3
a\?ﬁi‘@‘ E e

. ﬂ“n(Ar\B) 0 == —

Y e NmTTETMY

- e -

Reqmred probab ity =

n(B) «

"3 =0

f-]

L

(iii) Let

B event that at'least two coins show head

| _ B={HHH, HHT;HTH, THH)

M

|. AnB=9¢

i = 7 ud [ -

Required probability = P(A!B)
4y (w) Let
AnB={TTT} A

LI {5 G IR Y RTEa “t F

Required probability = P(A/B) = ————

Remark. The value of P(A/B) is equal to

yh -

Dot FHalE™n ty e | M

i

HAAB)

n(B)

- ¥

AANB)

(B)

n(Ar‘\B)

n(B)

A

0

=1

“or M

« B =.event that at most one com show heatl iyt
P fw?.B {H’I'I’,_THT, TTH, TTT}:

"-‘.

ll

?.z,-“‘-

which i

Fr—

Toaa

¥ Al ES

1 T N ",
LF ®
rs J‘Iff 4
ot .
+ “§ .
P(ANnB)

is also equa.l to: PE)

I P,

EXERCISE 9.4

i
1. IfP (ot A =07,PB) = 0.7 and P(B/A) = 0.5, thenﬁndP(A/B}andPLAuB)

., For two events A and B, P(A) = 0.5, P(B) = 0.8 and P(A ~ B) = 0.8. Find the conditional
probabilities P (A/B) and P(B/A). e T

P 3. A dieis thrown. Fmd that probabﬂ.lty that the number obtained iz greater than 2 if:
() no other mformataon is gnren (u) it is glven ‘that the number obtained is less than 5.
4, A pair of fair dice is'thrown. Fird the probablhty that the sum is 10 or greater if 5

appears on the first die. ot X
5. A pair of fair dice is thrown. If the two numbers'appearing are different, find the
probability that the sum is 4 or lass. : e .

6. . The probability that a person stopping at a petrol pump will ask to have his tyres checked
is 0.12, the probability that he will ask to have his oil checked is 0.29°and the probability
that he will ask to have both of them checked is 0. 07. .

(©) What is the probability that a person who has oil checked will also have tyre checked?
(if) What is the probability that a person:stopping at the petrol pump will have either

tyres or oil checked?
{Hint: Let A and B be the events of getting ‘tyres checked' and ‘oil checked’ respectwely
P(A) = 0.12, P(B) = 0.29, P(AﬁB) 0.07. te 4 v
B : oy
(i%) Required probability ” = P(AIB) L PAND)., ! v
nin 1 0 P(B} ST (U Y e+
+ (i) Required probability - = P(A OB PO®PE®-PBOBL .
ol ! oot w
T * W *
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.and " P(B/A)

Answers -

1. 0.2148, 0.85 2. 0.5,0.6 3 2 (“)l
. 0 , Q. . 0.5, 0. :.(:,'_)3 - ) g
1 2" o 17
i . L] t
9.16. INDEPENDENT EVENTS
Let A and B be two events associated with a random experiment. We know that
$
H + P(BnA) PANB)
PEIA) = Pla)  P@A.
P(A ~ B) = P(A) P(B/A). ¢

2

In general P(B/A) may or may not be equal to P(B). When P(BIA) and P(B).are _

equal, then the events Aand B are of Bpecml importance. T,

Two events assocxated w1th a random experiment are said to be independent
events if the occurrence or non-occurrence of ane event does not affect the probability
of the occurrence of the other event. For example, thé events Aa.ndB are independent
events when P(A/B) = P(A) and P(B/A) = P(B). noo

- Theorem. Let' A and B be events__associ'ated with a random experiment.
The events A and B are independent if and only if ™ ¥ ga

P(A n B) = P(A) P(B).
Proof. Let A and B be indepent!erit events.
P(A nB)
PAAnB)= _-P(T)_
=P(4) PB) . [ P@AB)=PA)
- P(A B) = P(4) P(B).
Conversely, let P(A n B) P(A) P(B)

PAAnB) _ P(A) PB) o, 1
PB) BBy -
,_ Bty PBNA) . PANB): POPB) _. o
P& | PA) PR
P(A/B) = P(A) and P(BIA) P(B). -~
A and B are independent events. x ~
Remark 1. P(A n B) = P(A) P(B) is the necessary and sufficient condition for the events
A and B to be independent. - te da o
Remark 2. Let A and B be events associated with a'random expenment
G)Let Aand Bbem.e. - PAA~B=0 Wi
. P(A~ B) £P(A) P(B) i.e. A and'B are not independent évents.
" & Mutually exclusive events cannot be independent.
(i§) Let A and B be independent. T
* . ¥P(A'n By=DP(4) P(B) ie. (AN B)2 0. y e “d
. Aand B are not m.e. events.
Independent events cannot be mutually exclusive.

x P(B) = P(A/B) P(B)

PA/B) =

Important observation. If A and B be any two everits associated with a random -

experiment, then their physical description is not sufficient to decide if‘A’and B are
independent events or not. A and B are declared to be independent events only when
we have P(AB) = P(A) P(B).
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9.17. DEPENDENT EVENTS R s

_ Let A and B be two events associated Wlth a random expenment IfA am:l B are not
independent events, then these are called dependent events. NOTES

' L In case of dependent events, we have P{An B) P(A) P(B/A),
Theorem. Let A and B be events associated w1th a random experiment. -
IfA and B are independent, then show that the events (i) A B (i) A, B
ii (iii) A, B are also independent. '

Proof. The events A and B are mdependent a

i| - * P(AnB)=P(4) P®Y 4 Lo el
) (AnB)n(A AB=(An A)AnBNB) = ¢nB=¢ -
Iand (AnB)u(AnB) (AuA)mB SAB=B.

The events AnBand A n B are m.e andtheu‘umonm B..
By addition theorem, we have o

’ | PB=PANB+P(E nB.
- = P(A NnB)=P(B)-PANB)=P®) -PA) PB®) . [Using ()]
l ~ . =({-P@Ay P(B) = P(A)P(B) '
] P(A NnB)=P (A) P(B) ie A and B are mdependent
; - ()] ANBNANB)= (,AnA)n(Br\B) Andé=4¢
and ANnBIUANB)=AnBuU B)=AnS=A
%f Theevents AnBand An'B are m.2. and their union is A.
By addition theorem, we have .
'P(A) =P(AnB)+ P(AN B). ,
= PAN B)=PA) -P@A 0B =PA-PAPB) [Using (1] g - =
[ i B _=P@)1L-PB)=PA K(B). |
PAN:B)=P(A) P(B)ie Aand B are independent.

-3

i <L @D EK:nB)_n(Knﬁ)=(K-n K)Q(Bn-ii-)=§n¢=¢
’ ‘and __(KmB)n(Kn_B-)=Kn(Bu§)=XnS=K.-

i .. Theevents AnBand A'n B are.;l.e. and their union is E
+c By addition theorem, we have

PA)=PANB+PANB) . | S
= . PAnB)=PA)-PANB= P(X) - P(A) P®)
R . " [Using part ()

; =P(A)(1 -P(@B) = P(A) P(B).
P(A ~ B)=PA) P(B) ie A and B are mdependent _ d
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Business Statistics =~  Example9.23. If A and B are independent events such'that'P@;U'B) =0.6 and
P(A) 0.2, find P(B).  NONMI WA LT O N
*“Sohition. We have "P(A'U B) 06and P (A)=02" ~ #-z -
iyigry fi £ T kL - i
NOTES By addition theorem, we have .
" PA U B) P(A) + P(B) P(A N B)

P(AU B) P(A) + P(B) P(A) P(B) ( A and B ari mdependent)

F'E:._Ai:u T oF 06 02+P(B) (02)P(B) i Tea
< = 2hu 04?“ P(B) - 0.2) R 17 ¥ als -‘I“:
- 04 It A
= (0.8) P(B) =04 =\$ f(B) = ﬁ-':_i ="0.5.' o N

. Examplé 9.24. A coin is tossed thrice‘and all the eight outcomes are assumed
equally likely. In which of the followmg cases are the events K and F mdependent?

() E : the first throw results in head.

F': the last throw results in tail.

(ii) E : the number of heads is tuo.’
F: the last throw results in head.

(iti) E : the number of heads is odd. *

1 e ~ F: the number of tails is odd.

Solution, Let S be.the sample space.

- S= {I-]]-H-IHHTHTH,ITI-II-IH’I'I‘THT’I'I'H'I'I'I'}

(i) Here E {HHH HHT, HTH, H'I"I') and F={HHT, H'I‘T THT, TTT}.

1 = i:l
P@®)= E 7 ad PE=g=g, .
There are 2 cases favourable to the event E-nF, namély HHT and HTT.
1 t
' PEnF)= E_; R
“Also, PE)P(F) = 1%} = {=PEAF). .

The events E-and F are independent,
(it) Here E= {HHT HTH, THH} .and .F={HHH, HTH, THH, TTH}.

3 1
PE) = g and P(EF)= §=-§

There are 2 cases favourable to the event E » F, namely HTH and THH.

M9 g
P(Eﬁf")=—=z.
3 1 3°
AISOP(E)P(F]"E E=E PENF).

. Theevents E and F are’not mdependént.
(i) Here  E={HHH, HTT, THT, TTH} and F.={HHT, HTH, THH, TTT}.

1 4 1

P(E)—§=§ and P(F) 83“'2

There is no case favourable to the event EnF.
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PEnF)= 3 =0,
1 1 " -
Also, PEPF) = —-x—=—=*PENEF) i
) The events E and F are not independent. . . '
k’r = ' f ’ ~
EXERCISE 9.5 -

1. (i) Twoevents A and B are such that P(4)=0.6,P(B) =0.2 and P(A n B) =0.8. Does this
imply that A and B are independent? . ‘
(i) The events A and B are given to be independent. Find P(B) if it is given that P(A)
= 0.35 and P(A v B) = 0.60.
i 2. (i) If Plnot B) = 0.65, P(A L B) = 0.85 and A and B are independent events, find P(4).
(&) If Pluot A) = 0.4, P(A L B) =0.75 and A, B are given to be independent events, find
the value of P(B). ™ -
| ‘8. A coin is tossed twice and all possible outcomes are assumed to be equally likely. Aisthe
event : both head and tail have ocourred and B is the event : at least one tail has occurred”.
Show that A and B are not independent.
4. One card is drawn from a pack of 52-cai‘ds g0 that each card is equally likely to be
selocted. A is the event : “the card is a heart” and B is the event : “the card is a king.”
Show that A and B are independent. : .
E 5. Adieis thrown and the 6 possible outcomes are assumed to be equally likely. If Eis the
event : “the number appesaring is a multiple of 3°, and F is the event : “the number
appearing is even”. Show that the events E and F are independent. '

~ ; Answers

N H . ‘5 10 - ) 3° Fl
1. @ I}\Io. “ (i) 13 . 2. (D 13- . (i) 3

! & ¥ ¢ ¥ o

9.18. INDEPENDENT EXPERIMENTS

Two random experiments are said to be independent experiments if the occurrence
or non-occurrence of an event in one experiment does not in any way affect the
probability of occurrence of any event in the other experiment. For example, two tosses
of a coin are independent experiments. ' - . T e

¢ £

e

- - LS
If A and B be events associated with independent experiments E, and E,
. respectively, then prove that i
l' P(AB) = P(A)P(B).
Proof. Since the random experiments E, and E, are independent, the sample '
spaces of the experiments are not affected by the events.
Lgt n, and n, be the numbers of exhaustive, equally likely cases in the first and
second experiment respectively.
Let m, be the number of cases favourz'able to the happening of the event A out of
n, cases of the first experiment.

!} 9.19. MULTIPLICATION THEOREM -
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-~ . - hhbe' A3 - . ™o
P@)= 2
By the Fundamental principle of events, the number of cases favourable to
the happening of the event AB in this specified: order is m,m,. Also the number of
extaustive, equally likely cases in the combined experiment is nn,
mymy "~ m . :
- P(AB) = 22 ="1 T3 ZpA)p(B).
5= p 5 : iy My opy
H _ _ PAB)=PQ) P®). A
The theorem Egnﬁalﬁo be extended to even more than two events.
Let A}, A,, ......, A, be k events associated with random experiments E, E,, ...... ,
E i with probabilities Dy» Py, Dy YESpectively, then -
- ¢ PAA, ..., A) =PA) P(A) 'P(Ak) =Py Py - Py
Also . P@otA)=P@A)=1-p, -« -~
- 1 N - b 1 o *
Pinot A) =P(A ) =1= Py
Pot A)=P(Ap=1-p, - .
Since A}, A,, ... A, are associated’with independents experiment, therefore,
: = _ - . n . o
theevents A, A,, ... , A, are also associated with independent experiments.
Now P(event of happening of 4t least one of ALA, LAY
|| w—mel e e PR S — e e L T e .
= 1 — P(event of happening of none ofAl,lA?-_....._..A,,), o~ ?;
@t W ¥ Gemed I Jut e oa
[T e~ = boPA R omA =1 —P(AD) PR P(RY) e
19 oy e ¥ CICETEL T L ™ £ ¢+ (By Multiplicanlon'theqrem)
S e S (L N L B
RemarlIf A'and B are events associatéd with experimsnts which are fiot independent;
. then the probability of the event ‘AR’ is found by using the rasult:’
: P(AB) = P(A) P(B/A). ,
— = -Thisresult can also be extended to more than two experiments. PRy
‘Example 9.25. A and B appedred for an interiiew for twd posts: Probability of
A’s rejection is-2/5 and that of B’s selection is-4/7. Find the probability that one of them
i_Slsetected: L # Y = -
Solution. The random experiments ‘interview of 4’ and-‘interview' of B :are
-1 experiment, ' - '
Let * E=event that A is selected s
and F = event that'B is selected. Y . e
- E e ¥ _ 2 4 .
<, : P(E)=; and PM=7. |
k4 - Y . a i v
* ¥ o~

. Ay = T _ :
S P(A) nl & ;

Let m, be the number of cases favourable.to the happening of the event B out of .
n, cases of the second experiment. : - £ B
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Also, . - PE)=1- P(E)=1- '

mlt\:
r.n|d:‘.

and i P(F)=1- P(F)*l—%

Required probability =P(only one'is selected) * * £
=PEF L ERN=PEF) + P(EF)
(Using addition theorem) '

Y .o

--:Hm‘

v NOTES

EFS

=P@E) P(F) + P(E) P(F)
.- (Using multxplncatlon theorem)

3 3 2 4
1.' P E=X=Ft—=—X—=—_ ]
5 7 b 7

Example 8.26. The odds in favour of one student passing a test are 3; 7. The

i odds against another student passmg it are 3 5.-What is the probability that both pass
the test?

| Solution. Let A =_.event thgat first pass the test,
-7 3 3
P(A) = 3? e
Let @ .B = event the second pass the test. k
5 & ‘ =

- x TOTEETE

E L
F

The random experiments of results of students are independent.

i ~ P(both pass the test.) P(AB) P(*\)P(B = -:—J'- §=—3-

Example 9.27. 4 speaks truth in 6‘0% of the cases “and B in 90% of the cases. In
what percentage of cases, are they Likely to contradict each o.',her in smtmg the same

fact? i Y 3 ke
Solution. The random experiments of speeches of A and B are independént. -
Let E = event of A speaking truth SR
! and _ F¥= event of B Epe'akiﬁg truth. ~
1 e S8 _®_9.
‘ PE= 55 =19 2d PO = 75=15

!

Probability of A and B contradicting each other =P(EF or EF)

_ =PEF)+KEF=P® P(F)+PE) PO
r. Y =P®Q-PE)+ (- PENPE)

[1__9_) [l_i] ° _8,1,4.9 4
i ' 10l 10 10)10 "10°10,10 10 100  °
i .. Aand B are likely to contradicts each ‘other-in 42% cases.
.Example 9.28. Aprobfem in statistics. zsgwen fo five students A, B, C DandE.
The;r chances of solving the problem are {4 é 1,4 and { respectively. What is the
probability that the problem will be solved? : h

.

Solution. The random experiments of trying the problem by the given students
are independent. ’
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Let A, = event that A fails to solve the problem
A, = event that B fails to solve the problem
A, = event that C fails to solve the problem
A, = event that D fails to solve the problein
A, = event that E fails to solve t.hé problem.

PAYF1-1=L PA)=1-%=%
¢ Py =i-i=¢ PAy=1-3=¢
PUAg=1-4=§

"Now, P(event'that the problem is solved by at least one student)
=1 - P(event that the. problem is not solved by any of

the five students)
=1-PA; A A AL A)
=1-PA) PA) P(A,) P(AQ P(Ay) (By Multlphcatlon Theorem)
_1_[1 (23,4 E] _ 1.5 !
2 3 4 5 8 6 8

Example 9.29. Three bags contains 7 white 8 red, 9 white 6 red and 5 white-7
red balls respectively. One ball, at random, is drawn from each bag. Find the probabthty
that all of them are of the same colour.

Solution. The three random. experiments of drawing balls from g:ven bags are

independent. | r -
7White | | 9White 5 White
s | BRed. & Red JRed . w
“ ¥ "BagT . B Bagl] " Bag[lI R
N T
Let W and R, be the events of drawmg white ball and red ba]l reSpectwely from

thexthbag, 123 ¢ o .
Requlred probability = P(a]] balls of same colour)

—P(WIWW orRRRs)

—P(WIW Wy + PRR,Ry)

= P(W )P(W PPWy + PRYPR,PR,)

='7>¢:9-><5'+‘8.x6 7.
7+8 9+6 5+7 T7+8 9+6 5+7
7.9 5 ' 6 1 _e1 a1

} 15 15712 15 15 12 2700 200°
Example 9.30. A bag has 4 red and 5 black balls, a second bag has 3 red and

7 black balls, One ball is drawn from the first and two from the second. Fmd the

probability that cut of three balls, two are black and one is red

Solution. The random experiments of drawmg one 4 i:-'led _ 3 Red
ball from first bag’ and ‘drawmg two balls from seoond 5 Black "7 Black
bag’ are independent.. 2

We are to find the probability two black balls and »
one red bail. .t v . “ o

Bag I &BagII
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Requ:red probability L

. =P ¥,S8,orF,S),
where F, is the event of drawing red ball from the first bag, etc.
=P(F,8,,) +P(F,S,) =PF) PS,) + PF) PS,)

" 4 ' 7C2 5 ' 301701
. = - = 3+7 + 4 T
445 C, 4+5 3¢,

" - Tx6
- 4 L1x2 65 gx7 4. 7T B5_7 7T
= — -+ - = — — = N— = —,
9 “10x9 "9 Toxs 9 159 15 15
o b Iat SEL SN RVE 1x9 4

i} Example 9.31. In a hockey Mh, the probability of winning of Indian team
! against Pakistani team in 1/4. Three matches are played. Find the probabilify.thoat:

@) India looses all the matches.
(u) India wins at least one match.
(ui) ‘India wins two matches.

Solution. The random experiments of matches between Indlan team and

Pakistani team are independent.
Let A, to the event of winning of Indian team in the ith match, i=1, 2, 3.
- 1
P(A) = —, and P(R)= 1_2:3
() P(Indxa loosing all the matches) Y

|

& W e

- - — _ — - 3 3 3 2
=P(A, A, A)=P(A)P(AYP(AY)= IX:ZXI = a1
’ ‘() P(Iridia winning at least one match) * T
= ] —P(India loosmg all the matches)
' 27 _87 : o
=l TR vel . - lUismg_part ]
- (iif) P(India winning two matches)

My
=P(A, AzAsorA AzAaorA AgAs)

=P, A, A +PA A, A) +P(A A, A)

=PA) P(A) P(A ) + PA) P(A p) P(A) + P(A ) P(A) P(AY
‘ - 2113 1.8 1 31,1 8

i I T e

i Example 9.32. Three groups of children consists of respectively 3 girls and 1

. bay, 2 girls and 2 boys, 1 girl and 3 boys. One child is selected at random from each

[ group. Find the chance that three selected chddren comprise'l gzrl and 2 bays.

Solut.lon. The random experiments of drawmg one child from each. group are

oA

independent. .
v TaGns| [2Gns | [ 16
7 - 1 Boy 2Boys | | 3Boys
v * Group 1 Groupll  Group Il
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Let G, and B; be the events of selecting a girl and a boy respectlvely from the ith
group, i = 1, 2 3. £

P(1 girl and 2 boys) & . - ey
*  =P(G,B,B, or B,G,B, or B,B,G,)
= P(G,B,By + P(B,G;B,) + P(B,B,Gy
=P(G)P(B)P®B, + PB)PG)P®,) + PB)IPBPG,)
3.2.3).(1.2 3) (1 2 1Y
b SN R PR e

Example 9.33.-4 bag contains 6 white ball-and 4 black balls. Two balls are
drauwn at random one by one without replacement. I-ind the probability that both balls
are white.

Solut:on Since the first ba]l is not replaced before the second draw, the random
experiments of drawing balls are not independent, 5

Let W, = event that first ball is white
W, = event that second ball is white .. %,
P(both balls are “hlt?) : .
=PW w,,) P(WI)P(WZ,IWI) ) L -
~_._8 . 28-1 6~ oL NP § '
6+4 B-D+4 10 9 3

Example 9.34. From g pack of playing cards, ‘two cards are drawn one by one
without replacement. Find the probability that: '

(V) first is king and second is queen
(%) one is king and other in queen..

Solution. Since the first card is not rep]aced before the second draw, the random
experiments of drawing cards are not mdependent .

LetK;and Q; be the events of drawmg aking and aqueen respectlvely in the ith
draw, i =1, 2

M) P(ﬁrst is king and second is queen).

i ¥

-~

—

t x

t'\
¥

=PK,Q) =PE) PQK) " =
e a £
52 51 663" . ‘e
(i) P(one king and one queen) 73 Fo
"% =PK,Q, or @Ky =P(K, Q) + P@Q, K,
=PK,) P(QZIKI) +P@Q) PK,Q,)
“r4 4 37 c4_8 = ?

62 51 52 51 883"

Example 8. 35 From a well- shufﬂed pack of pianng eards, two cards are drawn
at random cne by one. Find the probability that they aré both kings if the first card is :
(i) replaced, (ii) not replaced before the second draw. -

Solution. Let K| and K, be the events of getting kings in the first draw and
second draw respectlvely before the seeond draw,

(i) Since the first card is replaced, the random experiments are mdependent

4 1

P(both kings) =PK K, =P{K,)PK,)= EE 52 = 160
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(if) Since the first card is not replaced, the random experiments are not Probability
! independent. w7 5&; g |
- . (3.1 . ; ==
* =2 'Plothkings) 7 =PEK) =PK)PEK)= = x= = o0
52 51 221 NOTES
w , Example .36, 4 bag contains 8 red and 5 white balls. Two successive drawi mgs e y
of three balls are made such that (i) balls are replaced before sécond trial, ( i) balls are
rot replaced before second trial. Find the pmbabnhty that Ist drawmg w;H, give 3 while
and the 2nd 3 red balls. ’
Solution, Let W, and R, be the events of getting 3 white ba]ls "8 Red
in ‘the first draw and 3 red balls in the second draw respectively. “ 1 5 white
@) Smce the balls of first draw are replaced the random - p
experiments are- mdependent .
£ - % 3 .
: r 503 Bca ioux 56 E SIS ' .
(ti) Since the balls of first draw are not: replaced the random experiments are-|
not independent.
.t . g . - . ,
o C; ,Cs 10 56 _
] 4 ks f.'_ S P(WiRg) = P(wl) P(R2/W1) = 1303 X _:“)Ga = 286 X-m =":]'-0163.
! { Example 8.37. In each of a set of games, it is 2 to 1 in favour of the winner of the |
. previous game. What is the chance that the player who-wins the first game shall win at
least three of the next four games?
Solution. Let | W be the event that the wmner of, the ﬁ.rst game wms , the ith
game, i =2, 3, 4 FiSal
P(Wmner of the first game wms at least. 3 out of the next 4 games)
~ —P(W2W W, WsorWW w4W 0rW2W3WW0rW WWW
) T > b 1‘orWW WWB)
;ﬂ =PW, W, W,, Ws)"'sz 3w4W5)+P(W3w3W Ws) . | _
) | . + P(W,, WWW5)+P(W2WWW4) ) \
; = P(W,) PW,/W,) POW /W, W) P(W /W, W; wd) T b ,
l L S P(wz) P(W,/W 2) P(W JW Ws) P(Ws"w Wy WD
3. e - +P(W2) P(Wa/wz) PW /W, Wa) P(W5 2 W Wy _
‘ xt +P() PO,/ ) POW, /W, W) POV , W, W) |
N * POV, POV,/W,) POV,W, Wo) ROV W; W, W)
2 2% 1 2. 2. 1 1) 1 12 i
EEXER == =X X=X F =X =X —X=
933!3-33-3;3133333 B
sroxg w L1 1g252 2.2 2 3
1 i L . 3 3 3 3 3 33 3
_844%4+4+16 _36 "
. o1, o
o 81 T 81° i} - ;
. a ¥ oAt
for K % + Tia :
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EXERCISE 9.6 e

Two cards are drawn from a pack of cards in succession (with replacement). Find the
probability that the first card is spade and the second is a black king. *

A husband and a wife appear in an mtemew for two vacancws for the same post. The

probability of husband’s selectlon is 2- zmd that of; w1fe is .5- W]Jat is the probab]llty

that both of them will be selected? " N s

A man wants to marry a girl having qualities : white complexion—the probablht.y of
getting such'a girl is one in twenty, handsome dowry — the probability of getting this is

-one in thirty. Find the probability of his getting married to a w]:ute complexioned girl
who may also bring handsome dowry. .

- () A preblem in statistics is given to three students Ram, Shyam and Radheyshyam
whose chences of solving it are 0.3, 0.5 and 0.6 respectwely Find the probablhty
that the problem will be solved. - y

(%) Aproblem in statisties is given to three students, A, B and C whose chances of solving
itare 1/2, 1/3 and-1/4 respectively. Find the probability that the problem will be
solved.

(iif) A problem in statistics is given to four students A, B, C and D whose chanceés of
éblving it m"%;] %, -is, % respectively. Find the. probability that the problem is
solved. .

e 2 = - Ll

The probability of A winning a race is l and the probability of B winning the race is -1

&' L ¥ - 1
Fmd the probablllty that none will win the race. '

() The odds in favour of ‘A’ solvmg a problem are 7 : 8, and the odds agamst ‘B' solvmg
the same problem are 11 : 8. What is the probablhty that the problem will be so}.ved
if béth try the problem?

(it} A can solve.90% of problems given in a book and-B can solve” 70% What is the
probablhty that at least one of them will solve the problem, selected at random?
The odds in favour of first s pealdng the truth are 3 ; 2. The odds in favour of second
speaking the truth are 5 : 3. In'what percentage of cases are thay likely to contradict

each other on an identical point? .

What is the probability of throwing 6 with a die at least once in 3 attempts?"

A can solve 75% of probleins and B can solve T0%. What is the probability that at least
ana of them wd} solve the problem, sslected at random.

Find the probability of drawing a heart on each of the two consecutive draws of one card

from a well-shuffled pack of playing cards, if the card is not replaced after the first draw.
Find the probability of drawing a king, a queen and a knave in that order from a pack of
playing cards in three consecutive draws of one. card. The first two cards drawn are
replaced.

A bag contains 10 red and 6 black balls, 4 balls are drawn successively one by one and
are not replaced. Wh_at is the probability that these are alternatively of different colours?

A bag contains 13 balls numbered from 1 to 13. Suppose an sven number is considerad
as a success. Two balls are drawn une by one without replacomant Find the probability
of getting one success. d —

A student is trying to seek admission in either of thé two colleges. The probability that
ke is admitted in first college is 3/5 and that in second college is 1/3. Fmd the probability
that he is admitted at least one of the colleges




15. A bag contains 2 white balls.and 3 black balls. Four persons, A, B,+C D in the order Probability -
named each draws one ball and does not replace it. The first to draw & white ball receive :
T 50. Determine the1r expectatmn-a

[Hint. I;“.et A, B C D themsslves denote the probabmty of their wmnmg
Jﬂ) WL b BT -

2 | _
P=% e . ~NOTES
-7 - 32 .3 -
, P(B)_E'4_T0—
y=322_1 . .
PO=54375 . ik
3212 1 =
PD=5432 10 = toe g ox
. ¥ - - . PO W - 2 L E 3 -] ‘1 N"ri -
Their respective expactations are I 5OXE 4 50X1— . & 50>§§ . :
(R o ¥ a1 "
[50><i):| n 3 - P | L+
10 T - o Y
' Answers 14 e
1 8 A
I Toq 2 2% 3. 00 .
. 0.86 3 .. 13
i 4' h(l)’:. ‘ (u.) I‘ ¥ (I_H:) ,‘16 % " ‘
s 4Bz 18 oo
™ 576 3 - O 247 @ oo . H
3, 8], {28 - 5x5 xé] S
7. [(gx-s-]+[gx—é-]] 100% = 47.5% 8. 1-[6 6°6)= 216 . _
9 ﬂ 0. ISXE——I" 1-; 0.000455 *
" 40 o W5 E 5 17 - 0.
T 18. 33" " 13 12”13
11 ! ¥
u 15.220,315,T10,35. | «
A 11 ¢ o
LT awha . 1.. . ! % hoora . i ahh
| 9.20. TOTAL PROBABILITY RULE ~~ *© '
_ I LetE,E,...... B, benmutually exclusive and exhaustive events, with hon-zero
\ probabilities, ot' a‘random experiment. If A be any arbitrary event of the
_ sample space of the above random expernment with P(A) >0; then
P(A) =PE)PA/E) + P(E,)P(AIEz) + e ¥ P(E, )P(AIE ) \
Proof. Let S be the sample space of the' random expenment
Since E,, E,, ......, E, are exhaustive, we have .. =§ L
T 8§=E,VE,u...VE, )
‘ Now A=SnA=E,VE,u..VE)nA
= p A= (EInA)u(EznA)u ...... v(E, NA) ()
A b
Since E.E, ..., E, are mutua]ly excluswe we have - Y
E o E ¢fori % I '
Now(E nA)n(E nA) ENE)nA= =¢NA=¢

-
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is drawn. Find the probability that it is a red ball.

first bag and second bag respectlvely A

.| the urns is chosen at random and a ball is drawn from it. Find the probability that the
ball drawn is (i) red (ii) white. & o 7 0

\

! ~ EymAE,NA, ... E, N A are also mutually exclusive. . .
By addition theorem, (1) implies roA + i
. PO=PE 0N +PE NN+ ... +PE,NA) -
= P(A)=PE)PAE,) + PE,PAE,) +.... PE)PAE).'

Remark. In practical problems, it is found convenient to write as follows:
P(4) =P(E,Aor EAr....... or E A) = P(E A) + PEA) + ...... + PEA)
P(A) = P(E))P(AE,) + P(E)P(A/E) + ... + P(E JP(A/E ).

‘Corollary In particular if n = 2, we have oM
P(A) = PE,PAE,) + PE,)PAE,).
Example 9.38. A bag contains 4 red and 3 black 4 Red 2 Red
balls. ‘A second bag contains 2 red and 4 black balls. One 3Black | [ 48Biack |.
bag is selected at random. From the selected bag, one ball Bag1 Bag IT

Solution. Let E, and E, be the events of selecting . {R E,R
E‘I
1/2

1 .
s PEp= 2 PE)=3 S 1B ER
= E¢< |

Let R be the event of drawing z red ba]l' : 8

P(R/El) =P(Red ball is drawn from first bag) = %

Similarly,’ P(R/E)= = = % e,

Now, P(selecting a red ball) ¥
*=PR)=PE,RorER) = PER) + P(EzR)
= P(El)P(RfEl) + P(E,)P®/E,) 1 -
1 4 l 1 2 1_19 '

= —X= — o -

277273 778 42
Examp19939 Two urns contains 2red, 4 white and 3red, 7 white balls. Oueof

=+ Solution. Let E|.and E, be the events of choosing the first urn and the second
urn reSpe_ct__ively e v e

. B OF B .
oy 1- s e, . Y | 2Red | .3 Red
P(El) —J 2 P(Eg) - s gy 4 White | |7 White
'- SN ot UmL ' UmE
©LetR be the event of drawmg ared ball .
: ~ n.
2 1 . : FI ER
T = = — i 1A,
PRE, 2+4 3
3 _38

PRE)= —

bl
3+7 10 ,
- Now P(drawing a red ball) = P(R) < < H o

= P(E,R or E,R) = P(E,R) + P(ERR)




= P(E,)P(R/E) + P(E)PR/E,) _ / Probability -+
- fu‘i
211 1 3219

—x= — = _
T3 T2 0 T e BNw ew
« (i) Lei:'W be the event of drawing a white ball.

¥
' ' NOTES.
i 2 .
" -'.h P(\IWEI)— -. E"’f‘l}; ¥ Y] * <
- _ 2 7H0 ™~y EW

;+
e 7 7 #
PW/E) = v = — g
Ty A TR .
-Now P(drawing a. white > ball) - o oo

= P(W) = P(E,W or E,W) = P(E,W) + P(E,W)
% = PE)PWE) + PE)PWE,) =

12-17 -41 X
—X—=

23 21060

- 4 Example 9.40. Suppose that 5 men:out:of 1 00.men and 25 women oul of 1000
women are good oretor, Assuming that there are equal number of men and women, find
the probability, of choosing an orelor. % 1

. A EA
Solution. Let E, and E, be the events of choosing ¢ !
a man and a woman respectively b2 p
‘ - . R

oL P(El)‘ and P(Ez)— =, because there are A EA

eqial number of men-and women.

Let A'be the event of choosing an oretor . A ’
P(A/E} = probability that a man is an oretor
N _ B 1 ¥ i _ X
<~ 700 20 . -
£ P(A/E,) = probability that a woman is an oretor '
_ 25 1 )
= 10600.,” 40 , s

. P(oretor is chosen) = P(A) = PE,A or E,A) _
Ii . =P(E,A) + PE,A) = PE)PAE,)) + PE)PAE)
i 11 1.1 3 .
’ 2 20 2 40 80 .
Example 8.41. There are'tio bags. The first bag coniains 5 white and 3 black
I balls and the second bag contains 3 white and .5.black balls. Two balls are drawn at .

random fmm the first bagmd are pul into the second bag, without noticing their colours.
'; Then two balls are drawn from the second bag Fmd the probability that these balls are | ¢

"1, white and black. 2
j’ Solution. Let E,, E, and E; be the events of | 5White .3 White
! transferring 2 white, 1 whlte and ‘1 black 2 black balls | 3 Black 5 Black
respectively from the first bag to second bag $ Bag1 Bag II
5 - )
L 80, 10 5. At Ie wEp o
L") P(,El)= BC =-2E=E S . ;ﬂ J -
iy
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. PEY=%c, 28 28
3
_.C _3 .
NOTES PED =50~ 28 ¥

Let A be the event of drawing one white and one
black ball from the second bag.

P(A) = P(E A or E,A or E,A) -
= PE,A) + P(E,A) + P(E A)
= P(EI)P(AfEl) + PE)PAE) } P(Ea)P(NEs)
50 X80, L 15 40, x BC, L3 2exc

:— _—1 T Ml e x

14 Wo 28 We, " 28 10,
5.5 156 8 8 17 678

147928715 T 28715 T 1280
Example 9.42. Two machines A and B produce respectively 60% and 40% of the
total numbers of aitems of a factory. The percentages of defective output of these machines
P are respectively 2% and 5%. If an item is selected ot random, what is the probability:
that the item is (i) defective (ii) non-defective?

- Solution, Let E,, E, be the events of drawing an item produced by machine-A
and machine B respectively. Let A be the event of selecting a defecg;ive item.

A represent the event of selecting a non-defective item. We have

P(El)'= 60%, P(Ez) = 40%. t E 2% .~ A Ei_ﬁf‘- .
P(A/E,) = probability that a defective item is 60% " S~ EX
produced by A = 2%, : _ ? - by
P(A/E,) = probability that a defective item is 40% e, % A EA
. 5% o
produced by B = 5%. ; ST~k EA

(§) P(selected item is defective)’
' =P(4) = P(E,A or E,A) = P(E, A) + P(E,A)
= PE)PAE)) + PE)P(AE,) = (60%)(2%) + (40%)(5%)
60~ 2 40 5 320

= 100 108 100 <Too - Toooo - °-032

- (it) P(selected item is non-defective)
1w

=P(A)=P(E,A or E,R)=PE,§) +PE,R) «

' Y =PEIP(KE) + PEJP(EE) = (60%)98%) + (40%)(95%)
n 60 98, 40 - 95 _ 9680 -
"100™100 * 100 100 ~ 10000 ~ %968
R i ¥ | &
. EXERCISE 9.7 |, s

1. A bag contains 3 white and 2 black balls and another bag contains 2 white and 4 black
balls. One bag is chosen at random. From the selected bag, one ball is drawn. Find the
probability that the ball drawn is white.
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‘2. Find the probability of drawing a :me-rﬁpeenqoi.n from a purse with two compartments-
one of which contains 3 fifty-paise coins and 2 one-ripee coinis and cther contains 2 fifty-
y Paise coins and 3 one-rupee coins.. B oega B oy, m 1 '

LI i x

.3° An'unbiased coin is tossed. If the result is a'head, a pair of unbiased dice is rolled and »
the sum of the numbers obtained isinoted. If-the result is a tail,.a card from a.well;,
shuffled pack of eleven cards numbered 2, 3, 4, ...... ,12is picked and the number on the
card is noted. What is the probability that the héted number is either 7 or 8 ? .

4. In abolt factory, machines A, B and-C manufacture 25%, 35% and 40% of the total bolts.
Of their outputs.5%, 4% and 2% are respect,wely defective bolts. A bolt is drawn at
random from the output. What is the p:':pbablhby that the bolt drawn is deferﬁﬁl_!va‘?

8. We are given three boxes as foﬂows )

Box I has 10 light bulbs ‘of which 4 are defective.
Box I has 6 light bulbs of which 1 is defective. *
Box I1I has 8 light bulbs of which 3 are defective.
We select a box at random and then draw a bulb at random. What is the probablllty that
the bulb is defective? -

6. Ahbag contains 6 white and 7 black balls, and another bag contains 4 white and 5 black
balls. A ball is taken from the first bag and without seeing its colour is put in the second
bag. A ball is taken from the latter. Find the probability.that the ball drawn is white.

7. Bag A contains 5 white and 6 black balis. Bag B contains 4 white and 3 black balls. A
ball is transferred from bag A to the bag B and then a ball is taken out of the second bag.
Find the probability of this ball being black. -

8. A bag contains 3 white and 5 black balls and a second | bag contains 5.white and 3 black
bills. One ball is transferred from first bag to the second and'then'a ball is drawn from
the second bag. Find the probability that the ball drawn wlute

9. An urn contains 10 white and 3 black b_qlls, while another urn contains 3 white and
'5 black balls, Two balls are drawn from the first urn and put in to the second urn and
then a ball is drawn from the latter. What is the probability of drawing a white ball?

-

3l

Answers
7 1 193 i
S T %3 r’-" 792 Males:
* 13 29 39 ¥ 443y ¢
360 v 88w T Y 7"38 8 T2
59"‘& Y i ¥n 4y i
9 T30 - . . *
T +, 3 ar *
. I.;BAYES’ 'I:HEOREM 5
) " {ifﬂ' ) *
9.21. MOTIVATION ' "

Let there be two or more urns, each contammg some white balls and red balls. Suppose
an urn is chosen at random and a ball is drawn from that choen urn. By using addition
theorem and multiplication theorem, we can:find the probability of drawing a white
ball (or red ball) from the urn:chosen. f)

But in case, we are given that the ball drawn is white and we are interested in
finding the probability of the event that the ball was drawn from the Ist urn or IInd
urn, etc., then the situation 15 not the same as in the prevmus case. Now the probability

of the d.rawn urn will depend upon the colour of the drawn ball.

1

Probability

NOTES®
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Business Statistics To tackle this type of problems, Bayes’ theorem is used. This theorem was
. enunciated by British mathematician Thomos Bayes in 1763. 7

Let E, E,, ...... y E_ be n mutually exclusive and exhaustive events, with non-
zero probabilities, of a random experiment. If A be any arbitrary event of the
NOTES sample space of the above experiment with P(A) >0,then ¢ :
PE,)P . LT
P(E/A) = (E,)PAE) ' 1<isn
. 2 P(E;)P(AJE))
i1 _
Proof. Let S be the sample space of the randi)m experiment.
S=E,VE,u... vE (- E B, E areexhausnve)
! Now A=SNA=E VE,y.... UE)n A
=B, NAVENAHY..UE, N4 .

P(A)=PE, N A) + PE;NA) + ... + PE, N A*
=PE)PAE) + PE)PAE) +..... + PE n)p(AfE )

or P(A) = 2 P(E;)PA/E ;) . ()
J=1
) _P(Ei r‘\A) .
Now, PE/A) = _P(—A')—- 1£i<n ,
P(E/A) = PCE‘ PAE)_ 1<isn. [Using (1)}
E P(E,)P(A/E,) 2 (
_ =1 .
Remark 1. Tfn=2, §_];er:__n ) ‘ e
. P(E)P(A/E)
PESD = BE AR, + P(E;)P(A/E;)
P(E;)P(A/E,)
and PE/A = PEP(ATE,) + P(E)PATE)

Example 9.43. In 1988, there will be three candidates for the position of pmwnpal
- A, B and C. The chances of their selection are in the proportion 4: 2: 3 respectively.
The probability that A, if selected, will introduce co-education in the college is 0.3. The
' * | probability of B and C doing the same are respectively 0.5 and 0.8, What is the probability
that there will be co-education in the college in 1988 ¥ Also find the probability that the
co-education in the college was introduced by the principal B.

Solution. Let E|, E,, E; be the evenis of selection of A, B, C as principal
respectively. Let A be the event of mtroductlon of co-education in the college.

2 2
PE)= 4+2+3_‘-__§’ P(E,) 4+2+3 =_§._.‘*
o 3 3 . =
- . . and . . P(Eé)—4+2+3—§_.-__-=g = -
| e 8 _ 5 8
Also, P(.AfEl)'ﬁ_o’ P(AfE-z)--E, P(NEQ_E"% ,

Now, P(co-education is introduced in the college) _
=P(A)=PE,A or E,A or E,A) =P(E;A)+ P(E,A) + P(E,A)
=PE)PAE) + P(E)PAE,) + PE)PAE,)

IEEANETANE RV S
. 9710) (8 10) g 10/ 90 48 °
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h

By Bayes' theorem, *
P(Co-education was introduced by the principal B -

- . 2 B .
_ s " P(E))PA/E,) 9710 B “
=PEA =T B =

t‘-é -+ ¥ g 4 * E

Example 9.44. A manufacturing firm produces steel pipes in three plants

X with daily production volume of 500, 1000 and 2000 units respectively. According to
past experience, it is known that the fraction of defective outputs produced by the three
plants are respectively 0.005, 0.008, 0.010. If a pipe is selected from a day’s total
production aud found to be defective, find out the probability that it came from the first
plant.

Solution, Let‘-El,,E2 and E; be the events of drawing a pipe produced by first |.

plant, second plant and third plant respectively. et A be the event of drawing a

defective pipe. I -
| PE) = : 500 _1 ,%
¥ 500+1000+2000 7' _
) 1000 2 < 2000 4
PE®) =500+ 1000+ 2000 7 29 PED= 55577000+ 2000 = 7

«  Also P(A/E,) =0.005 P(A/E)=0.008 and P(A/E,) =0.010.
T'h? events E,, E,, E, are mutually exclusive and exhaustive.
By Bayes’ theorem, P(Plant I produced the defective pipe) = P(E /A
P(E,)A/E,)
P(EI)P(NEI) + P(E,)P(A/E, ) + P(Es }P(AfEa) 4

- ?(o.oos)

iry

2©005)+ 2 0008) + £ 0010) .
0.005 0005 _ 5

0005+0016+0040) 0061 ~ 61°

Example 9.45. An insurance company insured 2000 scooter drivers, 4000 car
drivers and 6000 truck drivers. The probability of an accident involving a scooter driver,

car driver and o truck driver is 0.01, 0.03 and 0.15 respectively. One of the insured |

* drivers meets. with an accident. What is .f,he  probability that he is a car driver?

]
Solution. Let Ep Ez, E be the events of drawing- scool:er driver, car driver,
t.ruck drtver respectively. .

Total number of d.nversu 2000 + 4000 + 6000 = 12000
2000 1 4000 1 6000

—_ = ' b S

II"

vy v 4000 1 l
PE ~12000 6 PE) = 12000 3 4. f(ES?'lzooo 2 |

Let A be the event of getting an accident. 3
PA/E)) = 0.01; P(A/E,) = 0.03 and P(A/E;) = 0015

»~The events E;, E, and E, are mutually exclusive and exhaustive.
4 * wa M s *

Probability

NOTES
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Business Statistics . By Bayes’ theorem % o

P(accident involved car driver) = P(E/A) % gie® e g
P(Ey)PA/E,)
- sNOTES " PE)PAE, + P(E,)P(A/E,) + P(Eg)P(A/E;)
o ok 1 :
| _ 3% 008 _ 00l 006 8
ST 24001+ X003+ 2 X015 05267052 26, o
Nl 6_# L 3.;_ n2 o~ Al ™ ’; +
i ay In % TR 1 O - LI
£ it i B - S & v :
" | “EXERCISE'98 | 1y - . .

1. Abag contains 4 black and 1 white balls and another bag contains 5 black and 4 white
balls. One bag is chosen and a ball is drawn., If the ball drawn is black, find the’ probablhty
that it is drawn from the first bag. a

2. Two urns contain 4 white, 6 blue and 4 white, 5 blue balls. Oné of the urns is selected at
.random and a ball is drawn. If the ball drawn,i Js white, find the probability that it is

drawn from the second urn. .

8. Assumae that a factory has two machines. Past records shows that machine I produces

60% of t.he e items of output and machine I1 produces 40% of the items. Further, 2% of the

- Litems. produced by machine I were defective and only 1% produced by machine.II were

defective. If a defective item is drawn: at random, what is the probability that it was
produced by mac}une 1?7

4. In afactory, machines A, Band Cproduces 40%, 40% and 20% respectwely Oft.he total
of their output 1%, 1% and 3% are defective. An item is drawi at random from the total
production and found to be defective, Find the probability that this item is produced by
the machine C. |

. b

6. A manufacturmg firm produces pipes in two plantsdwlth daily production volume of
5000 and 7000 units respectively. According to past experience, it is known that.the
fraction of defective outputs produced by the plants are 0.01 and 0.02 respectively. If a
pipe is selected at random from a day’s total productionsand found to be defective, find
out the probablht.y that it came from the "second plant. =

o f&nswers
1. 3e6/61 -2, 1019 * 3. 3/4 % _ 4. 3/7
5. :14/19 ¢ “ a 1 o4 e
L X co %
' k3 S
9.22 CRITICISM OF cussncm. APPROACH OF
PROBABILITY . B

] e B ]

Though the classical approach of measuring probability seems to be quite simple and
straight forward, but this approach )8 subjected to certain poinfs of criticism.

In' defining probablhty of an event, we assiime that'all the. possible outcomes
are equally likely. This means that all the possible outcomes of an experiment have
equal chances of being occurred. In other words, the probability of occurrence of each
outcome is equal. Thus, in classical. -approach, we. define,probability of an event in
terms of probablhtles of various outcomes of the experiment. Thus, this definition of
probability is circular in nature.
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~= The classical approach is based on abstract. reasoning and i is suitable under - Probability.
1deal conditions. For example we say that in the experunent of throwing a die, the )
probability 'of getting 2 i 1/6. But this will be true if the die is unbiased i.e. it is
_ perfect: Inipractice, perfection is not achieved. Thus, this approach is not realistic in
mature: 7 . 1 : NOTES

- A= - s L4 b
- I

-3

)
. . i LT L

9.23. EMPIRICAL APPROACH OF PROBABILITY

‘This approach is based upon repetitive experiments under uniform conditions. Suppose

a coin is perfectly balanced and we toss it 100 times. In 100 tosses, we may get head 56

times.- Again if we toss this coin 1000 times, we:may get head 519 times. Again if we

toss this coin 10,000 times, we may get head 5085 times. In these experiments, we see

5 that the ratio 56/100, 519/1000, 5085/10000:is tending toward 1/2, which should be

#the probability of getting head in any toss of the coin. In-empirical approach, the
probability of an events is defined in terms of a ratio of the type explained above.

If an-experiment is repeated 7 times under uniform conditions and an event E
occurs ‘m’ times, then the probability of the event E is defined as

- me PE)=lim M - = =

= - .

™ In the definition, ‘im’ emphasizes the fact that » must be very large. In the

% o A

-real mathematlcal sense, we cannot measure lim. ™, because we cannot repeat any
T pyen
n

experiment infinitely many times. Thus, in<this approach, we content ourselves by
assuming that n takes large and-practically possible values: If we toss a perfect coin
two times, it is not expected that we shall definitely get one head and one tail. But if
the same coin is tossed 5000 times, we may get about 2500 heads. Thus, the probability
defined in this approach is a long run concept, because to find the probability of an
event, we have to repeat out experiment a large number of times. In any experiment,
we shall have msn.

i 3

’PE®) = lim ™ implies 0<PE) < L.
L —pomy n - :

s i
‘The empirical approach of probability is based on experience.

Limitations. The computation of empirical probability requires repetition of
experiment, a very large number of times. This restrict the suitability of this approach.
In many cases, the experiment may not be repeated large number of times. If E beithe
event that a-particular student secures 70% marks or more in all the examinations
given to him in a particular year, then this experiment cannot be repeated many number |
of times. This approach is also not applicable to experiments which are not expected to
oceur frequently in future.

K4 4
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9.24. SUBJECTIVE APPROACH OF PROBABILITY ‘

t 13 {' Ll -I.'.a 0¥ L '.;1 Ty
The classical and empirical approaches of probabl.hty are ob_;ectwe»m nature. In. the

| subjective approach the probability of an event is considered as a measure of one’s

confidence in the occurrence of that particular event. The probability of the event that
the student ‘A’ will pass the examination cannot be calculated by any of the above
discussed ¢ ob]ectwe approaches “The:events of: his passing and failing are;not equally

(=1L

likely cases. Had these cases been equally hkely, we could have used claesmal approach

and said that the probability is 4 . In this case, the experiment is such that it cannot

be repeated.under uniform-conditions.»Thus;>the empirical approach also fails to
comment upon-the probability of this event. In such cases; the subjective approach is
found-useful. In subjective approach, the probability of an event represent the degree

.| of faith which-a rational person reposes in the occurrence of that certain event. The

degree of faith will depend upon his judgement, personal outléok, ete. In this approach,
the probability of a event, differ from person to.person and.that is why it is called
subjective approach. In this-approach, the probability of an event also suffer from

personal bias of its estimator. & it

9.25. SUMMARY - .

Caw . o »
¢ When we perform experiments in science and engmeenng, repeatedly under
, very nearly identical conditions, we get almost the same result Such experiments
* are calléd deterministic experiments.
There also exist experiments.in .which: the results may not-be _eseentially the
v same even if the experiment is performed under very nearly identical conditions.
-Such experiments are called random experiments.
* The sample space of a random experiment is defined-as the set of all possible
outcomes of the experiment. The possible outcomes are called sample points.
* ATree diagram is 4 device used to'énumerate all the logical possibilities of a
sequence of steps where each step can occur in a finite number of ways.
¢ An event is defined as a subset of the _sample space. An event is called an
elementary (or simple) event if it contains only one sample point. In the
experiment of rolhng a die, the event A of getting ‘3 is a sunple event We write
A ={3}. An event is called an unpossnble event if it can never occur.

wi ‘ 2y , oL - il |
9 26 REVIEW EXERCISES & 2 v
* 1. Expldin the fundamanta}. concepte of. ‘Probabl.l.tty‘ LA
. e

2. 'Défine probability’. = A

8. Write the fundamenta) concepts of probability calculation.

4. Define ‘probability’ and explain its importance in Statistics,

5. Explain the term ‘Mutually Exclusive Events' by taking some examples.

6. What is conditional probability? Explain with the help of an example.

7. Define probability and explain the Addition law of probability giving suitable examples.
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8. Explmn what do you understand by the term 'probabﬂ)ty’ State and prove ‘the addition Probability

¥ and mnltlphcatmn theorems of probab:]xt.y u K
9. Explm.n short nol;es on any two: . .
u F @) Dependent and’ mdepenclent evants 7 I IR AN 3
-~ = (i) Mutually exclusive and equally likely events - ' -— NOTES
(i) Simple and oompound events. ) _
; 10 Explam the. Mu]t.lpl.lcat.lon Thedrem of Probablht.y with suitable example M
i 11. Esplain Bayes’ théorem with the help of an example. 2
y 12. Define probablhty in different ways. Giving their merits’ and demerits by’ examples.
¥ State which is the best.
13. Discuss in detail the Classical and Empirical approaches to prnbability.
14. Explain the various approaches to probability.
s oo .
‘ £ T,
¥
A ] 4 ¥
- Ty ¥ b
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10.1. INTRODUCTION.

» .

3 - : . 1 ke ~ ¥
We know that a real valted function defined on the sample space of a random
experiment is called a random uarmble A random variable is either dlscrete or

s ;= x

continuous, - .
L1 r T, B,

Let x be a dlscrete random variable assuming values x,, :cz, Xgr ooy X,
corresponding to the Various outcomes of ‘a random. experiment. If the probablhty of
occurrence of x =; is’ P(x,) p;l<isnsuchthatp +p,+p,+...+p, =1, thenthe
function, P(x) = p, 1 <i < n'is called the probability function of the random vanable x
and the set {P(x,), P(.tz) P(x,), ..., P(x,)} is called the probabzhty distribution of x.

- X

¥
. an . fed s * r L ]
10.2. EMPIRICAL DISTRIBUTION N b
Let x be a discrete random variable assumiing values x;, x,, ... L x, correspondmg to

various outcomes of a random experiment. Let this random expenment be repeated N
times: Let the random variable x take values X[} Xp, ..onny %, With _respectlve frequencies

20 fiwhere fi+f,+ . ... +f, =N N et B
The distribution | * | 2, o %2 | .- | %, |vr ¢
| O P Y A is called an empirical
distribution. : —= - : ‘ . '?
_ Ilustration. Let the random experiment be of tossing of two coins.
: ~ S={HH, HT, TH, TT}. -

Let ¥ be random variable “square of number of tails,” then x takes the values

(02= 0, 12 = 1, 22 = 4. Let this random experiment be repeated 100 timés and let the

A

. observed frequencies be as follows: "o ¥
HH HT TH Uiy
e a i . - e —n rawa. <= T
' 1 1= 4 - i
2z ol T & ..‘:f' “ . ™

24 27, 23 26
The. empmcal distribution corresponding to above experunent is

o,

T A

x ' O(HH_) 1@ETTH) | 4(1'1')
/ T4 50 (= 27 + 23) 26

Now we shall consider three very important types of probability distributions:

=y _— ——— oy — — = o -~ ==

» I BINOMIAL DISTRIBUTION

= —— _— T

oy

10.3. INTRODUCTION

The binomial distribution is a partlcular type of probabxhty dlstrlbutlon This was

discovered by James Bernoulli (1654—1705) in the year 1700. This distribution |

mainly deals with attributes. An-attribute is either present or absent with respect to
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elements ¢ of a populatlon For example, if a coin 1s tossed we get. elther head or tad
The workers of a factory may be_classified as skaHed and. unskdted An item of a
populatlon of articles produced in a firm may be elther defective or non-defective:.

13
‘.‘1!.2 iy 5 * o .

10.4. CONDITIONS | ' A v

i

- g

e NS I . . Rt L gk
The following conditions are essential for the applicability of binomial distribution:.

(i) The random experiment is performed for a finite and fixed number
of trials. If in an experiment, a coin:is tossed repeatedly or a ball is drawn from an
urn repeatedly, then each toss or draw is called a trial, For example; if a coin is tossed
_§ times, then this expenment has 6 trials. The number of trials is an expenment is
genera]ly denoted by ‘n . A

{(it) The trials are mdependent. By. thls we mean that the. resuIt of a partmular
tnal is not going to effect the result of any other trial. For example, if a coin is tossed
or a dle I8 thrown the trials’ would be mdependent If from a'pack of playlng cards,
some draws of one card are made w1th0ut replacing the cards ‘then the trials would
not be mdependent ‘But if the card drawn is replaeed before the next draw, then the
trials would be independent. - .

(iii) Each trial must result in either “success” or “failure”. In other words,
in every trial, there should be only two posmble outcomes L.e., success or foilure. For
“example, if a coin is togsed, then either head or tail is observed Similarly, if an.item is
examined, it is either defective or non-defective. g

(iv) The probability of success in each trial is same. In other words, this
condition requires that the probablllty of success shold not change in different trials.
For example; if a sample of two items is drawn, then the probability of exactly one
.being defective:will be constant madjﬁ'erent trials provided the-items are replaced
before the next draw. R wy - o

3
A

10.5. BINOMIAL VARIABLE

.

A random variable which counts’the number of successes in ‘a random: experiment

with trials satisfying above four conditions is called a Binomial variable.

For example, if a coin is tossed 5 times and the event of getting head is success,
then the possible values of the binomial variable are 0, 1, 2, 3, 4, 5. This is so, because,
the minimum number of successes is 0 and maximum number is 5. ;

| 10.6. BINOMIAL PROBABILITY FUNCTION

When a f: fair coin is tossed, we have 2 only two possibilities: head and tail. Let us call the
"&eurrence of head as ‘success’. Therefore, the occurrence of tail would- be a ‘faﬂure

| Let this coin be tossed & times. Suppose we are interested in finding | the probablhty of

gett:mg 4 heads and 1 taﬂ Le., of getting 4 successes, If § and F. denote ‘success’ and
‘fallure in a trial respectlvely, thén there are 5C =5 ways of havmg 4 successes.,

¢ Theseare: SSSSF, . SSSFS; SSFSS, SFSSS, FSSSS.
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f The probability of getting 4 successes in each case is (2) (EJ, because the trials
e . -, “w. v, v - # '
" are mdependent . - = b .
By usmg addition thmrem the required probability of havmg 4 successes is NOTES:-

4
5¢c, (%} (%] , which is equal to % Now we shall generaliséthis method of finding !
- ' ) r { I ¥ ' =
the probabilities for different values of binomial variables. . 5
Let a random experiment satisfying the conditions of bmoinial distribution
be performed. Let the number of trials-in the expenment be n. ‘Let. p denote the |
probability of success in any trial. o

Probability of failure, g= 1.—p -
Let x denote the binomial variable correspond.mg to this experiment.
The possible values of xare 0, 1,2, ..., n. - -

If there are r successes in n trials, then there wouldben ~r failures. One of the
ways in which r successes may occur is

o4

y o or .

'Ir times I In : rtimels'
where S and F denote success and failure i in trials. -
Now, P(8S ...... SFF ... B =PEPE) ...x. P(S)P(F)P(F) P(F) I '
‘ ) * ' the trlals are mdependent)

: =p.p PG e =PI 5 -
We know that *C_is the number of combinations of n thmgs takmg r ata tune
Therefore, the number of ways in which r successes can occur in n trials is equal to the
< number of ways of choosing r trials (for successes) out of total n trials-i.e., it is "G,
Therefore, there are "C_ways in which we get r successes andn'—r faﬂures and the
probability of occurrence of each. of these ways is.p"g™". Hence the probabl.ht.y of r

successes in n trials in any order is’ , .
Px=r)=p'g""+p q""’+ ...... G, terms .(By'addition theorem)

or Px=r)="Cp'q"*0<r<mn. o

~* This is called the binomial probability functlon The corresponding bmomlal
distribution is W

x 0 ) . 1 . . . 2 . ) n
) P(x) "Cop";f‘ . e p‘q“'l {‘G;j)zq"‘z- | | »Cpd

1‘ " The probabilities of 0 success 1 success, 2 SuUCCESSes, ...... “n successes are
respect;wely thé Ist, 2nd, 3rd, ....., (' + 1th terms in the bmomlal expansion of

(g + p)*. This is why, it 13 called binomial dlstrlbut:on. .

10.7. BINOMIAL FREQUENCY DISTRIBUTION e

Ifa random expenment sansfymg the requirements of binomial dlstnbutmn IS repeated
N times, then the expected frequency of getting r (0.< r < n) successes is given by

NPEx=r)=N2C p'q"™ 0<r<n.’ T ©
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The frequencies of getting 0 success, 1 success, 2 successes, ......, n successes are
respectively the 1st, ‘2nd 3rd, ......, ( + 1)th terms in the expansion of N(g +'p)".

Example 10.1. An unbiased coin is tossed six times. Find the pmbab:hty of
obtaining:

(i) no head ! (i) all heads o
(tiz) at least one head i.c., oneormoreheads . 1
{tv) exactly 4 heads (u) less than 3 heads
{vi) more than 4 heads (vit) more th_an 4 and less than 6 heads
(viit) more than 6 heads.

Solution. Let p be the probablhty of succesa i.e., 