UNIT 7 HOMOGENEOUS LINEAR
ORDINARY DIFFERENTIAL
EQUATIONS

Learniny Objecaive:

Introduciion
Iomogeneous Lincar Kquation

General Solution of Hamogeneoeus Linear Differential Equation
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7.0. LEARNING ORJECTIVES

After going through this unii you will be abie to:

* Define homogeneous lincar equation

o General = betars “he npoo o ey diffepencial eguation
o IMind corvw b Parog o wujsadn @ fom
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7.1. INTRCRUGCTION

In the preceding chapter. we tearni the method of solving linear differential
equations with constant coefficients. In this chapter, we shall learn the method of
solving linear hiffe-eprafl i om. with g paviirnadar fope of variable coefficients,
namely, the huniog 2nvess O 2e eyl ine s

ol A . -

7.2, HOMCUGERYEGUS LﬂNB:AR EQUATION

A differeadial equation of the {onn
H~ 2

bt =1
-l FERY; A U vl
> LAY 3 . \ =
I Tt ot -';'f-(‘:‘ 3 + }":5 .ﬂ 7 s '—) Lol T ﬂy = Q
b ok A A
where Py 0, P, P, ., P, are all conziasty and () iz a Tunction of x is called a

homogeneous linear differantist equation of ordoer .
For exarminte.

Ly Cdy
5 ¢l !
2x° J3 +Bx= Tt Y =3inx
el \b' (4{

is a homogeneous hnear differential cquation of orders3,

Remarle, A hamreeas o b oar ditdeeontial g % a1 3% aleo called a Cauchy linear
equation.

Homogeneous Linear
Ordinary Differential
Equations
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7.3. GENERAL SOLUTION OF HOMOGENEOUS LINEAR
DIFFERENTIAL EQUATION

1 -2
n et dam frl

Y 4 P —-—-v—H’ R A +P,y= ..
dx" X cvj.lt-—l {Ixn—‘. i Q ( )

where P, #0, P, Py, ..., I, arc all canstants and € is a (wnction of xbe a homogencous
linear differential equation of order .

Lex Pox

Lot z=logy ie, x=0°
Now gla@..‘:i_zzi?.l:lgﬁ
" d dzdx dz x xd=
dzy - ii_(_l_ Ef_vj =1 d* d’y 51’4 1 dy _ O{J’
dx? delx dz % dz? dx a2t de dz
@y _df1(dly a1 [d_z:«f__i yde|_2(d% dy
ded  dx | x| d2? dzJI 2\ dz® de dp® dx Pl de?2 dz
B 1 ddy  d2v diy dyy_ 1 (d%y _.d%  ,dy
= _"3“‘"; SSE L 34— t2—
B l\d® dt) o« \(z; dz ) dz* dzt dz

On putting ) for gz— andd glearing the Hacdens, we gel

dy =Dy
dx

2
22 gx_agf = (D% -y =D~ Dy

dy
1322 (D8 - 30+ 2Dy = DI = DD — 2y
dx?

n

In general, x* g—f = [y — D) -2 (O — (r~ )y
X

(1) becomes

P, DOD-HO-2 ... O =i~ M+P, DO -5 -2
D=2+ ... + P

where Z is the function of z into which Q is changed.

|J+P]y VAN ¢4

n-1

(2) is a linear differential equation with constant coeflicients. This equation
can be solved. Let the general sulution of cquation (2) bey = f2).

The general solution of the given equation (1) is v = fllog x).
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)
! ) Homogeneous Linear
; Example 1. Sofre x? —=- d’y + 6x* J " 4y =4. Ordinary Differential
! cdx? d * Eguations
| 5
' 3 d y d -) d-} -
Il Sol. We have x d.lq e Bac® P F4x—= Ir -4y =0, )] NOTES
|| Let z=lowy. o o x=¢
) 2
v Eap. 24 opm-
ox of
d? o
| and 2% —— =D - D2 - m\mugn~7—
] x it
i ]l s (1) bevomes, [ = D —2) + 6D ~ 1)+ 4D — A}y = 0
j i ie, (% 4+ 302w Ay = 0 (D)

The AE. of (2) is
e s?—4=0
=5 M=1D2+ 4D+ H=0
O-DD+ =0
1y=13, -1, =2

i s The gencrai solution of 2315 v = ¢
& i y=e

}

+ ey + ) e,

The genaral solution of (1) e
v=ex+ e, te, logx) xa (- eF=() =
- Al oo
Example £, -Solve x2 — -y =xf e
[l o
dly ,
Sal. We have a2 -y =at el
(1AM “*
Let z=logv o ox=e
2
{ .::Z;i—x-:ﬂ andd ??fx =D{D -1, where D= %
() = [HD =) =2y=c? o=
= (D2~ - Dy=¢d7tg® (2
The A E of (9is PE-D--2=0, . D=-1,2
]
] o~ CF.=eesdeps=on! + gt
| 1 0s . 1 » 1
Pl =g {e” 4 ¢ )=y s e
D2 D -D-2 D:--D-2
1 1
S el G v | i
T ST (Case of failure)
= — 2z 4 - = -.."'-:f ¥ S T |
! (2)-1° 2-p-1° 73° =
tog <} . {
| =§‘(cg'-o wg—ﬂ . Lx -—J log x
’t ~  The general solution of (D sy = O R +D1
tf » Y
rz a4 o x% e~ | log x.
¥y =Xt ex 3(1 z‘.J o X

Self-Instructional Material 103




Differential Equations

NOTES

104  Self-Instructional Material

Example 8. Solve x° -L—’]—tj’L -x 4y 4y = gy
dx* ilx
Sol. We have
2 Y]
ey Ly satey (D)
dx® dx
Lot =l L =T
d o dF
x=-=13 ond & —5=DD-0, whore D= ——.
dx dx oz
M = |DA-0)y-D+ Hr= wh, (0P -ZD S By=Y2 (D)

The AE. of @ is  D-1%=06 o =11
CF. =(¢, + ™= (¢, + o log O a
Pl = —1- Qe=2 ---—-3----:.,- gl Dy Eo=i+ 20, )2
{D-1)* -1
=2lz+2 li=2 1 Rlecxwd
The general solution of {I}is y={.F +7L
y=Ae, te,log ) x-t2logx + 4,

Example 4. Solve x? _(?___{_ Sy ay gy =sin {for 1)
dx* rfJ.
2

Sol, We have x* -'Lf dx - & + 5y = log x (1)

dx el
Let. z= oy x r=a

a 0 o4 a

x—=0D and x*-—; =P -1, where D=
dx dt dz’
(D) becomes [IXD — 1) =304 3ky=sin z

= (D — 4D +9)v = sin = - (2)

The A E. of (2) 5 DE—al s 5l o De=uay

. . Oy .
C.F. = e% (¢, cos 2+ vy san 23 3 5780, cow (lop a) + ¢, sin (log 1)

. t
Pl =————gitla=—w— - gz
D?-4D4+5 e R
1+D 4 )
= LT BT 2= RALLS: Q)-;;;uz:—l li—ﬁsmz:ﬁl—d+f))smz
4(1-Iy 4 1--D 4 1-(—1 g

1 i, .
) [sin  + cow o} = ?;1 P log &) + cos (lng x))

The general solution of (1) s p=x G0 + P

y =x* [¢, cos (fog ) + &, din Jog xj] + —;f ivin dog x) + cos (log x)].

2 r
Example 5. Solve 22 i_“_ + 3x -(?-}—+ = SRS 7
dx” s {1-ux)
d’y Ay i
Sol. We have »? ——% 4 3y =2 b ymm-eiean A1
ol. We have x 3 roe Y P )
Let z=lngxy - a=ef




o d Homogeneous Linear
xeeml) oand  x? -d_z. =12, where D= Ondinary Differential
I dx dx dz E :
{ . L quations
1 DD~ D+ LD+ A y=T—7  ie 2+ 2D + =3
I ( ) = I ( k ’ J.} (1 - {32},. Le., (I) 2D l)y (l_ez)2 NOTES
or M+ D y=(t—ey? 2}
The A E. of (2) 15 {N-r 1)2 =), -~ D==1,-1
CF. ={c; +ep2de™={c, + ¢, log 2) x~
Pl = 1 (3 —oé)2 = 1 : 1 . 1
(D + 12 (D+H{D+1) (1-e%)?
— 1 - 1 z [ 1 ax —-ox
= » % ilz v = d
' DD J‘fl-—-gl_}gp ‘ [ D—aQ ¢ .[Qe *
- 1 L
. _D+1£ J(1_£)2 i, where ¢ =t
. — -1l = 2 - -1
D+1 | 241 pa1 e - =pyr (-9

1t

1

—
]
i
—
—_
i

~
Sr
]

—
32
L

-

l: D—ianem J. Qe ™ dx]

== 'f —1~-E--L;- dz=e | 8- di =7 [-Tlog (& - 1))

1 1
=g~ g (e vl lprirt-=—-—=lopg| = -
e log (=% - 1) o ¢ )=~ g(x J

The general seluiion of (1) is »

| -1 a—:{-(l_t)-a'llzhl;_
]
R+ P

=0,
i 1 0
vy e logay et — - log (_x.,_ [J

or 1 Cp+ e logx--log 1 I]
y= P L g 24 <
EXERCISE 7 |
| Soluve the following differeniic! equaiions :
’ d?y dv d®y dy

— L 4+ Q==L U3y=5 2 % — + iy =22

1 5 X o ay=5 P 3x . ty = 2x°
d dy d? d

. 22— 2x = _ =x} 4 2—-—-—v‘y 4 =
3. X Y o 4y =x 4, e +5xdx+4‘y o
. e Py dy o dy
5. (.TZD"‘F‘\D— Ny =x B » E‘Fﬁd‘t?".szzl
a, 2,

7 °d3’+2 S gy = (et 1 g By tdy 5dy 2y,

dx® dx d® xde® o2 dx 2
it

dy g%y [ 1 42y dy

9, ¥ ——+2x +2y=10(~x+— 10, X 5 —x == + 9y =
a3 T Ry U e gy s
d’y _ dy dly o dy

L R E XAy =" 3 7, a2 - —— =
11, 2 e ge ~ Ry =x log x ig o + 8x o +13y=log x
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L4y, dy i ..trh,dy , ,
13, =« -;t—xfuixa;u\r—\:‘p 4 x* o 4: i Uy = x+sinx

15, (SD? + 322D + aD + 8) y =65 cos tlog &)
16, (ADF+HEADS + 92D 400 Dy s (1 fog sy
17. (202 —aD + Dy = cas Gog 11+ xsin Jog )

Answers

1. . 2, ; N n 2
1. »¥= 3 + a7 o, cos Jog 4% + oy sin oy a™ v o (g g log A + 27 (og x)°

3 ¥= (?l.fa + Czit‘_l + é xtlog > A, v (,Ji -y log ) am? + _';?)
,”l 3 2

§. 'v—ct:+cr1+ fov=c + 0 Foit— x

- n?_ 1 - 1 e ¥ 1

1 1.1 . 51 -5 28

7. v=exi+eont— A2 Ly — S.V:Cﬂ,"{'l‘.\‘ws[ﬁ .Té + gk - —

- 1 2 14 9 20 ~ 1 2 3 5

1 , . o . 2
9. y=zcxl+x]e, cos flog 1) + ¢ uin Jop s} = Hed = log -
- ) x
10. ¥y = e, cos (log £+ g, vin (lrg 14 clog x
2 l"
[ X

11. =r:x3+————( + lo }

YEEET L T\ %

7 8 1 ‘r T‘
. y=xM|eycos| —log x |t oy sinj-— J—~-— : -7
12, y= 1 5 9B S 2 I o ogx—T)
1) o e X 1
18, ¥y=egxtant+ (l———l o 14, v = -—'-1-—"-%- s gin x
= A x 8

15, y=ex?+ x[a, ros (3 log oy £y &in (,J‘;} lug ] + & fas ug ) — sin (Ing 1)
16, y=(o,+ ¢, log ® eos Qog x) + {eg+ ¢ log ) sin (log Ok tloy A7+ 2log - R

. e 1 . \ 1 .
17. y=x[c, cos (/3 log ¥ + ¢ win (35 log 8 + oy [t cos (log ) — 2 sin Jog x)[ + g ¥sin

(log v).

7.4. EQUATIONS REDUCISLE TO NOMDGENEOQUS

LINEAR FORM
Consider the differential equarion
gy _ n- 1 " =s,
Pyla + bx)" gy, P la + )"t ¢ - e+ b A AV  ¥=Q"
dx” A7 d. =
LD
where P, 20, P, P, , P, are ad) eonstantz s G 55 iuurlmn of x. 'This equation

can be reduced toa homofrcnwu~, linear cquation by putting ¢ + by equal 10 some other
variable.
We solve the equation (1).

* A differential equation of this {ype is vallml o Lependre linear equation,
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Let z=logla+ 6x) Lo, atbr=e Homogeneous Linear

dv  dvdz  dy b b dy Orda‘ngo- D::gj?mmiaf
Now = e e = - quations
) dx  dz dx e ad+br  w+bxdz
dy rz_(__z_;_g} _ b dPdz b dy NOTES
det  dx a+bx dz) a+bx dz” dx (a+bx)* dz
_ b [y _dy
! Ttatbe Ll d2® de
diy _d| 8 (d% _dy)
i de®  dxl{a-bx)*\dz? d |
»®

T (et he)? _{EZHF_E dz° dx

3 i3, 2. 2
b [c.‘,_of;y 29{_9'_4.2‘1_3'}
|

d¥y dz  d%v dz _ 25° gz_y_gfg_!
s (2 +bx)° \dz® dz

27 da® dz? dz

k1 "3 2 \
- bﬂ? L§—39%+2d3
(o +bx)” | de dz* dz

On putting ID for 2 and eleaving the fractions, we get

@ +60) L. = by
tx

"

” {a +bx)? (j"'q" = b4 (DE-D) = b5 D(D ~ )y
ox -

3
(q +bx)3 5—5‘3’ = b3 (D% - 2D+ 20) v = 7 DD - DD ~ Dy
X

In general,

II {a +bx)' g;—ﬁ= D0 - By =2y (D= = D)y
(1) boeomes
P DD =DM =2 ... D= (=3P + P DD = HO =2 ... (D = (2 —2))
1 w0, BD+ P Jy=7 2y
where Z ix the function of z info which Q is changed.
i (2) is a linear differenuial eguation with constant eoelficients, This equation can

be solved. Let thr general solulion of equation (2) he y = f(z).

The general solution of the given equation (1) is y = f(tog (@ + bx)).
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where [}=

o
Example 1. Solve (x + ol f—% — i+ a) ay * Gy
dr dax

2., I
Sol. We have (X +u) 2 - A(x +a) -t—]gl +Hv = (D)

ex” dx

Let r=log (ta) o x—aws
d , o2
r+a) — =1.0=0, (yvu)f—5 =
{ )dx : i) i

2

u

—
k,

. o d
L2 - 1y =D(2-- 1), whereD= g
1 = [0 =1}~ 41> + €]y = =~y

(1P -5+ i = —a. A2
The AE. of (2is 1Pl 6=0 - D=2.3

CF =¢ e®ve, e =0 0t et - af

. LS SO coa 1
L=p 5nre piogb-s D -sD+6 "
1 " 1 oo g _xta o 1,

e T i L NE = = === (3x + 2a
Z_sn+6.  ‘G-v46 585 2 "6 8l »
The general solution of (1) is y = C.F. + 101

il

y = ey (x+a) +e e +al + L Gx+ 2a),

Example 2. Solve {1 +x)° 5{-—‘?; +(1+x} . +y o feoslog (1 +x)
dx* ox
Sol. We have

2 t
(1 + x)? fj—z 3 {1+ x) % +y =4 eos lou(l + x). (D
t{x 1L,

Let z=logl+y), o l+x=¢

3
{1+ r)g— =1.D=0, -+ —fl-;: =12 -D - D=0 = 1),
dx dr*

dz
() = DO-V+D+)y=deasz = (P+Dy=4cosz

T =

@
The AE of @is D%+ 31=0. . D=z

CF.=¢ (081 ~z+a,5in 1 2=eeoszresing

=¢, cos(iog {1 +a) + o, sin (log (i + a0

P.I

1
=rg —AsZ e g0z = 42 n 05 2
D°+1 ¥+l 2D

=2z sin z= 2log (1 + &) sin log (1 + 1)
L cos z = J cos z dz =sin z)
B
The general solution of (1}is y=CJ. + L

y=c, coslog (1+x)+c,sinlog () +x)+2ilog(l+x) sin log (1 +x).




————————

]7 EXERCISE 2

Solve the following differentiol oquations :

2 ’
1. (L+2x? i-l‘,- «B(1 + 23) dy iy = 8(1 + 22
dx” dx

2.

2 y .!
(3x+ ? %;‘,_ t PGk d) :—{: I P e
2 r
G+ 28 % -6 1 22 ?‘ji- +3y =0
2 T dr

. d3y oy
2x— 1)¥ =%+ Bx— 1) —= —2y=0
@1 di® @yl dr 7

b
@+ 12w er ‘_"_"_ =.0a? 4 Ja k 12
v o

Answers
y=(1 4257 [(log {1 + 2%+ c, bealog 1§ 4

Y=o Br+ Pt e, xr 2N ¢ ii? [t 20 log (G + 2) + 1

. g
y=cy(5 + 200242 ¢ ypgy - V32

; 5 ‘ B N
y=@e=De, + ¢y (rm DO b o g - 1

y=e teylog 1+ 8+ a2+ Fr {log (v + D

Homogeneous Linear
Ordinary Differential
Equations

NOTES
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UNIT 8 TOTAL DIFFERENTIAL
EQUATIONS

AR AU RL L

'ti { ‘.F! L1EM Y
PR RO LaAs

8.0, Learning Objectives

8.1. Introduction

8.2, Tota) Differentsal Eguatien
8.3.  Homogencous Tatal Ditferential Mouaiien
8.4. Integrable Tolal Diflerential Fquation

8.5. Integrability of a Total Diftorentis] Lyuation

8.6. Exact Total Differential Equation
| 8.7. Solution of Total Differnrtial Eganon
88, Method I) Solution of Exaet Taal idiffsrentind Bquation
89. (Method I} Sulution of Fxact and iTomogeneons Total hilferential
Equation of Dagree {1 = -1}
8.10. (Method TT1) Solution of Integrable Total Differentiable Equation by
Finding Integrating Factor by Inspection
| 811  (Method TWV) Solution of Integeshli Hemogeneons Total Mifferential

Equation
8.12.  (Method V) Solution of iniegranle Total Diffvvendiial Paeation
8.13.  (Method VI} Solutien of Integrabic Non-lxact Tow! Differential Equation

by the Methad of Auxiliney Bauntiens
| . .o ]

8.0. LEARNING OBJECTIVES

After going thiough s it youw witl be aile o

o Define total differentinl equition

s Find integrability of a rota! JifTer ential pepuation

s Find solution of total differentizl cquation and of exace tocal differential
equation

8.1. INTRODUCTION

Till now we have been discussing the methods of solving differential equations
involving only two variables. In the present chapter, wi shall study differential
.equations involving more than twao variables, A differential equation involving more
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than two variables is either ordinary o partial, 1F only one independent variable is
involved then ihe didlerential equation iz ordingry and the differential equation is
partial f more than one independent varizble ave involved in the differential equation.
We shall be discussing ordinary dilferentinl cquations containing more than two
variables.

8.2. TOTAL DIFFERENTIAL EQUATION

Let P, P, ... P, be n functions of w variables x,, x,, ......, x,. The ordinary
differential equation of the form
- > . R -
Pody, + Podx,+ FP,dx, =0

is called a total differential equation in w variables.
In pacticudar, it P, Q and 12 be funcdons of threa variables x, y and z, then
Pez ' Gy + B2 G
is a total differentinl equation in thyee varinbles,
We shall be studying the mathody of zolving total differential equations involving
only three variables,

8.3. HOMCOGENEQUS TOTAL DIFFERENTIAL EQUATION

A e e oty W 5 W TR D R W B IR S ¥ AAE MW N

Let Pdx + Quiv 4+ Hdz = O be o woval difforentiad equation in three variables x, v
and z. Here eacli of P, @ i 1 42 1 lunetion of x, ¥ and 2. This dilferential equation is
called a homogeneous (olal differential cquation or simply a homogeneous
equation il (he functions I, @ andd 18 are homogeneous and of the same degree.

8.4. INTEGrHABLE YOTAL UifrERENTIAL EQUATION

Let Pax+ Qdv+ Hdz=0 (B
be a total differential equation i thres varibles &, v and 2, Ilere cach of P, Q, Ris a
function of x, y and z.

The tot1al differential equaiion (1) is <aid tn bean integrable total differential
equation if there exisis o funetion nfx, v, 21 of x, y and z such that the equation (1) can
be obtainaed by differentiatine the relatin a(x y, £ = where £ is an arbitrary constant.

In sueh a wase, e celatin ay, y 2 = 405 called the sointion of the total
differential equation (1), The solution of the Jiflerential aquation () is also called the
complete integral of the {oral ditferential c:pration 1),

8.5. INTEGRABILITY OF 4 TOTAL DIFFERENTIAL
EQUATION

g A I S o D AR R WL LITVRS TR B F TV AT e

Theorent, Lai Py« Qdy + R = 0 be ¢ tlotal differential eguation, where P, @
and R are functions of x. y and 2, Thés equietion s integrable if and onldy if

Total Differential
Equations

NOTES

Self-Instructional Material

111




dz dv) Loy " ae b Tl

Proof. The given total difTerenuial equation is

Differential Equations Q0K ] (oR P }
|

NOTES Pde+Qdy+Rar=10 .1
Necessity. Let the equation (1) be inresrahle and s solution be
M. yv. 2y =c ..(2)
Differentiating (2), we geot.
. -
@j‘ de + :;{T& dy + t}”r:’ =0 )
Since (2) is a solutionr of (1), wa have
e dx + :)Edv* ‘“J“_ tlz = AP v+ Q oy + R od2).
ox oy iz

where A iy some function of x, y snd 2. Iu particelar if no muitiplication on the right
side is required then we have 2y, y, 2 = |

du i

ok, 22Q, Sh=aR
Y d=

?u  u . 2 fdu} D |3' }

Assuming =

ayax = _mﬂxay , WL Ve ‘?}; L‘[;} AR
\ )
= _‘—' (AP ,_L (A3}

)ﬂ-. & _ li@.i(gaj‘_
= d Ay e

3 07 Fh
- ;[Eﬁ_.‘?ﬁ P _p ot (4

Y ot iy oy

2 2
Similarly, —— 0 u :—d—— hnpries
E}zay dydr

f}Q 'B \‘ d!» - E‘)\

Ko Miipd_qh
o [ e Y )

ancl _‘Eff,"_ -—E implies
e a‘ !

ok o D
W9t ap gt (6
L?}x 8::J Flz ox ®

Multiplying (4), (5) and (& by I, I and © rexpectively and adding, we get

2R [aP - a_ciJ }ui"('?’g - 'E,’E{"] t }-Q (":'?E{— - ﬂt] =0

dy o Lz dy, %
0@ IR (HR g1’ dP 0
i B YA R4 ) | L "
= r [ 0z ay] oy ] [ay e )=V ¢ A=z0)
Sufficiency. Let
JQ i faR oP { P 8Q
=0 Sy Rri =L -
P ( oz E)y] s ] B TR -0
Let p be any functien of x, y and =,
Let M =ui, Q, =pR, R =pR
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We shall show thal (7 alzo hold if . ) and R are replaced by P,. Q, and R,

respectively.
d&}, 31{1
dz r,) I
(9
k J
, (i@
o !l ; ('lz
Similarly, Ry Aty t gR
dr a2 ax
and M _ an ﬂi
dy Ay

Multiplying thesa relations by 1,

dz dy

{BQ‘ d‘}’_l_]+ Q ('J}"-l (IP

o

=u‘: ‘ az dy )

+p{PLQ N

= + p) =0

. \‘ , R

P .':_’:Q_l_ ~ ‘_j._E_{,.I_ Q { dR
a2z oy L oAx

Thus if relation (7} bolds & thie cquaion Pdxy + Qdy + Rdz = 0, then a similar

relation holds for the equation

: .P{EQ—?_R‘{'*'Q(E‘&J

au 20 o a_u_ [N
q"‘) Q(I Ia)”‘( » an]]

2 — I R}
1 [ — l
') M .

L d'R 4 ] .'1&
;¥ %% -J [ A RJJ'J

R [ op dut
i) -p®
3 ) "y ByJ

). (el
dz ax ik

-@—2-+ {P' 2 Q-?E]
ax ; dy dx
LA, and R snd adding, we get

1 ” 1(9.1,1_ _agl,]

Jy )

dy  ox

] P £ ‘
R £+erJP ﬁﬂ

L]

2B _R:[fz;f;._'g&]:

iz |y ox

pb de+ QG dv+ pRdz =0

where [ is any {funciion of x, v and 2.

Now P dy + G dy may or may not.he an exact.ddierential with respect.toxand y.
ITP dy + Q dy is notanr exnerdifforential with respect. to x and y, an integrating factor
u can be found {or it artd equation (3 can than be raken as the cquation to be considered.
Hence there ix ne losz of generalivy v us:

with respect 1o x and ¥,

] .
We have 5"-:‘—}% wnd j (Pelx + Qely)y = V', sy
v d'\f
Py =y~ o du+ —efy
dx [ 5 !J‘. o
T 11
= = ‘—-{ wnd == BJ
’ %
Weviafwy aRY av [aR av
M=l w9 '—“;,“
e L0z dy ) dv g dy o c?\at

r]l e -- v

{ r;_ Tav iy _ fl (]V}] 0
L dv {

(8

uramng Belv 4 Gedy as an axact differential

Total Differential
Egquations

NOTES
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“be f(z, V) = 0, Pulting the value of ¥ in Jz,

= av VR AR VG
— | e e | o e e -y oz
azﬂy X!y l vx oz W -
7 S F Bt AN ! A ;’ ;
. a\ ! k.‘.“ - }{}J._’_‘_.. _f“.a;ﬂ
d_} 7 gy yx Uz K
LY 4 (r’}_\f _R‘l
gr dxi oz i 0
= dVo 3 {2V Jﬂl*-
P! MR
lrf aj_' 1\ ‘1? Fl E
. L, oY ce . .
*There exists a ralaiion betwera Voand T —h which 5 independent of x
and y.
%—v — R can bi expresaes as a unetion of 2 and Voalone
z
Let %\i - R =iz, V)
The given equation ¥ dr+ {} Jy + R 2= 0 reduces to
98 W
-E—Hd l--'l-—dH {m-il{—n—:{ﬁ --f—dz]
o '_'l £ ¥
d“ r I
--z.'xr-~—d s - Y
or e J+(R az]d )
or v ot W dr =0 (D

This is an cquation in two variables aod henes selvable, Lek che solution of (9)
V) =t wa deg the subulion of the given total
differential cquation Pdx + Qelv -+ Rz =0

The total differentiat ~guatrion P
solvable if and only il

Oy + Rz = iwintegrablei.e.,

=

P [9—‘3 - ’jiJ sq & ‘i-f—j PR [ﬁ 9%

ey Lau dy  dx
Remark. The necessary and suffizient sonditdon fw the sqution P dx+ G dy +Rdz=0
to be integrable can be eastly vemenhered Fessuze P CL R, oy 2, = appear in it in a regular
cyclical order.

e

8.6. EXACT TOTAL RIFFERENTIAL EGUATION

Let Pev « Qdy Y Rdc= 4 L)
be an exact total differential eyuntfor i three veviables v, y and 2.

Since (1) i exact, the exprossion Pdv 4 &y + Rz is equal 1o the differential of
a function say. n(y, ¥, gy of &, y ant 2

E} Ju o, AU !
Pdx + Qdv + Rdz = ff'u o dy ot e ide
r}y oz
= P ‘1'-’- Q= nad
dr ov a9z

* This is a standard result.




4P BB w9t D (ou)_3Q
ay r}vka:;J_ fyde drdy ol dy ) ox
I_d (o __"?ﬁ‘;_iz"_-:i(a_“]_a_f‘
oz E):f.'\av T dziy dydz - oy\dz) oy
oK _ [ﬂfﬁ] _difi,wff"i:_[ﬁ_}@

and dx  dv\iz) dvdz dzdx deldx) o2
w_Q B R IR P

61’ o or ;i,' 3 M
If the equatiow P dx + (3 dy + R dz = § i5 exact then we have
ki cIQ DQ AL LI R IP

dy Mz s e g4z dz
Remark. [f the eqmation Ddy+ Qdy + Rdz = ) 5 exact then

! P ap HTe
p(%Q 3R Q(BH _)_}_‘j”t(ﬂ;”@__]
dz By oy g vay  dr
= P + Q0] + R(G} = U Le., the condilivn of integrability is teivially satisfied.

8.7. SOLUTION OF TOQTAL DIFFERENTIAL EQUATION

Let Pde+Qdv+Rdz= D

be a total differemiinl equation in theee variablez v, y and 2. The equalion {1) is solvable
only when the funcrions P (3 andd R satisty the relution

(30 AR . ap P 3Q
P(,—.ﬁ e *‘f»(;—.“:‘] "(?.‘“_]
Wy or B oy dx
An vguat.oa oo Gu P (10 2a0 net satsy oy abeve selation cannot be solved.
There are numbier of mathois of solving ind ey valsde tsiai differential equations in there
variables. Some of the methods depend upnn the ecactness of the given equation and
some on the homogencity of the functions P, Q and B

8.8. (METHOD i} SLLUTION OF EXATT TOTAL
DIFFERENTIAL FQUATION

Tet P dy + 3 dv + R ode = (he an exaet taral differential equation.
aP M) ) H‘R AR _ ol

dy A& oy o
Since the given egquntion 15 expot we wouk! e able (o solve this equation after
some desired rogviugi vz o

The felloriae is ke list of sopw 0y DN eXACE dilferentials. These formulae
are used (o regroup the tems of e ziven siuninn. In ghe given formulae, we can
replace x by y (or 9 and vo on us desired,

(&) xdy + yvdx = d(y) 0 Aty + xzdy + yzdy = divys)
() Y2y + 2uy dv = diy9) ¢y Sty oy + X dy = d(Py)

Total Differential

Eguations

NOTES
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Differential Equations dy-yds (3 ey
(1) 7 =d{— R
x x ¥
NOTES (1) xdy: de =d (‘Ui (uiify f%'r"‘vfx =g
Xy Xy x” +y
L ddx+ydy (1 2,2 LAET E9))
(ix) — " _d{:é Tog (x® + ¥ ;J (%} R
oo eyl
(xi) difix,y, 2_}) —d (f(#..,‘f,-t«} R
(flx, y,2n" n+1

X g % R
iy 2B Ay [ L
y \ >

@) (x —y)dx - X dy +gfrE

() (yz + 2x)dx + (zx - 22)dy + (v — Zyldz =0

Sol. () We have {(r—yidy -xdy+zde= 0

This is the required salution,

Here P=wr+ 2y, G=m—2z HR@may--2y
ap P 2Q iHe R
— =z, =N, =L o=yl oo
dy de 7 dx Az Tk

P _aq

dy  ox

QR oW 9P

T oy o ik
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=d (log {f(x, ¥, DD

Example 1. Solve the following total differentia! equalions

G (v — 2y + 2= 2x3dx 4 (s = xliz +w=Evlily +(x -y by - Zxddz =0
(1) (32— e%e)dy -+ (2% v s ody £ (y cosx = eSpde = 0,

-1

{~ Putting e = 2k)

Here P=x-y.Q=-x H=u=z
e ; R, dR
%’.-—_—— s .(._!_l_::.[, _--)Ei-:--l‘ ila—-—: ,""_"—U, _,.."'“=U
dy 2 x foar T x dy
P_iQ g IR R
dy o 0z dy dr O
The equation (1) is exaet.
On regrouping the terms,
(1) = xdv — (v 4 wdy) -~ sz )
P { B ;o 20
x ool v fh P =0 PN B
= {![?J—a{.r,de=[1E-J—0 = d‘\Z xy+ 7=
Integrating. we get
2 27
- W + i ko= wE-Ewybrizc,

(i) We have (yz 4 2x)dv ¢ (ar —Sxjdy + Oy - dpdz=0

{1y




The egrattion (13 is exact

On regrouping the tevms,

) =
=
Pr=s

Integrating, we goi.

Total Differential
Equiations

(zdedzody txydzy+2vde -2z dy Ty dd) =0

dleyz) b dix® - 2d(yz) = 0
dicye + x5~ 2y =0

NOTES

xyz+x°-2yzce,

P U —

This is the required solutinn.
i) We have

G- rz-Adet (2R ry—dy -y e+ y—20dz =0 (D)
Py (y+z-20=y% - 22 - 2x(y - 2)

Oz -oz+ra-2y = -2 —29z—-1

Here

Res(u~aye+yv—-2oy=0% -y = 25(x —3)
o aP

—-m iy -2y, I T

Jy oz
)1
i ST 2y X . G2y,

thy oz
Mmoo, . aR.
_r'_i; =3x -2z, 'é;' oAyt 2z
v o &
The equation {1} is exact,

Ky _R R _ P

dy  dx oz

On regrouping the terms,
(M = (-2 = 2ay + 2x) daot (280 = Sy v Sey) oy
=t~y - 225+ 2y dz=0
= (2dvtixvdyy - (vt ey d) - Coyde+ 22 dy) + Qezde+ 2 d2)
(g vedy - Rvzdy +y2 day =0
= A0y — d(z4n) —d (i) + di2) + dz%) —d (32 = 0
= %y —22v =2y + a2z + 2%y -y =0
Integrating, we ot Yiv—2fv—afy+az 2ty - yiz=¢
= (i -z +yEi-x) +zx? -y =c.
This is the required soluiion,
) We have
(Aady? — ¥ v 2 (Lxdy +sin Hiedy F{yeos 2 - edz =0 (D

Here P=iddi—ee Q=2v+sine und R=ycosz—e
g ) 90 o 0Q
L gy, DLaver, ZRoery, Tocosa,
dy ) vz T Y g TR
am o, AR
—imegt, Sz nae

ax ’ a‘;'

P29 Rq IR AR AP

>

dy v’ & oy w3z
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NOTES

The equation (1) is exac.. Da repyouping the toems

) = (Avidy 2y M- Grdy ety s (sinzdytyeosnzd) =0
= d(x™5y - dies 2y + d(y sin 2) = 0
= dixivt—e z+vsinz) =0

Integrating, we get x* et z+ysinz=ec,

This is the required solution,

E‘\FR "JIHI" 1

Solve the following toial d:{fer.;.'m,a!. Guiil st

1

1. xdv+6y?dy+2ide=0 2-*;dx+ydz+z:{v=0

(v + 32)de + (x+ 22%dy - (Ot Un ke 0 4, (% v xt adyY Ly dy+ B dz =0

(vz + 2x)dx + (e — 22)ely + foy - Lypd s U 6. (G %4 2adda + Qey dy + 2P dz =0

1

7. lz dx - -;dy +82dz =0 B ooz x o de + (254 @2dy + e dz =0,

X e

ARAWRLS

1. 2@+8yd+ 2t Mg otz s doaptUyz+3a=c
4. L4t xr=c oA e By G2+t al=¢
7. _z- —zi=r By pla b din v =L

8.9. (METHOD il) SOLUTIGN OF EXACT AND
HOMOGENECUS TOTAL DIFFERENTIAL EQUATION
OF DEGREE (n » ~4)

Let P de + Q dy + I de = 0 he an exact. anel bomogeneous tolal differential
equation of degree n (= —1}. _
3 Iy uq _dR IR WP

a, TR Wy e oz (D
Singe the given equation is humogeoneous, so by Eular's ‘theorem, we have
Y ok P
Xt y-—+ 2P (2
o Y oy R @
Qg a"} i)
Xt - =) A3

dx ) il_)’ gz
xﬂiq«yﬂi‘l_rgi}:& =R @
a.l' - J .
Let Xl r 4 2R e ...(3)
Differentiating (3), we goi

P8 R , { UQ an]
1.-P 2o 5 e v =t 1 — | v
( +jci}.'c:|- i c}.t;‘m-‘ dy R R Wy “
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ie.,
or
or

Le.,

E)PI

Per L, 90
= +y 3 }('l

ac dy

=
=

XPraeQi+zR=¢cza

J€ Total Differential
+ {Q +x 1"" aQ —+z ] dy Equations
™ dy
[R+.\:§~FE+;\;EE @]dz=0
de Ty & NOTES

[By using (1)]
P+rade = Q+n@Qdy+(R+nR)dz=0
|By using (2), (3) and {4)]
m+ NP dx+Qdy+Rds)=
Pide+Qdy+Rdz=0
(- nz=-1
saluiion of the given equation.

Example 1. Solie the following fotol di fferentiol equations :
@ (dv+dz)dx + (v~ 2)dy + (2 - y)de =0

() (y2 + 27+ 2y + ’.w}rh + {02 b2 Sy + Syaidy +ct + 12 + 2vz + By)dz=0

(1)

Sol. () \\ ehave {dy+ 23dh + (dx — Dy + e -z =
Here P=4y+ 2z Q=dr—z, R=Uy—y
Kquation (1) is & homogeneous equalion of degree 16— 1),

I 4 opP 9 %) 4 a9 n dR dR

Alsi =4, =24, =4, =~1, =2, —=-1
=0 3*.! iz ax i e v
oY :}9 E}Q aR dR op

3«' ' oo Eh ri’ iz
The squation {1} is also exact.
The: solutios of (L) is
AP+ @ F il me
My + 20t ytde -+ 22—y = ¢
Bav—2vztdov=c¢
dxy —ye+ Zux = k.
This is the roguired soluion.
() We have (0% + 22+ 2uy + 2e2)edy

F 6+ 22% Dy F 2pnddy + OF 4 374 2oz + 2y)de = (D)
Here T =y"+ 2% 2uy+ 222
(=% 2"+ dagy o+ Dy
R=2a7 +y% « gz + 2yz
Eguation (1% s o homageneous equaiion of degree 2(z —1).
» ]
Also ?f_f-' =2y + dy. ?.;‘: =dz & 2 %% =2x+ 2y, %—?— =2z+ 2y,
aR ot
So =2y ur oo =gy v
ax oy
0P _HQ 3Q_aR k0P
Ay mt m a W o
The eguation {1) is also exack
The solution of (1) isaP +4Q 4 fi=¢
x(y? + 22 + 3xy + 2xz) + yv{x¥ + 27 + Oxy + 2vs) ¥ zix? + y? + 2xz + 2yz) = ¢,

This is the requived solutiomn.

(Putting & = ¢/2)

Seff-Instructional Material

119




Differential Equations J YRR UIGE 2
Solve the following tolal differsniind equetions
1. (x=ydx—~xdyrzdz=10 2, {y - Bddxw (or 2dy + (3x 2y)dz =0
3. (@y-2dv+2(v-Ddy ~ (x4 2yulr =0 4 (y—- Tdn -+ (x = 32)dy — {(Tx+ 3y)dz =0
5, (v—=23y—2dr+ {2y —3adyr {2~z =10
6. (y—2)y+z-20det e x-2y F e oty - 2zylz =1,

NOTES

AL rrs

B-xvrzl= B.rv vwor, ozm
iy — 1= S e A N

A2+ 292+ 22 -y~ D= e
Xy -2+ yP - D 2R yh e

LA

8.10.(METHOD ilf) SULUTION OF INTIEGRABLE TOTAL
DIFFERENTIABLE EQUATION BY FINDING
INTEGRATING FACTOR BY INSPECTION

Let Pelx + Qdy + Rdz= 0he an iwnogs ahle tocal diflevential squation. If the given
equation is not exact, we find an infegvading factor A%z, v, 2) by inspection. By multiplying
the given equation by A{x, ¥, 2), we gét an wxaet dilferandial equation and this equation
is solved by using the method discussed eavlies,

Example 1. Solve the jellswing toul differencial equations :

() yidx - zdy +ydz =0

(#7) yz log zdx — zx log vdy + xydz =0
(i) (2%y + D + xfdy +aftim zde= 0

() (2x? + 2oy + 2zt + dv vy + Sz ez =0

Sol. () We have yldx—zdy v vz LAD
Here P=3y".Q=-2.R=y

dy iz ox dz v iy

op _9Q

FUAgE = Equanos (1) ws 0ot exart.

3Q ARY (IR uP )

Now P|—==_2{4.Q) e |+ R| o= —
o (az 0 J-| Q \br. gz + L;J}_' Jr

=32 (o] 1)k (= 0 =) 5 (B - 0 = 2 Yyt=10

) - . o . D
The equation (1) is integrable Weake 5 as au infegrating factor.
3!

Multiplving (1) by

= 3
],',—, wogel v~ “-dy+ = dz=0
” o2 v
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e

= dx +

. 7
Integrating, wo get. x4 = =c.

This is the required soluuion.
(tiy Wehave yzlogzdyx—wvlonzdv+apde=0 oD
Here P=yzlogs,

0z

Now 99— - ﬁ
&y
=yzlogz(ex—xlogi—O—avilor sy --y~ylog

= - dyyz log x—xyz {log 22+ s Jog 02 + 2xyrlog 2= 0

The equation (1) is inisorvable. We take

Multiplying (1) by

U

U

Integrating, we get.

=3

=

Thix is the required solution,

(#ir) We have v+ bde+xtdy+ i tanzdz=0 EY)
Here P =2+ ey BE=xtum :
3 ] )
[.J—T=2x3, '1}-**0 ﬂL}-cdﬁ:S, . ), —2xtanz E=0
dy adz ax sz dx dy

ydz - 2d3

%%::-‘a.logz, -?g-:—x{\z-%+1‘logz] =—x-xlogz
dR _ oR
I ¥ dv =y
WM
B m Equation (1) is not exact,

hl P !
]_Q(_{*_ﬁﬁ]m(ﬂ_} 0

gr oz, dy v J

Total Differential
] =0 Equations

=0 = d.'.'.-!-d(:‘]=0 = d[x+—
¥ WY

- NOTES

Q= —aviogy, T=xv

dP 3P 1
—=glogz, —=ylz.-=~+1.logz|=xy+ylogz
dy z z

>

D+xy(zlogz+zlog2)

as an integrating factor.
xyzlog z

e el
Xz log 2 )

d " d."’ ”“"‘i"" dz=10
X ¥ zlog 2

d{log 2) ~ dilog ») + @ing log 2) = 0
dlngu-logy+loglog =0

o {Iog [i log aU =0
y 2

..x 1
|gg '; ogzZ|=nr
x X

Sloga=et = Tlogas=k

Yy oo 4
xlogz =ky.

(Putting k = ¢°)
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J o

Now (%Q—@J-l Q(‘m: -
NOTES > o

=y Equation {1 5 now. exael.
> Tl

) pfr )

(}Z“; '}jJ' i?;\.'j

= (2% + 1) (0~

O + 2t (M tan 2 —~ ) = X% can 2 (239 — 44)

(i) We have

=0+ 20 tanz—23 am == (i

1
The equation (J) is integeabic, Taking integraving factor —3
' x

becomes
2:!:3 ! .\
LI vt Xy - tan zde =10
1 2
= 2ydvs wdetaFdyrimzde=0
X
] A 1 N
= Eyvde+ 2% ) + 3 ax +lan sdz =10
X
N N
= A+ d i+ dop sec gt =)
VoxJ
’ N
2, L |
= ,,f{x vt logaee el =
L Ny Fl

. L} 1
Integrating, we gat XMy - " +Hlogsecz=a

This is the reguired volition,

A2k 2xy 4 2zt Dyl vk Bad == 0)

Here P=2¢2+2vv+ Dzt Q=i 11=2z
QE:?.JJ, Jr = 4z, E{:}':U, -ﬂ(‘ir’) i_)—.}i:(l_. -;:,-i-}i=0
dy e de bzt v iy
® e
E}y = Fouation {13 1s not exacr,
Now B[22 o2 22), g2 )
dz v / &k L dv  ox J
= (2% + 2oy + Z2f 4+ DO+ 1 @ - + By -
The equation (1} is integrable
(1) = (2a%+ 20y 2urBle + (v + oy + 22y = D

= v+ y+ e+ vy 2H =0

Taking integrating fachor ~—-w——s  cquation (2) becomes

Integrating, we get

122 Self-Instructional Material

. X+ y+z
sl r,{{H»J i-,,)__o
TEYHT
= AT + oz (et ¥y 2 =0
= gt tlog (xry+ 2y =0

X +log(x+yv+uti=¢

This is the required solution,

. equation (1)

(D

M=—dez+4xz=0

{Note this step)

.(2)




EXERCISE 3

Salve the follmring total differentiol equations :

]

L xdy—ydx—2xzdz=n cByzdx+ zady —xy (1 + Ddz =0
(@ — 2)(vdx + xdy) + pydz = O d Bxzax F ady—dz =0
x(y% = afdx + y(* = B)ily - 2(y? = aHelz = 0

3
5
6. (+zheosxdv—{z+dv+ (1~ Ay —sinddz =4
7

Qyzddx — Bzxdy —$xvdz =0 8. (2 - Dyzddx + ayzdy + xlz + R)dz =10
Answers
¥ o o .2 2
1. ; —z"=c 2y = oot . xy=cla-2z}
4 R+y-logz=c AT o T TP B 6. v —sin x = cze™
z
7. =y B %+ tlop e+ pak?
Flints
1. Usec [.F.=-—12~ 2. U:%el]".:i
x Xz
. .\ i . .
3. UselF. = ———-. 4. lse LF.=—
xyln - 20 z
5 UselF = —2—-T]T——2— 8 Usg [V = -m—l—z—
(y° —a"¥x= - 2% {y - sin xXz + 2°)
1
8 Uselb.=—.
2

8.11. (MET.HOD IV} SOLUTION OF INTEGRABLE
HOMOGEMNEOUS TOTAL DIFFERENTIAL EQUATION

Let Pdv+ Qay+Rdr=0 ()
be an inlegrable hbomogenews total ditfereminl equadion of degree .
The functions !, Q and R are hamogeneous functions of degree n in the
variables x, y and 2.
Les. srpeoand aoten
o uderidne and dyvodovido
{1 = Pluz, 12 o (v dz 2]+ Qluz, vz, 2) [ dz + 2 de]
+ Rz, vz, 2y)dz =0 (2}
Since ', @, B are haomogenzous funchions of degree n, we have
Pluz, vz, 2) =2 Plre, v, D Qlrer vz, Sh= o L3, 1, 1)
and Rizz, vz, 2) = 2" R {i, v, L)
(&) = 2P, Dindoy 2 du) 2 Wae v 1) e dz + 2 dr)
+z2" R, v, Ndz=10
Dividing by =", we get PO, o 1) [ dz + 2 dud 4+ Qa, v, 1)
[tdz + zdv] + Ry, v, Ddz=0
= Polngzradi)+ Q (vderzduy+ R, dz=10
(Mutting P, = P(u, v, 1) ete))

Total Differential
Equations

NOTES
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NOTES

= HP du Qplry - P 2 eQF R)dz=0
y Q, 1
= —- i o fv+ = dz= G
TN S R A N @

In equation (), the variable = bas baon sepacated from the variables v and v
and it is oceurring only in ihe last fern
Since equation (1) is fntegrable, the squation {3) is also integrable. |
_ﬁ_pl__ Q-

S N -0)
HPI‘]'UQ] +R-1

U’pl - L"Ql Rl

A [ (N U - SR ﬂ o
2 ov ety ruldy biy ) duleP+vQ +Ry )T
9P 3 af ...‘s_]
au[uP]+uQ1+ LHJ]FUQ}_,—
Py ) Wy .
uP,y +UQ1+R1 uP} +ol -
third term of(i) is exact differnniial of fog 2,
The equation (3} is an exaet eguation and 3% thus solvable. In the solution of
(3), we put 1 = z/v and v = 2/y and get ihe reqaered solution of the given equation (1.

Ma.

dv 1e an exact differential. Also the

Example 1. Sofve the following total differentiol equnaiions :
() yazdx — 2%y — xyddz =0
{0 (yz + 2y — xzdy +xvifz =0
(iid) (2xz — yz)dx + (Zyz — xz)dy = (k2 « oy 4 3200z =0
() yz(y + 2)dy + (e + ehdy Y xpfu s yidz =12
Sol. () We have: yzdy -2 dy — xwifz = 0 ()
Q=—z2 R=-2xv
(1) is a homogeneous equaticn uf deeree 2

w0, ®__ R

Here P =yz,

T e T R T T T
4@ IR o aP (P 80
pl=2-I= LR IS ] R
(az a.v]*Q(a.r L) (_a.y =
2oy 23t A -2y - ) — vz — O}

= em Py 4 gy - Dyaf -y = 0
The equation (1) is integrabhe.
Let and

Xz FE

and dv o eds toady
rein) = 22rdds 4 zdo| — w)eddz =0

vl ¢ zdie] — fodz + zdv]l—edz =0

v = udz + zdu
(1) reduces lo (rzvzhirds -

= Dividing by 2%, we gt

= nzdu - zedv -vdz =0

= 2tdu —duy —vdz=0

— E.Ei.u_du_ldz={]
1 z

= du——lu'u—l de=0
u z
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= i —d (log v) — dlog 2) =
= dr-loge—log2)=0
Irtegraling. we gei nw-logr—logz=logk
= u=log (hrz) = hkuz=ov
= ky=e* = y=oe*, (Putting €= %]
This is the required zolation.
(i) Wehave (yz+ 28dv-xzdy +avdz=10 (1)
Here P=yz+ 24 Qmearz, R=xy
(1) is a homogeneous equation of degree 2,
£ o
By, W ie, 0 R_OR_
By dz f1Ad iz dx dy
J@  oR {oR aP P Q"
Pl—-— v — |+ R - —
[ 2z ] "W ] [ By ]

=(yz + ")(— Xy - xxly-y 2 apz + 2)
= —Hgvz - Zxzt 4+ QT+ Zave = 0
The equation {i) is imiegrable.
Let. x=uz aml y=rz
dy=wude+ zduy and  dy=vilz Fzde
{1 reduces (o e + 29 udz + zdul — ud® [vdz + zde] + wmeidz =0

Dividing by 2%, we gou G+ 1) Jeeddz -+ 2du] = wledz + zdo] + medz =0
= e+ Ddu—vzdr + e+ u—ue+ur)dz=0
= 2+ Ddi —ndv] + (e + Ddz=0

fo+ Ddu—udv 1
. fv+ Ddu —u v,1. 0

u{v+ 1) z

= -]'-dnr— 1,dv+—}-dz=0

i +1 z
= dilugu ~log v+ D+log2)=0
Integraling. we get fogu-logo+ ) +logz=logk
- -ﬁé_: [, ___i_ =k

v+l )
= se=hiy+2).
This is the reauired =olution.
(i) We have  (Zxz —az)de + 2z —azify = W2~y + y90dz =0 LD

Here DP=2xvz—yz, Q=2yr—yz R=—-{x’—1ydyd)

(1) is a homogeneous equation of degree 2,

op ap 30 2Q IR R
—_—— =2x - —_— —_— -, ——=- , — =X —
By P P TITY R TTE R SN QWA o=a-y
p(Q_IRY o Q_R_ﬂ?ﬁ} r[3_ 3
dz dy ox  dz) dy ot J

= {2z - yD(Zy — v Hdy) - By -a)(- 20ty — 28 4 y)
—(E—xy+ ¥ -2+ 2)

Total Differential

Equations

NOTES
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NOTES

126 Self-Instructional Material

= e - )Ry — ) + 2y — ¥y -2 = 0
The equation (1) 15 Inivgrabl:
Let x=uzr and y=2

dy=wudz + zdu s dy = ody 4 zdy
¢ rcd'uc(zs té
(Ruz? — 029 [udz + zdu] = es? —na)e dz + 2 de) = (82t - uis? + v2eBdz = 0
Dividing by 22, we get.
(2n — ) udzedit + o = w{rds - sdel - &% - ue + 0Ddz =0
= 2Qu— vy 220 —w)de + Qe - e+ 20 o -2 ue - 0Hdz=0
20w dhy F{2r = idol + 0 — a2 1Dz =0
du-~wdy vada)r2ude 1

= 5 3 +—dz=0
AT z

Y

{Note this step)
dtu?) - Bud) + )

= ALy 2 dz=0
PR RIR
d® —ue v )
= co ! L dz=0
u® =+ o "z
Integraring. we get: log (i~ + 1) tlogz=loge
= G2 ~up+1dz=c¢
2 2
{x XLy
= w2t s |z=ec
R
= xt—xy+yi=cz,

This is (he requirced soluiron.
(ir) Wo have. e + apedx ek v davfy + iz =0 (1)
Here - P=ya(y + 2), Q= .ueiv-b 2y H=xv(x-+ 3}

(1) is a homoguncous squuiion of tavree 2

apP .y ¢

—-="£ya‘+-z"", 2——:.5!‘ + 2vz, dT-:‘sz-i- 22,
h U i

ot o ! H

]?—:x“ + 2xz, %}--*-Zx\--ry -E--x + 2xy

()... [1=5 ;}_}’

P(@ JRJ Q[dﬂ _ dl’)+ it‘(fffg _39_}
0z oy &/ Ldy vy
=yely - D 4 2oz - 2~ Tyt + x4 22y + ¢ — y2 — 2y2)
+ gyplr + W{(2yz+ 22 - 2vz — 2%)
= 2yye(y A D20+ 2oy + (v =2 + Zeyslx + )y —x)
=2uyzfet - R a3 = G
. The equation (1) is integrable.
Let r=nz and y s

dy=wuds+zedu and duzuvdesrdy

{1) reduces (o
reiez + 2 fu de 2 di] oo

ez 2 do] ez uz+ o) dz=0




!

Dividing by 2, we gt Total Differential
vl Duds + zolu] ¥ (e + 1) fede + zde] + (e + dz=0 Equasions
= zo(e + Ddu + za(e + Dde + e+ 1)+ ue@e + 3+ ue@u +0))dz=0
= ziede + Ve 4 wlee + Ddvk+ 200G+ 0+ 1dz =0 NOTES
v+ D e+ 13 2

- a4 du+—¢dz=0
= ua+ v+ 1) wol{u+u+ 1) z
_ L SN b SN A

wlu~v+ 1} i + o+ 1) z
rtutli-n ro+1)-
. (vt li-2 .. (u.u-il_} Udv+2dz=0
e +u+ ) et v 1) z
(Note this step)
. o
- LR SO NN PPA P
¥ owtwes kL U ute+l) z

- Lo tdye e tdn v dey+ 2de=0

i u it z
= L WL A S A +v) + 2 4:=0

T b7 4 ny+1 z
Integrating. weget. loguw+loge I+ e+ ) +2logz=loge
= st w el ))

w0l

r \

= i.i-z:zzt:[£+1+]J =3 xyz=c(x+y+2).

g Z 4 o

Thiz is the reguired solution,

EXERCISE £ J

Soelve the following total differvniiol equations :
1. (Qy+x—2)de—(xv+ 2)dv+ 20+ ide =D

2, 2y +Ddr—(x+ Ddyv+ Ry—x+Ddz=10

8. OPrrayz)dut i rindy + 0-xdz=0

4, zlz—-Ydy+2z+ xpdv + 2+ pde=0

5. 2ZZdx+ (2 -2ya)dy+ (2~ yn—a2ddz =0

6. oy -y -yRdv+ (ot -atza i 4 et R aty)de= 0

7. Cuyz+ izt y20)de (B0 Lz v oeNdv + (o 2p90dz = 0

8 (P az+tDdy st 22k ae By P tar Rz =1,

Answers

(x+ 2P =clxty) 2 o+ oy o)
yxtzy=ely+2) 4, g+ =l z)
x+yz—yw=z G2 F e =y

7. xyzlv+y+z=c Romy t yr vty F2).
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Differential Equations

8.12. (METHOD V} SQLUTION OF INTEGRABLE TOTAL
DIFFERENTIAL EGUATION

NOTES Let Pde+{}dv+itde=0 (1)
be an in{egrable (otal differentind equatiorn.

In this method. we consider any ona of the variables, say 2, ns a constant for the
moment,

() reducesto Pdv+Qdy+RoO=0
e, Pdr+Q dy =0 2y
Let the sobution of (2) he uly, ¥, )= 0{=), whnre $(z) is any arbitrary function of 2.
We have taken ¢(z) in the soluion of 2) it place of tn arlatzary constant because ¢(z)
is a constant with respecl Lo X and.y.

Let plx, ¥, 2) be an interrauing faciar of ()

d due
U e+ 21 = b = G dy
Jx dy
du Ju
P oand =t
= g pP and L=y 3 RE))
Differentiaring wix, v, 7= ${z) w.r.t. x, y and =, we gei
B e B gy 2 B g iy
(}’-: oy oz
= plde = pad ey = == :?" = ¢fp BRC )
(n = urely = pd oy pl;d:— ] ...(B)
Subtracting {5) from {4}, v¢ ge
= =~ Lo O
l)?
ie, dip = [""—H}\\[ dz

This equation iz sohved (o get hevahie of the funciion 9(z). Tho value of 9(2) is
substituted in 1y, ¥, 2) = 6(2) Lo #ei the sotetion of the given aquation,

Example 1. Solve the foliowing tefal difforentiol equutions
() Ay +2)de — (x +2hly + (Zv -yt hlz =0
@) (2¢2 + 2uy + 2e2® + Ddy vy + Bl = 0

(D) y22(x cos x — sin x)dy + x22(x cos ¥ — sin yhdy + xyly sin x +x sin y + xy cos z)

dz:=0
(i) Zyz dy + zx dy - xy(f +2)dz =
Sol. () Wehave 2(y+opufe—ix+ .':}d.y +(2y--x+dz=0 LD
Hoe P=2(y+ 2y Qu—fvt2) R=2yv-x+z2
ar JP ak} 3Q R oR
_=“ ———::" .__'="'I-- TEs4, _":"‘11 —=2
v dz 2 dx 0z ! ix Y
- ) .
p[2Q_IR), (f_ﬁﬂf’—l-]m 924
dz &y dx dz dy v )

=24 e d - et F S = 2) 2y —x 22+ 1)
= Gy--fBz+ivtdet G- Gtz =0
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The equation (1) is integrahle. Total Daﬂ?renr:’af
Considering z a3 a4 constang, we vave dx = 1. Equations
s = 2 Ddv-(x+ Ddvy =0
dy _ 2y +2) dy 2 22 NOTES
= ST LT ™ S m ey s .. (2)
l e vz de x+z” x+z
! This is a lincar differential equa ton of trsi ardes.
I~ % D logz iz + 3 1
IF = **2 e iz
g (x + 2)*
The solution of (2) is
1 kg 1
' 5 = - - (i'(.' + ‘I](Z)‘
(x+2) -[ x+z (x+2)
where ¢(z) is any arbitrary function of =
Y (v +2)°
= — =2z, + {2
(x + 2)* -2
- Ny = < 5 + Xz} 3
{(x+2) {x+2)
Differentiating (3) w.r.t. x, ¥ mad z, we get
b} ‘)
1 5 dy——i}L—,;dx——, =Y 5 2
{x+2) x +2) {x+2)
2 1
S SR Y N 0 PR
(x4 2¥ fx+2z)° {(x+2)
dy 2y , oz 2z
= - dx + dz} =~ - dx + dz) + d
+2P (2P ¢ 4 (x+202 (w2 ( )+ do
20y +2) . dy
. fdx + dz) ~ - +de=0
- (vt 23 (x4 2% (x+2)7° ¢
= 2+ Dely - (x+ Ay + By -~y badz+ (x+2Pdp =0
= (x+ 2% b =10 [By using (1}]
= dp=0 = op=¢c
: Y . < . b= 2
! ORI 4 Y UK - PSS e = ytz=e(x+z)y.
! This is the required soluiion,
: (i) We have {232+ 2xy & 2uzf 4 Ddv oy + 2z =0 (1)
Here P=2x3+ 2xw+ 202¥+ 1, Q= R=iz
) Wy WP, Q) R
v My dz b dz dx dy
{ i { ar AP ¢
. P gg_.‘ﬁ]TQkQ_“?LJ,L R(-—--—-?—(?-
i dz 9y de oz Loy O
= (2% + 2oy + 2a2® F JHU = 0) 4 L (0 = 4x2) + 22(2x - 0)
= -dxz+ dxz =)
 The equation (1) is integrable,
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Differential Equations

NOTES
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Considering x* a3 o constant. we have de =0

n = dy - 2 de=0
Integrating, we get  y + 2% = olx). (D

where &(x) is any arbitrary function of x

Differentialing (2) w.r.t.. v, v and 7, we wet

1y + 2zfz=do (3
M- = (e + 2y + gkt 1) il = dg
= (23 + 2oy 4 2o + Dde =~ @'kl
= O(X) == {2+ 2ny + 2ez? + 1)
= o (x) == (¥ x(y + 3Y) 4 1)
= @)= -2 - 20 o) ~ 1 [Using (2)]
= :‘;-3 Fupm—(?E 1) 4

(1) is a lincar differential oquation of fustorder
] 'F — el'szit — (,.l"s

Solution of (4) is

@ “ L e
@(Af} e¥ = [ {20 e drre
= () ex? = - J'.r SO e i e Jr o vxte
- 2 2 ! 2 x
=—ta-¢t --[l.e" dx:l—[(*“ detec=~x +¢
L J g

o =

2 . \ K
p)e’ =-ae® 2 = (y+rzhe’ =-ze” de

= (x+y+z“)ex= =a,
This is the required solntiog,
(i) We have y%2(x cos € — sin 2y + 252 {y eos y —sin Wdy +ayvsin x + sin y
+yveos Hdz=10 D
1L can be verified that the eipuution {1} i indegribh

Considering 7 as 2 econstant. we have dz =10,

) = 3%z (v ror &~ = Dy + 2Py cos y — xin y)dy =0 A
- ._xj_cl(":'s‘_a'_.;—__s_:n LI cag._z; sin ¥ dy=0
= 3

{3in x 311 Y
. MELY d("—“—ﬂ]w

Lox (N

ginx  siny

Integrating, we get R, . o(z} . O 5]

x ¥

where 0(2) is any arbitrary funciion of 2.

*We have chosen x Lo b cougtant buoegnse Ds more complex then ¢ nnd B



Differentiating (3) w.r.t. x, 3 end 2, we ges Total Differential
Equations
] :ccusx;alnxdxﬂ_yma_y;smy dy = 0’2yl
x ¥

! = ye20x cos &= sin A)efy + 2%y cos y —sin yidy - 2322 ¢°(Ddz =0 NOTES
l @
1 (=) = xy{ysm v+ vainy+aycosz) det %y ¢ @Qde=0

= ysin A+ oy siny 4 xycos 2 = —xyz 0°(2)

sinx _ siny
= 'x "‘y terosz=—-z90(2)
= o(z) + cos 2z =2 0'(2)
dé 1 €03z

This i a linear aguaiion of figst order,

j- E‘J,
|37 = =gl =z
. . e ‘ 0%
The solution of (5} is &) - - ""—' ) zdz+c
= () =--zinz+¢
sinx  sny L
= g|—+— T~AnzT+e
!. x hd
ginxXx siny sinz ¢
= + -k S
X v A %

»

This is the required sofution.
() Wehave 2yzdvdovdv—xy(i+22dz=0 {1
Here P=2vz, Q=zv, R=—xy(l +2)

| JP Japr 3 JQ JR dR
" _=2 ——=2' —_——2 —_—), — = _ , — =—x—
. dy e g T oy Vo
0q IRy ok APy (8P 0Q i
O i S P 4
P(az Fb'.]"-‘%l\a"‘ 34._] L"y dxa’

= Spz{x + xt v;;fi ol v —yr - 23 —xp(l + (22 - 2)

; =dayz+ 2uyrf - vz —xvl— o -y =0

’t o Thea equation ¢1) is miegrable, Considering = as a constant, we have dz=0,
(I} = Byzdetaxndy =
—1 ‘(I-L"'I‘G’y-"a
Integrating, we ger 2 dog x = log y == log p{.
! where 02} is any arbitrary funetion ot 2,
]I iy = 0(2) A2
Differentiating () w r.L. x. ¥ and z, we gai
2ry dx + x% dy = §T{Zed
= 2oy de+ W dy -6 (D) de=0
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Differential Equations

NOTES

Multiplying by —:— , we get

Lyl = xzily = :- ol = G (3
M-@ = -l ¥z 4; o'z + 6
= A rmsdin) = oMl +z2)=29(2)
.':.:..(—::_:j_}_z EEN ﬂ—:‘;?._}- -—l 1
= () z oz) =

Inlegraling, we got.

log o) =log e+ g+
= log sy =logz+x+o
<7y

e

= Yoyt -y,

This is the required solurion.

EXERCISE 5 J

Solve the following total differanted cgreiicnx

1. (v+de+(z+ x)de+(x+pdz= 8 elz —vidy+ ziz+ Ody +x(x + y)dz =0

3. x2¥dx—zdy+2ydz=0 4. 33dx + Evidy - 3+ 30 + 0B)de =0
B, 0+ yi+ ehdy = taydy - 2aed: =0
6. (y+edy Y (e'z + eVdy i+ {2 - iy —g2idz =0
7. (z+ 2D cos xdy—{z + 20y 4 1 = 2Hiv —sin iz =0
8. (2az — yodx+ (Zyz —zxddy — (W = xy ¥ plz =0
Anzvers
1. xy+yz+ax=q Sk +
2 2y A% =lert v kAT
5 ¥+2l=wl+ e B g% o T Rer =
7. Ginx-w2+=er Boat—wyt V=02

8.13. (METHOD Vi) SOLUTION OF INTEGRABLE
NON-EXACT TOQTAL DIFFERENTIAL EQUATION BY
THE METHOD OF AUXILIARY EGUATIONS

Let Pdx+ Qiy + Rde =0 D
be an inlegrabie non-exacl total differentinl equariion
3 3" "m1 ’
p[Q 2R s.-qt?it- - 91~]-+-1e[‘-,’1----35§] =0 ()
oz dy A -3 dy dx

Comparing (1) and (2}, we have
dx _ riy _ d;’._'_‘ (D)
9Q OoR JR _aU " ar_3Q

E__J\_ dx iUz ay"ax
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il ‘
i
|
|
|
: These are vatled the anxtliary equations of the given equation (1). Total Differential
: . Equations
R aR 9P ar 9
]i Since () is non-exact, ?S - —%’*%};—H % and -‘;’-y - % are not. all zero.
-y = - v = P H = :
Lev ulx, v, 2) = a and v{x, ¥, 2) = b be two sohicions™ ol (3). NOTES
In the next step, we form the vquation Adu + B = () and find the values of A
and B by comparing this equation with the given equation {1). Using u(x, y, 2) = o and
vix, v, 2) = b, we find the values of A and B in terms ol 1 and 1. These values of A and
B are substituted in the equation A + Boe = 0, The solution of this equation gives
the solution of the given eguarion ()
. Example 1. Solve the following total differential equations :
OO +Hyde+ 2oy + (Ve ) dz= 0
(1) (x2y — v - yinddu + (o 2 S dy St + edydda = 0
Solb. () We have (7% + y2dde+ 2%+ 20y + (35 - avddz = 0 LD
Here P=3t+wz (J=2+2e H=yd—xy
] ? = ¢! o
—-’-Ir-=2y+z,ﬂii=y. ﬂ::z,—(iﬂ-:!z:: +x, ﬂi:—y, IR =2y-~x
oy dz Iy oz 0 oy
Since gfatgg the cguation (1) s nob exaet,
dy ox
]
|
i : 3 OJROOOF SIPTA R
(| Now PpldR_MR +Q( ] r}]H LX)
f 92 av ax ¥ ox

= 0¥y vy 0 F E 19 Gy - )
+ - @y +z-2)
=y @A -y ) -brEF iy -y
=2y [+ e -y ) —u(@ T4+ Yy — 2]
i =0y [z - oy by — 2 o+ ¥ -y
w2 % 07 0
The equation {1} s in{egrabie

The ausiliary equations of {13 me

i dy  dz
"a“(_}_, N }J_}i - '}R ar - df’ ~ dﬁl
G2 dy ox Bz oy ik
]% dx dv dz
= xr =
2z+x-2yry —v-y yti-
BT L
i = Ax—-y+z) -2y 2y
i ¥ . .
= _dx v _dz (2
X-y+z =x 0y
l Taking last two fractions of (2), we get — dy = dz.
= dy+zp=0

Integrating, we gel y+z=a

*Netails regarding the maibada of inding such saluiions is given in chapter 10.
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Differential Equations Taking 1, (1 1 as muliiphers. ench fracton of (2)
1otde +0-edy +1-ds

; L ~y2a) 04014 =

NOTES . o
de+vdz  dy il 23 | dy
We have  —rimsrste oy oot eim gy

B A -1 -y T+ 3

Integrating, we get

log (x+z)+logy=tlog & or v =1

Tet wly, y, =y and oy v gy = ok y

- di = ey dzand de=yde+ 0 F Sy bydz

Let Adu+Bdt =0

= Aldy + dz) + Blwdx ¥ (c+a)dy + ydz) = 0

= Bydy + (A + Blv r 2 dy + (A + Bwdr =0

Comparing (1} and (), we have
By =24 yz

A+Bl+z) =+

Putting the values of A and Bin () we get

—vdu ¥ udv=1)

dre  dv
= I
i i

Integrating, we get

log e —log v=log ¢

This is the renquired solutioa.

The equation (1) ts integrable.
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and A+DBy=+2%- 3y
® = B=yszmu
(7) = A= 2.\,'—(‘:' RS ;‘,')I:,[' aes R L ::_y(_\_--!—z) BT

1 vz
= — =y gp wee—-=¢ or yv4dzEolxtz)y.
I (v z2hy

¢ We have  (0%y — ¥ —a?2de + @' — a2 — Mdy + {0t +atdz =0
Here P=av—33—3%: Q= xy? o a:—2% R=xy? ¥y

~yy . a0
aP =x% -8y -2y, f}— T 3(33-— i -3, ‘?—H-— -x*,
oz A iz
R
Rty
Since -E-}-?-—;t E , the equation (1) i n0i 2xact.
dy o
[ can be verified that P it 31&] Q(d_u._if‘
az ry e }z}

..(3)

(4
-..(9)
...(6)

(M
(8




The auxiliary equations of (1} are Total Differential
! d: dy dz Equations
| Q_W TP
! Dzl A ez v o NOTES
| elx ey dz
j = -x2—'2xy—x‘"=y2+2xy+_;;=xz—.3y2-—2y.z—y2+2xz+3x2
- dx _ dy - dz
—2x(e+x) 2wxry 4x? -4y vz 22z
dx ily dz .
= - xlx ) = x4 y) - 2x% - 232 - i+ x2 -3
. . ax  dy
! Taking first two fractions of {2), we gol. o + —3’* =
Integrating, we get.
logxthgy=loee = aw=u
Taking [, I, 0 as mulsiplters, each {fraction of (2)
Tode +1-dy+G-dde dx + dy
T lHrtttyxr 0 (yex)x+y)
Taking 1, 1, 1 as multipliers, each fraction of (23
_ Iode+1-dy+1.dz
—xle+ Y1+ yla+ 4207 -2y% —yz v xz
dx+dy+dz dx+dy t+dz /
- xz.— I\,-z +xz - yz - (- _)’)(;C + y) + z{x "-y}
ds 4+ dy + dz
TS ylxey+a
det+dy  de+dy+dz dix+y) dix+y+2)
(y-x) (i y) (e-ylaiytz) Xty + xiyiz 0
Integrating, we get.
log (v + ) + g (v + v+ 3 :fng b
= (+Wvry+z=h
Let. culn y, D =Exy oand oy vz =Nty
o diu=yde+xdy
and do=C+ vt v+ da+ (x+y+ e+ dy)
“ = (Zy s 2yt ot (2x ¢ Oy + 2)dy + (0 + ydz
Let Adu + Bde =0 )
= Alvdy +xcdyy + Bi(2e + 2y + 2)edx -+ (2o 4+ 2y + 2y + (o + Yd2) =0
= (Ay+ B(x+ 2y +2Div+ (Ax+ PRy + 2y +20dv + Bx+0dz=0 ..(4)
Comparing (1) and (). we have
l I Ay + Bx 1 2y + )= gy - ey ...(5)
Av+ B2e+ 2y + 2y =0 — 2 — 8 ...(6)
Bly+2a) = ay? & x¥ (D
“ M = B=ay=u
G} —(6) = A(y—x) =%y — v - v¥z —xyi
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Differemtial Equations

NOTES

2.
3.
4

o

tr

2 0 - )+ Lty - 7)Y V)

o e ppfa® 1ody = 9% by # 2le 1)

= T G-ty + )

= Amefr=MeFy+ar=—r
Putting the values of A and Ban (3), wi et

—rdn + udo=4

du dv |
= ———=y
v

Integrating. we got.
logr=logr=luge
u
= TS oEouEa o xy=c{x +y)x+yt+z).
This is the required solution,

EXERGSE 6

Solve the following total differentivl cquations
1.

r+de+dy+de=0

(2xz - y2)dx + 2yz - 2)dy - (T~ 3y + ¥z =0

2(z ~ ¥)dx+ z(z + Dedyv vl dz =0

2+ yz + Adv+ (2 + ex +xhdy (K gy F e = 0.

Answers
e (y+z)=¢ DR Y S U
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UNIT 9 LINEAR DIFFERENTIAL
EQUATIONS OF THE
SECOND ORDER

9.0. Learning Old. e dvex

9.1.  Introduction

9.2, Methods of Solving Lineay Ditferentia! Eguation of the Second Order

9.3.  PFirst. Method of Sob-ing a Linear Differential Equarion of the Second QOrder
by Chanring the Depende Vareble iy Tleing o Particular Integral

Poivya W 1

i LH [l

. - . coe iy
9.4, Meihod of Findisg a Parueuntar Intepraiof £ 4 p 9 Loy =0
- ! = '.'f.":? dx Qy

9.5. Working Rules for Solving ! —i4 P %"_ +Qy =

d,x
e alue, s R or

o p et votable By Gie Hemoval of the

96 Seev vt
Cruer Uy iangdig 170
First Derivetive)

- [ : R L r.!y
9.7. Working Rutes [or Solving —2Z & i' r Qy =R
d:c

9.8 Method of Sulving a Linear Differantial Kguadion of the Second Order by

{heogine he fad Taps Vel

et e Ay ody
9.9. Working Fules for Solving o TP (=

9.10.  Merhod of Soiving g Lmiear Dilferential Basation of the Second Order by

Variation of Paritmetors

i., ),
911 Viprking Swui LT d S LAY L]

o
L s

ot pqution of the Second L

Self-Instructional Material 137

Linear Differential
Egquations of the
Second Order

NOTES




Differential Equations

9.0. LEARNING OBJECTIVES

After going through this it yau aill be oble Ly,

NOTES o Find methods of solving haeer differenting wgquation of the second order
I e a . L e d%y dv

o Discribe methad of finting a particcla amegvaiof -n_r_f + B ZiL +Qy=0
x &

¢ Explain wnrking rules ftrsolving 5%-'—,!.‘- S+ P _@_ + Qv =R
ay” dx

9.1. INTRODUCTIONM

A ———— K R A T

In this chapter, wa shadl Jeovrn Qv melin s Is of soleing lineiyr differsntial equation
of the second order.
If 1", Q and R are functions of x then

3

L p ™y ~p

Py St o b

is a linear differeitia} equation of tha second vrder. There is no general method

of solving a linear differential equation ol the secund duer. We shall siudy certain
procedures which af times will yieh] a smaoen.

9.2. METHODS OF SOLVING LiNEAR DIFFERENTIAL
EQUATION OF THE SECOND ORDER

In the present. text, w +hai® disen 5 the olioviag saz hods o solving a linear
differential equatien of the recond ordar
(i) Method of changriag the dependrnt covinbly
G Method of changing the ipdependent vriable

(i) Method o vavialion of parametars,

9.3. FIRST METHOD ©F SOLVING A LINEAR
DIFFERENTIAL EQUATION OF THE SECOND ORDER
BY CHANGING THE DEPENDENT VARIABLE (BY
USING A PARTICULAR I[INTEGRAL OF A
CORRESPONDING EGQUATION OF THE GIVEN

EQUATION)
Lot Ty pH gu=r (D)
Az dx
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he a linear differential cquation of the second order where P, G, and R are funcrions Linear Differential
of x - Equations of the
’ . ) Second Onder
Let y = it where it and v are functions of v,
ay _ v de NOTES
dx olx dx
a* @ dude) ( du _dv dii | d% ,dudy  d%
and == = iU ———— 1+ e S e 2 — — 4
de? dx®  dx dx ] L dx® dx ax ot A dr | dx?
a* du do dPu) " dv  du )
e Qe e +-P( t-—+v— [+ Quv=R
(n = [ dut Cidx de | del J Fdx dx Q
.2 o
d= du Yde [d'u
e+ 2-—+FPu ==+ 4 P~—+ u|v=R
= ™ ( dv Ju’r [d\. dx Q ]
[ de | " v " o, dnr
z- o e it et ———+
= ox‘ \u dx Jdx dx? Qu
g
d=v dv
= — ==+ Q,v=R ..(2)
dx?  dx ! 1
2de g u | du R
where P ==Slap o= m{m-w pEL u!u] and R =—
T gy i dic” edx ; u
u
et i be any particulay integral of Gse equation fi—z + Pdl +Qy =0.
ax= dx
f..l"ﬂ p@. G =0 Alko Q,= -1- x0=0
L‘f\. dx i
(2) hecomies .'f::f-f- 4R do =R,
e dx
d - . n
= 2, Bip=R,., wherep= & . (3)
dx VAN
¢3) is a linear differentinl equation of firsl order.
. e-[“‘ iy ]1 T ezlal:ui-J-de 2 ejpdx
Tha solution o {2 is
. r . 4
T 3 : y i Y
p-u? o ~J[ }i-z.f.z i x4
e ;
o ~frdeif Vs -fPax
= if.‘f. su el j(R 7 :J \dx te ute ] .
ax J
Integrating this eguaton, we get rhie value of o
Hence ihe solwtion v = ye s known, This solution will involve {wo arbilrary
constants.
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Differential Equations
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9.4. METHOD OF FIpinG & PARTICULAR INTEGRAL

d’y . dy
OF a?“{* FE'F;-ny:O

1. Let ¥ = g™ he a sohnijon of

d a,
p e § == O
u’.a '), Qy

mle™ 4+ Paie™ 4 Qo™= v w0 P (=0,
e™ iz a solution if S+ Pa+{=0
Particular cases:
@ e b3 a solationf 1+ (=4

(i) e ix a solutizp iL A =P+ 0

IL Let a7 bhe a solmion o d_"\}_ " |> + Gy = 1.

ded d\
mdng - lgm o P or e )
or a{nr~ Dt Py (af et ey
or yefi ~ 1) = Py (Y =0
x™ is a solution if’ mim- 13+ Pmx + @x¥= 0.

Particular cases :
() x is a solution i P Qe =0

£

(i) x% is n solution 1 2+ 270+ (et &

LUm2+Pm+Q =t then o™ i+ s solurion,
2M1+P+Q =1 rhen o is 8 wlulion
3H1=-P+Q =0, then o 15 7 selution.
4. HmGn-1+ Pt §a” G then &% & suhaiog.
.U P+Qy=0, ‘hoa x i85 o solulion,
G 12+ 2P+ 2=, than ¥ e solation,

Iy
Step . Find a parvicwlar hefegyal afnhe equation £"——-;—- i p —;- + Qy = 0. Call this
o o

funclion as 1. Sometimas it is gwen vtk the prohlewn HE ]i
Step 11. Take y = vt and change the dependeet var mibde yio . The resultant

. . . . - . : . dv
equation will be a lineax equation of first oxdar with dependent.variable e

Step 1L Putp = dv . Sobve tha equation and find p. Putp = 1—0 and integrate
dx %
to find the value of ¢

Step IV. Find v = it his giv <¢h 1p ri] chuio 2 of the given equation.
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Example 1. Solve x 2'__.)}_’ ~{&r=1) 3’3_' +{x -1y =0.
3 x

: dry dy .
Sol. We have  x—2 —{2¢r ~1}-= +{x -1}y =0.

dxz X
4 [y — . - —
= v 2e-ddy =zl
dx® x  dx A
Comparing (1) with
d%v  _dv
X ipE Lgy=nr weun
dx? b
e .._%1:_12 —_'E____l H=10
x x
Here 1+p+(.):1_3r.'___]+£_:l=o
x x

e is a purticiar intezral of (1), whose vight member is already zero.

Let y=e*r.

gt =g° %U fuet =¥ (E-E + v.]

£y o Rk
and fi_'f ’lg—%—+%{3] z:‘(%‘i*vJ = ‘[%+2Zx—v+v]_
e’ X 7 L X
(1} hecomes
2
,x(g,;_ﬁzg | B e o) £l g
X J & . X
[} P L —
= exd—g—+(2e'x——“—x-;l-3t]ﬁi [ x-é':(—{-—l- v gl 1?“]&!:0
x . g X
= xi‘ff_:__'ii_ﬁ= = .(_fit_;- ..l_ﬂzo
de®  x du dr® x dx
i d
= -Z—Ja‘i- i3 a=0 where p = Ex—u
: X
d 7
o o AP = logp+logx=loge
pooox
= pr=g, = dv x=r
dx
-j.

= du =g ‘—;" = rv=g¢ logx+e,

y=etr=¢ (e log x+e,)

The general solution of () ie 3= e, etlogx + o, e

(D

Linear Differeniial
Eguations of the
Second Order

NOTES
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Differential Equations

Example 2. Solre (x + O*u-—f% + J'-'Q' +2y=ix et
dx rx

Sol. Dividing by x + 2, the given eguation in standard form is

NOTES dy ?.J_+J|f_; Zz . x+? (n
—_— - ] 5
dx? x+2 dx TYr2T X2
) . Ly
Comparing (1) with o b ‘Z"‘-'r Gy = we et
iy
R a a+l oL
= o2 b I
vHE 4 r
[ 2x B ¢
Here A--2P-+Q=4+21- «——----—] b 2B
c+2 ] ved
e is a particular iategrad of (1) with its righi meémber replaced by zero.
Let. ¥ =
o, f du y 2 d%e du
—i—l- = o~" [‘—--‘- L 2'Jl and EZ_.J_ = e —+t4d—+4v .
dx el J ot dx? dx
Putting the values of » f-{:‘i aned e in (L), we gt
dx o F
2 d ).y B o ;
v dx+hH % x+1
d 2 4 + 4z SEEI2 xtw A S l———e‘c
x+2 dx x+2 x+2
d | dv 2e45{dy 2 x+1
= ot 4t 4y = e S Qe = a~*
ey ey X+ % .\u;l J o a+2 x+2
e My eSdu _ x+1
= —— e ——— = ——
dv x 2 odx x+2
dp G+ x+l _
= -k PR ¢ 2
dx x+2 x+2 @
dv
where p=-——
! dx
(2) is a linear differentinl equation of the fivsr order
2x+3 I 1
...... i 2- = Jn 2%
LF. = Jl+2 < - ;’J[' Tl e-""‘l’b”'f‘ '_(,“‘L{)]"gr3‘+2) e ‘
x+2
The solution of (& ic
2x Sx
e tbl o e
) = e - dr + 0
y x+32 jx%—E x4+ 2 !
X - P 1 l x
= -—-—~—-e % bep = j ot e | 2¥ X 4 g
:c+2 (x + 2V _:'ch: (x + 2)?
= _\:T; Aty
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— =3

[P

" du
p=ev e e () ur  — Tette €2 (x + 2)
dx
= Jdu = [fe F i e (x4 2 de + ey
HEE S J.(x. +2 e dx + ¢y
¢ =%
= '-I"_r - C] [‘:.'If + 2} ]
- - [
= e L Dy e g,
2 4
€ =y 2w
v=—e " LetB) et by
4
yEedt s - Lo+ 3+ ey e
The general salution of (1) is
C,
\=-e‘——‘-£' Ex+ i) te, e,

2 .
Example 3. Solre 1° d_y;_ - 2x(T+.) L +2(14x)y=x°.
e dx

Sol. Dividing by «?, ilie given equalon i standard form is

dly _20+xddy 2Q+x)
oy X o x2
2
Comparing (1) with -(-f»a-— +P j—\ + Gy = R,we ger
2 i e . 2 1
I’:—‘( b ]_.Qz { :x):l%zx.
x x
2001+ xi 201+ )
Here P+ xt)=- Pyl 2 all =k
v x
xis a particalar integral o (1) with its vight member replaced by zero.
TLely=av.
dy __dv Ly ([ d% , dv) dv __d%  _dv
S-=x——+0 g =l el T b = 425
dx " dx dx? Law de ) ds el d
Putting the values of y, f{;"_ and d"_?: in {1}, swe get
ol ox* '
d2%v S Alex)f du X1 +x)
X =g e e by X=X
de* dx X LI £ AL x"
] He i,
= x—-——d -2x r“U-x =3 “_j-,’z‘:iz: = IEE—QP‘—'I
de” cla ofv” du
dv
where p= —
P

(D

..(2)

Linear Differential
Equations af the
Second Order

NOTES
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(2) is a lineax difterentiai cquacion of the firsl order

PP = cJ‘_MI S

2 g
The solution ol (¥} is

P c-—‘.!x
poote= 0 dx - ¢ = peP=—/ta
du 1 re oy o ld 2 l d
= - = i E - _—
e Tt J v J'[ zl—:le %+ ey
" Ix
. ey
I —“‘6:“]'(‘1‘--"'{!,2
e S a2
y=ars o c,——z-u-ru,
The general solution ol (1} ix
ot eme®™

yE-ghhy e

ay v
Example 4. Solve —=5 - cotx—~~{l-cot ) y= ot sinx,

dx? dx

d* dy \ .
Sol. We have m% —eote (3 -- cotxry =e* simx. (D
X x
dzlr' i'[
Comparing (1) with e Pz 2 2 B vy oo
P g ( ) dxr_) Ay L
P=—eoty,d=—1 ool vy R=e%sinx

Here 1+P+Q=Tt~-polx—1+oeul xx 0

e*is a particular intesral of (1) with its right member replaeed by zero,
Let y=¢"r.

dy (du 3 :f,ay ) d v dv
—— =7 | 1 i F - +2—
dx \ e ¢ } wd e = a'a dx * v}

(1) Dbecomes

2 .
e (é——- + Zi{i * u}—*cmﬂ x)e [—-IE i u] (I—-cot x)e'v =" sin x
dx* il de

d% du d
= Ex—zwz— cot ¥}~ =gin s = iﬁﬂz--m.x)p:sinx e

dv

where p= —

(2) is a linear differential oquatien of the firstorder.

HA = ej".'ﬁ- eot v hix o U'Jx-‘i-u:'l:ll:t = el pogsine = ?2’: .
sin x
The solwtion of (%) is
sz . 'gx e'z.\' sz
P T J.‘mr -—I—ﬁ——_‘:-dr-—cl =P ='—2"+f31




Linear Differential

— @_ = Eﬂ{.ﬁg"_i = eruzjt nx +-c-l%—]dx+cg Equations of the
dx 2 i 2 € Second Order
= p=- S8 e ‘[ehh sin xlx + ¢
g T NOTES
Let f= _[e'““’ gin x x,

I=e¥ —cosx— J-—— 2™ .~ cos xdx
== s w2 je"‘“ cos xdx
=—g? cosx~2 {e"”‘“ -5in X — I— 2e % sin xdr]
=P posx -2 sinx—~4 J-e'z" sin xdx

I=—¢2(cos v — 2 sin x) -1

-2x
[=- ~ {cosx —28inx )

1

3

S A i a’b‘"r . .
v JSEY 51?7 (eosy-2Zeinx)+ e,

2 o

X -xX
e¥ensx e, .

y=¢tyvs=-— it (cos x - 2 sin x) + ¢, e,

2 5
This gives the general solution of the given equation.

. - %y | ds . 1. .
Example 5. Sofve x- t—l— TX _-"_*_}. =0 given tha! x + = is one integral .

dx” dx x
2 d%y gy
Sol. Wehave x% —5-4x-=—-y=1{. (1)
dx” dx
lLet _;-:lx-r-l- .
.\‘.I'I
& (D)1 L),
dx N\ atdx x?
a3 Nd'e 1]40 [ l)du 2
d =ttt = b |1 | — ) - [ —+ —
an dx* [1 linx' l o o R P
’ - 2 -
= [ +.’;|£{_% L2(1_i_]ﬂ+%v
. X Jddx Voo x

. . d R
Putting the values of y, f?f_ sand —(f—--';r {13, we e
dx o :

dx
d% duy 2 . du ] 1
(P+y) =5 ) S e ) a - |e=|x+=|v=0
dx” de  x dx ( x x
21
(v E8 e Py
= ax
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I = P Bl odo oo o dp, ST 1)
dj‘?r X (:v_!! + 13 dx x < (x‘.Z 4 !.}
dv

where p= —.
4 dx

NOTES

Integrating, we get.
logp+2log 2+ B~logx=Inge,

. 12 ¥
Example 6. Solve sit "
X"

2 dEy 2
Sol. We have gin? x d J; —9pal O —p ey ¥ 0
Ao de®  sin®x

s . L'f :‘jl"" -
Putting the values of y, ZY i—%; Jn (L), we et
x dx*

P 2

; v
21 vosec? ¥ cot.v — 2 posee? ¥ —— Fopt v ——g — g
dx dx®  sin”

dzi,-' o . n L'IU _
= ot X — — 2eoseit v —— =1
ix ddx
dp
= eol. v o A poseet v =10
Hx
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=0 A2

z 2 ¢ x
pix*+1) 2 N
= e 2T = ] B I
o 1 PEGT ey
ety c X ; ¢y dx
= —= = mee oz T e —
dr (24 1° 2 (x?+1)?
Integrating, we gnt
-1
¢, (=<1 c
H :'—1"—E‘“T—)—""{'C:3 = 1 “—“‘_2]——‘1' o
2 -1 2{x“+1)
1 L o e x4l
¥y [x L ‘--.] u o= _'."’.__.'_r_];._v ™= - _—-1— + —f— ——l
X x o x
. e s £y ( 1
The general solution of (1} is y =5 —=+ €y X+ |,
- % LN,

4 . . .
2y Tl = By gheen thel y = col x 15 o solution.

(B

Let y=uvoaky,
d - v
& = _peose xF oLy e
dx :
d?y . . . de d% 3 v
and 2= - 2 pane® X o0l X - GOSEET X == 0L X ——5 — COSeCT X ——
dx* dx ox dx
bt
. . L, dy 4"
= 2 eosee? & enk e 2 coserty —— F ool X 3
dx dx

veotx =0

(2)




2

du
wherep = ~—
dx
cn?
dp _Zeosee"x , o
p cot x

Integrating, we get

log p+ 2 log cot xy = log ¢,

Integrating, woe got
t=¢ {tanx—x) ¥ ¢,
y=orobv=g (1 —xcotx)+ e, colx
The general salution of (i) is vy =e¢, (L - x cot x) ¥ ¢, cot x.

1 T
B, y=e Ex+ e te,ef - Xe‘ L2+ 1}

8 y=¢ (Enx—cosx)dre, o= -[16 {sin 2y — 2 cns 2x)

u
1 9 y=c fetee— —é— et xgr 10 y=¢ A%+, 0
{

du " .
= peotfx=¢ =3 p =¢, lan®x = do=¢ (sec?x—1)dx

1
|
EXERCISE 1
Solve the following differentinl equations by changing the dependent varialle ;
2 1}
1. 9y _3dy B o
de? xdx L2
l 2. (xsin x4 cos _\-)ﬂ_ ¥ COSX ér- Fycosx =0
dr? dx
dgy Loy 4% dy
3. XS (P20 = it y=r 4. (e 1 —Ex+3) = +(x+By=¢
2 p K ' bt =% (x+3) = - +&+5y
di  dy . . d."?y dy
5. «x F -0 Ha -y =a‘e™ 6. x dl‘z- +x-2) I -2y =2t
dy |48 ] 1y
‘ 7. xo —_\-'Z(.r—l‘;[‘;;:_ =Xt 1] i i—b:-:-:- + {1 —cot 1) % —yrotx=sinx
d BY et e e
9, x Zt? —2x+ 1) as bl 2y == M
, d¥y dy o \ L ) :
10, »° Tz +zx P Oy = [ given that ¥ =% ix 1 stlution of the given equation.
2
i
Answers
1L y=e 4o, vt xtlagot B.y=g cosx+t ey X
8 y=excteatie-lxe 4Loy=c¢ e (v 1P - i- xe'+ ot

6 y=o (FP-Cx+ @ raeF+ oSG -6 Ly=gettoa—1-x2

Linear Differential
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Differential Equations
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9.6. SECOND METHOD OF SOLVIRG A LINEAR
DIFFERENTIAL EQUATION OF THE SECOND ORDER
BY CHANGIMG TiHE DEPEMDENT VARIABLE (BY
THE REMOVAL OF THE FIRST DERIVATIVE)

d v efy
RAC N ¢ - 4O .
Let P T [ D

be a linear differential coguation of the seeond order where P,  and K are functions
of x.

This methed iz used when » particudar miegral of the gwen equation when R is
replaced by zero is neither given nor w easily found,

Lel y =y where v and v are Innetions of x.

dy _ e de o oodly o d% odude  diu
dy ~  dx nd w2 - e de dx 2
- de du o) u} v dn
OV ol B e[ st Quu=R
a = [u 2 oy de  E ( PR ] Quv
2. o 2
- A P SO R
de= y oy )di L\d-\"‘ dx
dv 2 du Vo [ dPu du ) R
- [y § 3 PbiGriy BRIV T £ Suaihi _
= dx? 'r[ua dx Jd:: u_Ld,xz NS Q“JU u
a2y dv
= (‘;}}"4‘ P_'. E:'r- + (Ql 0= Rl (2)
2 du i {d | du R
where P, = ;{_i;*-P: Q= ;\E:E_ +P&;+Qn pnd R = ”
Let i be any function such that, P, = :_Z.E.+ P=0 (3
v dx
du _ _Lpg,
i
Integrating, we got
i
e
lngu=_.}'_[}0dx SLouze 2
20
du 1 din 1./ dP _du 1 dF 1 _du
3 = — = —yP and S s Sge——tP | 2—-—y—-=P—
) dx 2 avf 2 l{” de * de 2 dx dx
i 1 dP 1 . du P du
Q=—f-spi - Spfi L
% u{ 2udx 2 d:r] u dx
1dP P du Pdu l1dP P du
e el = e _._.,.._+Q
2dx 2mdx udx Bode  2u dx
14dP P i 1dP 1o
e e e I L B L S s P+
2 dx 3:‘.( 2" }TQ e a4l 79
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1dP
=) — 2 _ B
0 =4 4 ! 2 dy
R - { Ty
Also, Ri=—= —-I-B =RH~J
i wani Py
o 2
e
(2) becomes td?;‘* Qi =R, (4
1:
1dP ; 3] P
where =-= P = and R =TRe2
=4 2 dx L7

Equation (4) is called the norwmal form of the equation (1). In the normal form
(4), the first derivdtive lerm has been removed, This equation is solved to find the
value of v,

Ilence the =olution v = ur is known. Thiz sclation will involve two arbitrary
constants.

Particular cases:

] 5 d
@ 10Q, = &, a constant, then (4) hecomes —— + e =R, .
di”

This is a hoear vquation with conztan), coeflicients.

a4,
@) 1£Q, = 2 then t4) hecomes ..-2:_JL_’-- v =x2R,.

This is a hnmugnncaus linear equation. The substitution z = log x will reduce it
to one with constant coefficicnis.

Remark. In order Lo upply this method, il is advisable to calculate @ - n | lﬁ

2 dx

. S . . /.
If this quanlity is either a eonstant 7 or =5, then this methoid should be used. In such 4 case Lthe
x

_llipds
transformation y = re = re -’j will reduee the given equation 1o a linear equation with
constant coeflicients or Lo @ homogenous inear equation.

9.7. WORKING RULES FOR SOLVING ——+Pd +Qy=R

3 (I‘P . . . . - A
Step 1. Find Q, = Q-—— P ~-£—};-- [ Lhis quantily is of the form A or —» then
1 X
use this method,
-Lip
Step IL Find ¢ # Y and eall this Ranerion as .
Step i, Take s = i The eccadui wits ¢« as the dependent. variable is
d2 T R el 11,2 e H 3
e +Qw =R,. whern 1, = = Salve this cguation 16 find 1.
Iy

Step IV. Find y = i, This gives the reneral solution of the given equation.

Linear Differential
Egquations of the
Second Order
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Diffevential Equations .‘.‘

Example 1. Solve i:f -Zian r & 4 5y =1
ehre” de
. %y . gy .

Sol. We have {—‘;——'Zt- = hy=1. gl
NOTES dxz anx a’_\‘ Y ( )

Here P=-2tanx, Q=5 R=

1 1dP . V. 2oy 1 .
Now Q. =0-2p2 2% =5~ {4tan” 2}-—(~2sec” 1)
Il T4 2 ds 4 2

= R e v+ wee? xom g, which i85 consiant.,

Now '[P dx = [-- 2 tun xcde =2 log see x
i j"‘,‘!d'.; - -_‘;"-".ils-g seex)
Let w=¢? ouxe ? = Hee X
Let. y=up=see )t
(1) reduces to iiﬁ +lr= R (2)
My d_-r2 1 i
where R, = R__O0 . 0.
u  BuCX
. d::b' ; . ] .
(2) = ET G =i} = (¥ +0r=0 )]
¢

The AR of is D24 620, o =160
p¥ ¢ 0§ G Xy 8o JE X

. LN - R

¥ = ur implies y = sec xia, cos JE x + ¢, sin J6 x}.
This is the general solution of the given eguabien.

“

L, [y} dy
Example 2. Solte 1——{ +yleot R Sl ff-—'!-..-+- yilunx |=aecx,
dx” 3. .\(}.‘l} ;

Sol. Given cguation is same 43

2 h)
d* ay . )
cot x —“-:-+ 2 0¥ L oot + 2 dan X}y =HeC A,
dx thy
Dividing by cot. x, we gel.
d? dy ;
—-—%+2Lanx-‘—' r{l%ﬁta:a‘x}y:accx tun x L AD
dx de
Here P=2tny, Q=1 +2mmiy R=seexiany

1,5 14dP . 2 1 . 1 5
Now Q- il =Yy~ cdlanfy— = cZrectx
“=9 4 2 dx 4 9

= (). which is i constant

Now ‘[de =j2tan:r.dx =2 lagsecx

_1 £3
- "-.Iugru'u:\'
= 2

1
-= | Py
Let u=e 2'[ R 72

= is X
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Let ¥ =air = (eos A v
(1) reduces [0 — -[ Qu=1R,

R Regx tanx

where Ry=-—= ——— =gecd vtan X,
B cos ¥
d2U 3 (]"20
) = —--—2-+0.v-—-sec"xtanx = e =S (am‘ttan A
ox dx
. dv 1 o
Integrating, we get ponle e 5 gect x gy

. . 1
Integrating again, wo get n= - @an e v e,

o

1
y—«(‘oc‘c(‘atmx+c,x rch

W

y =t implics

This is the geraral solution of (he siven equation.
4 u

Exampyle 3. Solra -C-!ﬁi—[cos’?x %ﬁ—i—) L yeosta ),

Sol. We have g—- (coszx %E] +yeostx =)

X
= cos’x d—%’w(-—ﬂcosxsin x)g'z-+_y costx =0
dx” dx
Dividing by cos? x, we uet
d“ dy
-2tanx =+ y =0
e ¥
Here P=wBtanx, G=1, R =0
3 1 1
Now o9, = Q—WP y_1dE = V= fd tan? x) - = (- 2sec? x)
.} ox 4 2

=2 w hu:h s & constant,

Now [de= [~~2tan.tr1.-‘ -

-2 pg spe

;l’Jl‘ut -njlhzlogs.ecxl
Let. =g f D TEN = gec v
let y=ue={zecHr
f2
(1} reduces 1o —~— it s+ Gu=Ry
R 1)
where R, = — = -—— =(}
; i seCX

Z) = g*-g--i-.‘Z():D = (NP4 Du=0
x

The AR ofl iz D+ 2=Q D=2 /2§
r=g con M2 x +a,sin S,
= iltl'gﬂit:é
y=seck e, eos VT x +e, sin V2x ]
This is the general solntion of the given equation.

Linear Differential
Equations of the
e Second Order
NOTES
()
(3
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(1)

. A2)

Differential Equations a* dv )
Example 4. Solre —--—%,--i 2y L rix¥ 1) ¥ =x* 44
dx dx
Sol. We have
NOTES 2 Iy . 4
: 9{—}2' + 2 %— +(x7 «31);4&1:“‘ + dx
»
Here P=2r Q=2+ 1. R=2%4 M0
1, YadP 1 o Voo —
Now QI =4} - -{- I - j:;,-‘_— =xd S [~ 1 Syt — ":; 2 =0, whitch iz a constant.
Now Jde zjﬁxtb: =x?
—% IP:L\' ‘-‘—l .1—3
et w=e < n=eg *
L
Let y=ur=e¢ ¥ v
d2
(1) reduees to dxg + Q=R
— R R ST L
where R = — = (& + 3x)e .
i
2, . - 2 . _
@ = Vg =0bean et = f__z_ =%+ et 2,
.{]','_xJ ar

Integrating, we get

j—; = J(gf’ +30e" P dv i = J-(x?' +xet e e

= |2t +3) e dt+e,  whove f=a%2

: 2
= e” T ey
Integrating again, we get

n= J-(:::2 + D" P dx ot e,

o g Lo 3 " 249
Now, _[x“ e dy = [;,; et Py = et »j 1.0 % dx

. : -2y PR
y = uv implics y= e % faet T L vt €yl
T
ey
or yExt{oxte,) e i
This is the general solution of the given equatian,

Example 5. Soire:

2 I dzy Iy . i “ 3
x* (log x) T 20 o x —{‘— (2 fog xh- 2iog &) y=xflog x5,
X ax
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where R =

Sel. Dividing the given equation hy 12 Qo )2, we get

Ly 2 dy,
dx®  xlogx dy

2+ log v - 2 (log x)*

- =log x
x? (log x)* yEiE

2 0= 2 +logrx - 2(log x)?

Here P= -, . - .R=log x
xlogx x* (log x)* ¢

1., 1dP

Now. Q=Q-3Pi-o-m

_ 2+ gy —2(log x)* _

[P e
-
=
ag
*
e
T

le(lug x)°

.
[

X

_ 24 logx —2(egx)” 1 1

-(-»‘25)'}-(— Dilogx)? -l+
nss

lo; x (i“‘l]]

Linear Differential
Equations of the

Second Order

NOTES

1

22 (log x )2 Tt fogx)?  x%(logx)®

2 . A
= — — , which is ol the form -2,
x* 2

X
2 Ly
Now |Pdx=1-—; dx = ~2loz log x
Joxlogx T
i !
=N § 14 =2 loa log x

Let = -’I soa=e ? = pleR bR« = [pg v
Let y=ue=(logy) o

dy
(1) reduces to St Q,u=R,
.

= =1

R lbgx .
u  logk

12 2 , d%

@ = ZL2 .01 = p2lLogye
dx*  x dx”

Let z=logx. o x=¢
L gt _ . d
u _
12 —r=IHD ~ 1), where'D = —.
dx ' dz

&) =
The AE of ) in DP—D-2=¢

CF =g e+, =g, ()7 + e =0, v + g, 1%

B=-1,2

1 a 1 i
Py, = -.-.a__,__,_'_,_..a. = 821 =2z ezz
0" -D-2 ap-1 2(2) -1
= f_.e'z-‘ - ]ng JCEZ
3 3
T O I O T ks = 1303_{
/ 2
¥=ur implics v = log x { _?._1_+ o %? 4 x“ log x}
x 3

L
This ts the general sulution of dhe given equation.

x%logx

MDO-N=-u=¢? = (P-D-YHr=¢*

..(2)

Y

. (4)
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Differential Equations

NOTES

Example 6. Solve

dz 3 y .y - ;- T

—% —-dx EE'}- it - D= w-?:‘:‘? {xin v v B - 6).
dx? dx

Sol. We¢ have

2 ! i =R )

ay . X 2y Folx? <Ry =~ 20% {sin 2y + 507 + 6).
d;x2 fx;

Here Py, =4 = 1, 0= —3¢% (sin 2v + Fe? + )

. 1 @ 3 f“' PR 1 ] 1.
+ = & ---—l“'——u—-—u :d — ] = e '."--— — ¢
Now Q=9 1 5 0 -1 y T 2 (—4}

=4y? o T -ix® 2= !, which i 2 consiant,

Now Jde=J-- dx iy = — It
Lipa
et H=g 2‘1 =

2

Let y=uu=et o

2
(1) reduces to gx—g s By

R -3¢ (sin2x +5e™ +6)

where Ry =—= ; = — {sin 2 + 52 + )
u ot
2
2) = d—z— +1.p =~ d(sin 2o v Do 6)
dx
= (D2+ = - Asin dv— 15 272 — 18,

The AE. of (is D¥+1=0 NEE T

C.F.=¢ ooy e, smx

i - P
PlL=——— {~dsindu- 14— 1)
D+t

. = 1
———5in 2x ~ 15 e 7 18 - 2%
- +1

%41 R

-3

D

= -3 —-"--—_— sin 2¢ - 15 B S S TS N
-4+t

=2y 0+1
= gin 2 - 3¢ - 18,
v=CF +PL=¢ cen x4 ggsiny + sin 2 — ey — 18

y =t implies

1 - + )
v=e" {¢, cosx+¢,sinx +sin 2x - 3e - 18)
This is the general solution of the given equation.
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f .. Linear Differential
i EXERCISE 2 Eguations of the
- . L Second Order
Soluve the following differential equolions by removing the first derivative ;
a2y & ao e ) ix_z dy ( +_2_] 0 NOTES
L F—ztﬂnxaia_y.—- [ i 4 - (f.]. x dx x2 ¥
d dy ,. Y 2 d°y 2 dy 2 z
. D _yl-oe Py aty =0 4, L2 2B 1y Z)y-
3 xdx[xdx y) l(r'x ¥+ XY f % dr +x2y xe
d%y 1 dy AT LR d?y dy LI P
5- - e :\' =0 ' vy 2
el fdx gl d:r.z - 2y dx+(:. +2)y=¢
d% 3dy ity dy g 2
7. e Sy =01 Bz —dx = +d4xt y=xef
de? x drx  y2 yE=E o2 dx 4
2 z
9. Zx—z—‘lx . +da? ~ Dy =—3e” sine
2
0. 24 o @3- 2 D 4 323 b — 4} y = g™
dx dx
Answers
— e.{
1. y=secx|r) cos J6 x4 cy sin J6 ¥ + - Z, = afe; cos na + ¢, sin nal
. i o 1
3. ¥=x{c eos x+ ¢, sin ] doy=x [cl o5 X +¢p Sin x + 3 e"]
5 y= o (e, £% +eg a7l
6. y=o 2 (cl ¢08 ¥3x + ry sin J3x + ch"}
. r
7. y=c xte, ¥+t loga+ o® 8 y= e [c] cos V2x + ¢p sin 2% + %)
oA : i 2 ~1 1
D y=e (g eosx+ o, ein vt s 20 16, v=—5ieyx° +op x~ +§x log x |.
. x
9.8. METHOD OF SOLVING A LINEAR DIFFERENTIAL ’
EQUATION OF THE SECOND ORDER BY CHANGING
THE INDEPENBENT VARIABLE
]
Let YLy - (1)
Jdx” f X
be a lineav differerig somat’cr of the seennd order, shere P, 0 and R are functions
of x.
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Differential Equations Lot z = () e o funeton of @

dy _dydz
dy  dz dr
NOTES “ I i 2
de dz it dv det de dzdx® dz? \dx
1 = dyste diyfde ) pdv iz oy
dz dx®  dz? '\dx 1 "z ek e
(E._Z— i (_{:—y_ 4.(£3§-+.TJ f{i\;ifir- “ 3y =T
= KL dz" h_dx‘z ax J dz o
Cﬁg’ + Jg;.:_
= d gt dedy, Q. _R
2 aa Nt 4] ad 2
2 (.;;__;_"1 ez [Qﬂ (Eiz_}
\_t‘il‘-) dv ) dx
'2 N 1 .
= 9y . p 9,y =k, e
oz e
d?z P dz
ds®  dx :
where P, = - Q== amd K, =5 -
(2] (deY (dz
x ] l\.fx kr.f.\ ;

5. . dz .
We choose 2z =a{x) so that (§, =% o i, -—9—_—7; =4 gdor —= |t — the sign
dz Y dx a
dx )
being that which makes square root real and o2 is any posiiive constant. This positive

constani may be taken s per our convenieneo. We mav consistently take a2=1.

Integrating iz_ - /:_-_—q_ , Wi ek 2 1 teving of ¥ f, 5= ,} T dx .
dx ‘\l a‘*- \ a

For this value of z, we caleulate P, Lol Py comes natda hie & conslant, say p,.

(2) becomes %% + o dy 3oty = K

Z o ’ (-( :_“2 h g\\

Rt

;
A

This is a linear differential egization with constunt coetficients. This gives the
value of y in terms of z. The value ol v i put in werme of x £0 that we may get the value
of ¥ in lerms of x.
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9.9. WORKING RULES FOR SOLVING = L 3’ +P dY +Qy=R

2
Step I, Changing x o 2 {he given equation reshuces to d_%' +P 9y +Qy=R,
dz

dz
2% P dz
where pl;h@;}i . Tz%- el R:=—d%.
\'_r,] (u;J (EEJ

dz [a) . ot .
Step II. Put e = and chovse sizn nut of & and the value of 2. For this
i
choice of d_z, the value of ') must conte out to be a vonstant.
dx
Step VIL Tha resuburat popition “= 5 e eauation with constant coefficients,
Solve this equation and ger the value of 3 in feris of 2,

Step I'V. Ful the value ol 2 and gat v in ferms of x
: a o2
Example 1. Sofve ©¥ L2 @ + L yq
dx?  cdx o

2, 2
Sol. We have —d—;T 2 (_l+-z_1 =i} AL
de® xddx xtT
2 n? N
Here '=Z2, Q= + K=
k4 X
Let &= Ol
o<*
M = e +}"l -|~Q1y R, 2
4% oz
—-+ P = .
P . {; 3
where P, = dt' 2(1'( Q= "2 g R =gy
2 (a2) s
{dx Ldx ) ax
oz T tlz '-wc?‘;‘m : .
Lel = ’:t _..: Lol !i Wo choose '+ sign and A2 = g2
dx 22 dy VT xt )3 :
f{f".-:i.. *“f—_-l-*--‘- and E‘fiz_i
adxv _t_?, —1 X dx? xﬂ
-z P dz 22 1 a?
L _def dx R Q > .
P = = — 3 =N fgl=____:—:a

Linear Differential
Equations of the
Second Order

NOTES
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Differential Equations R £ o 0
1 = _:_____‘_ = e = {J.
a2y (1Y
de i \xF)
NOTES A% dy

(2) becomes
dz dz

The AE. ol ¢Hs D2+a=0. o D=xm
Y ces o5 ey Binar
] o . ( ¢
y=cpeor |- —| feommn e —
X ¥ ooxy

- a .l a
¥ = L'l OS5 | - =, 51l | =
R * X

’

This is the general solutiem of the siven equation,

\J

Example 2. Solve 4 % )% _‘-.__::. R ‘172)1.?_.;4}; =0

Sol. Dividing by (1 + 5%, the wiven agration beeomes

¢ 2 )
dy  Bx oy, & 55 ¥ =0
dx® 1+x%dx (i+x?)
., Py | )
I{ere ]., = 2 o {4{ = ‘ﬁ”.‘% S D=1 U
L4z I
Let z=90x).
d2 ! t'j‘}
n = 5;% P2 Qu-R,
dz p dz
dx® T R
where P O ML S L .
1 ) i 5 1T
(4 dz) fd
X o0x Vel J
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+4. - 4 .ft.“'h\' =y O (’ [P (]'2) = (.

_0_2 de “'_ | -!-xz;]? at
&1
dr  1+x2
v _ d*z
z= J. & s=tan™ x  and e ---A-_-—-]-;;-»-Z- 2%
14+x”° dy® {1+x%)
d?z dz 2x 2x 1
—+ == - L + I o
_ dx? de . Q+x"y 1+x° 1+a7
1= ) - P o =
(_‘?_J 1
dx et

3]

o)

(D

(2}

Let ix_z =J-_Q_ E— I+~——--—‘f————— . W choose ‘+ sign and g2 = 4,

2x

:“'(1+x2)2




4

Linear Differential
Equations of the

G, = Q :ﬁ.uﬂfe‘:lt, R < R 0 o Second Order
7 S deY . 1
(ﬁ] (L+ 2% (Z‘E; (L+27) NOTES
@ becomes T 0. 8Y a0 or (Fidy=0 e
dz? dzx Y
The AE. of (3) is D? + 4 = 0, Dmx¥

¥ =g o8 Zz e, win 2z

Putting = = tan™! x, we get

¥y =¢, cos (2 tap™ £} + e, sin (2 tan™ x).

This iz the genera! solusion of the given equation,

2 L]
Example 3. Solre 4’y
dx

Sol. Dividing by v the given eque

% mmte g L = ) e{}-i +dnty = 2ad
= dx

1won hecomues

d%y  4xt -1 dy 2 e
Ity g Ty s A1)
Here P = dx7 ) =422, R=2a2
f.et z= dx).
d®y d
(1) = d‘;}"+ P %*QIF =R, -(2)
d®z N oz
> !
where P,= & _F o o Qg ===
(& ey i
dx dx (dx_
= y I 4 -
Let dz = j:_.g. z. !’i: 1,, We chonse "+ sign and @2 = 1,
ol S
g§=2x z=2 and -Z—;;- =12
2 2
d i p,‘_ff_ 9 ix® -1 .
» = ix dda X o
I = 7 - =2
-(i-g\ dx”
\d.'c)
( il ax? 1
(}l‘" 2 > = L"o-_:l R]:—"‘_RTE*:—Z = —.
(g’._g_] 4x? dz] x 2
_dJ:_ ox

y ody

(2) becomes —ii—«—; +2-L+1.y= 3 or N2+ 2D+ 1y =
2

75

&)

b |~

¥
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=40

fe, b e, me -2

The AR, of (3 ia D + 2D
CF=

Differential Equations

1 L 1

K
2 2

(D4 L2

Fl =
NOTES

Putting z = a2, wa get

¥y=(c, te, x9e r-?-
This is the general
d’v

Example 4. Solve e

2,, iy .
Sol. We have d—é— - {8e% +2) = dotrya o
dx* dx

Here

Lot = dix).

)

where

IGYSh

y=OF 4 Plosfe g o™t

‘U k S
- 28" 4 2) d_ sgetty =

bl

oz 1 1

o fr

salution of the e equation,

L

P (Bete 2y () e det* R=e™

R
Y
[ 4z

\dx

a

20+ D

Gz _

1
2

We ciinose & sign and o =

d at
and -E‘-g— = 4a°%,

44N

2] = 4811 =L.hy {fiz—)n
d? y'_ !

fo4 d*
DE-AD += 1 =1,
(2%

(2) becomes or

The AT5. ol (3) is NES

C.F.=¢ eV gy 0
'
D*-4D+14 7 4

)
1
4

P.1 =

(L e D )
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(D AN+ Yy =

2+ V32

mUme_DWJz

e

A

A2

1.

(3




y=C.F +P1 =¢ erz-ﬁ]z . Yz + 2
2 1
Putting z = ¢**, we ot
- —_ 2z
o IT ix - C w e
yzcle(“ vile +czel’+ﬂ:e +m1.__+1_

This is the general solution of the given equation.
P . d s ,
Example 5. Sofve -d-—'t +{(3 sinx ~cat x) -f)i +2y sin® x = sin? z,
x* dr

d?v 13

Sol. We have -&‘—2-:- {3sin x ~col x)(—;« +2ysin® x=e ™% gin? x_ (D
x o
Here P=3sinx-—coty, Q=2cin%x, R = e s % 4in? ¢
let = o
1y d
» = fi:f +1y _d)zi +Quy =R, (2)
_(E.‘:i.!_ '.<_i_2,..
z
where P, = dx Zjﬁ',Ql:* Q ) R1=_”_l?"—-f
dz dz dz )
dx dx dx'J
- . I Toant
Let dz _ ’i _Er RS A P S0 e choose “+ sign and o2 = 2,
dx ‘l I dx a“‘
dz d?z
~— = §ina z=—eony and ——; =cox

dx

dr? RN e +{dsinx — oot x)sinx
P} - 5] = .2 =33
de V© sin“x
(&)
2gin? x R e” % gin? x
Qi_ Q 7= “"-nz : =2 Rl.ﬂ - a2 =T
((]_2 o 4in”“ x r-’d_-g sin“ x
il \ i
(2} hecomas i +3 & 2y = o (D730 D y=er a
2 e~ d’z‘ By =g ol . Dy = ek )]
The AR of (s DE+ 4D +2=10) D=s-1,-2
GF =¢ e te, ¥
1Y JSO NS S
De+3D+ 2 1+3+2 G
o 3 e’
»EOH FPT s+ ae¥ + =

Putling z = —cos ¥, we gel.

—-CosX
L&

6

This is the geneval solution of the given equation.

y= o PooLX c e2 s Ly
10 2

Linear Differential

Equations of the
Second Onder

NOTES
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Differential Equations

NOTES

'!

by dy .
Example 6. Solve (1+3)? =47 fx;T+j':4 o eyt (1 + %),
.-;u; tx

Sol, Dividing by {1 + x* the ziven vqualion besomes

diy N 1 dy . 1 4 coslog{l +x)

2f Trxdr UasX o (ea) (1)
¢ gos ] .+
Here Pt gl pe dooskgleg)
1+x (1 +x) {1+x)
Let :-";Q"(?C},
2,
{]) = d ‘I d‘j .}.Qi v __R (2)
dz® dz
d’z | pdz
7 : .
where P, = de? Ay . Qo B

(&5

Let 9!5 = [+==. _‘fi = [“——,--1~——;. Wa choose '+ siga and ¢ = 1.
dx T a? clx TR

(3

de ;e d’z 1
e = S alpedexy and L2 2
de l+x J L+x oglL+a dx"’ (I«I»x)2
2 _l_pa' _.__?__+_.}_ .._.I_.__
P __dxg dx SERT 11-) 1ok o
]. ((iz 2 T j =
l"d?} 1+ 20
_L
Q] - (l = 3+ ‘C)E =1
dz) Ll
EL‘_-. (1%
ooy a_u_rf] + »J
R, = R_ = (Lrz) = ooz Jog (1 + %),
dz) e
s {3+
d*y o .
(2} becomes 2;5 40 E: +1.y =dcoslog Lty
D+ Dysdooss
The AE. of (%) is e l=w o =%
CF =g cosste,sinz
Py _ 1 - 1 i
21 = 4dopgr =4 —p——c08z =4 7 —. ewwz=2zsing
DZ+1 D+l 2h

¥y=CF +DPlL =0 vosz4

log (1 + &7, we gei.

by sz 4 27 sin =

Puliing 2=

y = ¢, cos log (1 +x} * ¢, sin fog (1 +3) +dog (1 +x) sin log (1+x).

This is the general solution of the mven equation.
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1

” Linear Differential
EXERCISE 3 Eguations of the
) i Serond Order
Solve the following differentiol vquetions by changing the fndependant variables

d%y dy s Oy 3dy

ey &Y 2 g e + 2 +3%y =0 NOTES
1. t:Exz+l'1n,\:dx-ﬂ»_yct) x=0 2 X (.’.rz e 'y =

2
6dY a5y a1 d*y dy
i x L+ 3x% = oty = o 4. =%+ cotx ~ + 4y cosec® x =0
dxz dx x‘Z d" cx
= .4 e .
5. COSX 4 ‘;+51n x 2. Zycos x=2es” x4 -——\- ~{l+4e ’) +3e% y = pHx+e)
dx ix?

d% dy 3

7. ——é-— cotxy — - sin” x = o3 x - 208° x
dx
8 (l+xP= d 5+ +1J(—f-\—+y-- 4 zin log (1 + x)
dr®

I Ay al s 0.2 % @Y 48 oa g

9, o dx M= L 3 E—rz dx X7 = sin x“.
Answers
1. y=r¢ cossin X+ c,sinsiny 2. y= e, cos (AX) + ¢, sin (Afx)
3 O+, 1
. ¥Tg co8 — sin —x + 3y
y=cco 227 €y SNt Y I

x .
4. y=e, cos (2 log tan ;;J + i, 5in 2 log tun = |
Tz fi e .\ x x x
y=e¢ eﬁmlx +og @ 7 sinx +unt x 8.y e 4oy 237 _ 2
y=E O, o L e
y=epeos log (1 + a0+ iy oin dog {1+ 3 - 2 log (1 + 5) cos lag (1 + %)

: e X L.
9. y=clcus_.\r‘--!-c,_.sm.r-“--l-T 10, v= ™ -Irze" -~ sin x?

9.10. METHOD OF SOLVING A LINEAR DIFFERENTIAL

EQUATION OF THE SECONI ORDER BY
VARIATION OF PARAMETERS

z Y
LEL %"{" T }J 5—‘% '{‘QD' = I{

be a linear differential eguavion m the secomd creder where [, and R are functions

of x.

Let y, aaid y, ioovwn laeadly independeny suiatioas @ the vyuation

4Y  pY . 0q. .o
" L
dx d:
|y .
1 Yz . .
| ©°, A=y oy =x 0
¥ ¥z ! R

(D

..(2)

. (3)
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Differeniial Equations S ¥=c ¥, e, 0, s the geacral solution of (2) and it is also the complementary
function of the selution of (1},

Let Y = Ay, + By,, where A and § ave funetions of » 2ueh thar

C /F
NOTES Ay + By, =1 "_'M) and ATy Ty = T ...(B)
) = Ay + By + (v 4 ) = Ay "+ By {Using (1))
and V= Ay By, s (VT B = Ay T By, R {Using (5%
Now Y+ PY' + QY
— {~\'\J ” _|_._'q.‘. " R.\ i ['J{‘Jr‘_l, + B‘\«" ::_ - {J(f\w‘ 4- B‘V‘D
=AY A Gy By A Py Q)+ AO+B0+R=R

Y = Ay, + By, is 2 particular in'egrad of the cquation (_i}.
¥y =e¥ T ey, v (A 7 By is the general solution of the given differential
equation (1),
The functions A and I3 satisfies the rquations
Ay, + Ry, 0= 0

and Ay, By -R=0
A ___;1}:___ . 1
- ypllo D04 b v
LR R
A= ""‘”‘%‘L’:"“;—— a3 = ——"fy'lf .
FYiMe M e Yi¥o =X Vo

A and B are meaminglul hecause ol (1),

Integriting ahove coquationg we gl ihevnbues of e I‘nnrlu,nk Aand B. Arbitrary
constants are not used in the values l}f A and B berauze ¥ = Ay, + Dy, is 1aken as a
particular integral o (i}.

The general selution of the eqguntion {13 15 kngwn,
Remark. It is essentinl 1o have the cozilisient of the sceond order term in the linear

differential cquation as uniiy, vthopwize & the avove disensswen T will not.be o solution of the
given equation.

9.11. WORKING RULES OF SCBLVING m—TP +Qy R

Step [. Find two independent soluions of the gquaticn 9_? y .;.}'-* +Qy 0

dx
and call these as y; and y,.
Step II. Let Y = Ay, + By, be the required particular solution of the given
equalion.
R

3 .
Ser——— gl B’ = ———— o
Yy =¥ e YiYo — Y1 Y2

Step 11, Solve the equations A’ = -~
find the values of A and B.

Step IV. Wriic the general solution of the eiven cquation as y = ¢, y, ¢, 3, +
Ay, + By,, where ¢ and ¢, are arbitrary constants.
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dly Linear Differential
! Example 1. Solve 4 ¥ =COSEC X, Equations of the
dx” Second Order
2,,
Sol. We have Y= COSEC X
dx? NOTES
= (132 4 1)y = cosec X (D

The AE of (Dis ¥+ 1=0. o D=xg

GF =¢ cosx+e,sinx

Let Plo=Aces s+ W siny A2
R R
A= iv..’.___’ ) B = - :}'1 -
Fi¥e =¥ Yy Yi¥o — M Ye
i 1lere Yy =eos Xy, = sin v B o= cosee x

¥y =3 Yy Feosx w08 ¥ - (—xinx) xinx =1

; sin x cosce x ,  cosxoosecx
A= ST T =S I and W= —  Tecotx

n I—ldx-z-—x and 3= Jcptxdx=10g5inx

2) = PlL=-«1.cosx+(logsina)sinx

Using ¥y = CF. + PL.owe have
‘ y=o,eos X +o, sinx+ og sin x} sin x - cos x.
This i3 the general zolution of the given equation.

. d’y
Example 2, Solrg —ir + ny =sec nx
: dx”

d> )
Sol. We have -—.;' + 17y =3ec 1Y, (1)
dx®
’ = 17 + aMy = see nx
The AE. is  1Wa+nc=0. . D=2xui

C.F. =0, €05 AN T ¢, ST

Let Pl =Acos he+ Basinox L A2)
R | »nR
i RZRDAE S RN 15 Yl S T

Here 3y = cns a, y, = sinnx. R = sec nx

Yi¥y =¥ ¥y T 1005 G COS e = (= 0 3In 0Y) Sin ax =

, sin ax secnx 1
: A= _sinnxsecny 1 tan nx
n n
| _ OO I B0 1LY H
i and o SRRSO L
n 7]
r 1 . I logsecnx 1
= |--—1;m e dic = - — B SECTY . fog cos nx
n " n
B= [v dx=mx
< N
“

il

[
(2) = L l—}log Los :u:} ook HY [-};x] sin nx.
)
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o

Differential Equations Using y = C.I. + "1, we linve

. 1 1 L
V=, 05 ux + DFRS 2 R + =3 {log cos ux) cos nx + — x sin nx,
: 1 n
This is the gencral soluiion of the given squalion.
NOTES

Example 3. Sofce 2 2
xample 3. Solve =5 =y =~
di® Y 1 +e?
. d? i~
Sol, We have (E:— ~y T{‘;;— (D
SR TP
= -1y ire*

The AE-is P10, .. =%k
CF.=e,¢"+a, e
Let Pl =As+e™ D)
1t _ R

Vo m e I e

Yive m ¥ e Yoy vy v
. 2
IICI‘I’_‘. ¥, = 2 y, = C-\r. R -
! iret

oo
=
A iie" e
Af 2 e —— 4 o rie———
) -2 T {3".
o
Xz L
¢ i.-.-.,..? .
e ety 2
and B = - =.. -~
-2 S E

e 1 1 1
I e A ———dx = " dx
[ | A je* {1+e") —[[e" A -pas e‘)]

y I{_.l_.,_!ﬁ‘ﬁ"' e = Jl P ]dx
Y 4 /

1+e™
=gt pblog fl 4 e = — e = log e + log {1+ &%)

1te

=z ]”I-’- __;,;__,_, —
‘?.l'
B J‘" — gy ==l {1+ g7
) Lo (X )
' 4 1 Lt : \I
2y = Tl s lleg =" =& 1ot o+ - log {1 + eNe™
{ e' -
JJ .
= " log Tre .. I~ log 3+ ')
a* '
Using » = C.F. +P.L, wn have
- L - ‘ 1+ a® x x
y=o et e, e et log - 1- etlog(1+e&).
b

This is the general solulion of the iiven eyvation,
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3

i d? Linear Differential

. Example 4. Sofre £ 4 gy = ran 2x. Equations of the

l dx” Second Order
Sol. We have dzf +4y = tan 2x. (1}

1 dx* NOTES

! = (D24 4y vy =1an 2x

i

The AE is DF+4=0 . D=zx2i

CF =g, cos Zx + ¢, 3in 2x

Let PLo=MAcos v+ 13 sin 2y . (2)
\-'-}R Y R
Nom et Vs ——tl
Fi¥e = Y1 Y2 Yi¥e — Y1 Ve

Here ¥y =cos 2oy, = ain 2, R=tan dy

Yy - yl’y2 = {eos 2098 cos A - (=2 sin ) sin de=2

po_ SinZxtane (1—cf}522x]_ cos 2x — sec 2x
o 2 2 eoy 2x 2
A
, o3 2y tan Ay sin 2¢
and 1= - =
l 2 2
) A_Jﬁhfx—set:ixd‘c _ i|sin2x _ log(sec 2x +tan 2x)
v 2 Co2) 2 2
1 ... :
= Y (3in 2x - log (vee Zx + 1 2x))
}! in2x ,  cosldx

4

cos 2x .
-sin 2v

1 ) .
¥ (xin Ly — log (ve¢ 2v - tan 24)) cos 2x —

E.
L
d
i

4

1 . )
—— pox 2v log (sec Yy + lan 2y),
Using y=CF.+ Pl webave
. . 1
vy =0 cos 2x +¢, sin 2x - E «¢os 2x log {sec 2x + tan 2x)

This is the general solution of the given vnuation.

r?
f u
Example 5. Sofve (I -} it——‘_-?! S y=e{d-w),x2],
elx ol
t Sol. Dividing by § — x. the given sguation becames
d x dy 1
—+ —=———y=1-x
l dx® l-xdx 1-»x D
Here Pr e e e Rty
1-x 1-x
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Differential Equations

NOTES

M=
d? x 1 .
__;i+_3_.(.£_? e RN} (D)
dx 1-x oy L=z
Also 1~P+"Jv—]+—~£--||~—-1--)=ﬂ
1~ j-x
yy=itisa !-:Ollltlull of (2)
Y1 Y x et )
Now, ], .},l = | . =(x—Tet=0 (- x=D
Y1 ¥a | Loe gy

¥, and y, ure Huearly independent soinidons of (4,
yEe v te,y, cC i el is the general soultion of (2}

y=c vt+e, e inthe C1 of the solution of (D).

Let Pl =Av+ Rev )
o L 7R
A= e B T
F¥e — Y Yo ¥ =YL )e
, e* {1—x; . 2(l-x)
A= e = o s Eox ot
wr —-lie” o=
A= Jlla’x =y
- T
B= J‘dx ¢ gy ==fx. - {1 .£~;I—d:l:J =yt rt=e (x4 1)

3 = PlLosv.xberivt 1) of=x2rx+ L,

Using y=CI +P1 we have

yoe xTogettxtbat L
This iz the genaral solution of the given equation.
Example 6. Verify . v =z end y =2~ J wre inearly independent solutions of

the equaltion.
{x* +.?)—C£—)—~—2x & + 2y =4
(7 A o
Using this information, find ihe geavval solution.of the equuation
(x% + 1) —--Z-Z-w"x o4 + By =0t 2 1)
ofx

Sol. y = x is a soluiion of

2, ,
(x% + 1)%—2:: %‘i +8v =0, {F+ ) 0-x |+ 2r=10, which is true.
¢

d*y d
y=2x% - | is a solution ol &2+ 1) —--— - 21’% + 2y =10
a5t R
if G2+ 1) 2-20 - Zx + {21y =0)
or i 2132 + 2 a4 S e 2 = ), whiteh is i

y=xand y =% -} are borh soluiion of
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2

(2D EY oW gy.g (1)
dxd dx

Dividing (1} by 22+ [, the functions y = x and v = 2% — ] are also solutions of

d 2y Oy dy L2

— - —=-t y=0. (2
dx? xZ+rde xZ 41
Let »=x and y,=x-—1
v, x2 - 0 "
Now YoV _dx o ! =2t ="+ 120

Moyl |1 2
y, and y, are linearly indrpendent solunions of (1) and also of (2).
yEe ot ey, serte, {x? — 1) is the general solution of (2).

The equation to he selvad is

2 T
(xZ+ D) %:%’—»« 2x % 52y =8(x% + )7, B

d?y 2x dy+ 2

y‘-LG{.‘CQ-l—l) )

= dx? xﬂ‘l-lg; P |
C.F.of the seluvion of ()= ¢, a2 ¢, (¥ = 1)
Tet Pl of dy=Ax+BrE-1 ..{h)
vy, R R
FUPPEN ) L — L
Yi¥a =¥ ¥a Yyta ¥ Ye
Here y,=xy,=x ~ 1L R=06(x%+1)
(2 ~016(x? +1 6(x? +1
o EURGTEY et
x“ 1 x°+1

A= [60-xT)dx=6v =267 B= [6xdx=32"
(3) = P of (d)={r— 209+ 322 (00— N =y + 302
Using y= .0 4 T, wae have
¥y = opx + ey - 1) +x! 4+ 3x%
This is the general solution of the eqaation {4) and hence of the given equation.
Remark. For npplying the method of vavintion of parsmélers i is necessury to have Lhe

2
. ¥ .
coeflicient of —% as unity.
:E!'2 p

7 , o
Example 7. Softea? S22 o ovit +0) L v 1 4 )y =42
dxt X

I 2_*,' Se L4 )ﬂ.fz(]__;_ < ""l.":
d_‘\'.e AN X dx FX)y=aol

Sol. We have * f

d3v  2M+x) dy Alix

= -— 4 y=x ey
dx? x  dx x2 " W
The equation {1y with yight side U is

==

dy  2Ai+x) dy , #lx)
dx“: x da \xz

vy=0 -A2)

Linear Differential
Equations of the
Second Order

NOTES
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Differential Egnarions

NOTES
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We find the general solurion of (2).

Let y=xV,

dy _ av

dx dx

2. ;2 LY
PV ang LY _ &Y +.)€"‘_'_

g

ox

. .« \ y .
Putting the values o L —=5 in () we get
ax

d2v

X -+

dx®

=

" dx?

ol 2T

d*V dV
X My e

A A Y o

dv .‘-3(1-1—.1:){' dV ] 201+ x)
yr—— 4
ax ) x-

tix Y

2 =) o 2NV =0
tle

The AE. ia

DE-2B =0,

(RSN A

7 v (g o z2v oo L 4ol
Vg (Mo Ry

yEW At e, P} = [

l.et ¥y = an | ¥, s
N Ya - | A J;e-‘r
» ¥y | 1 (1 _\.-zx)e‘Z:; |

= 01+ 206" — wifs = Late™ # ()

y, and y, are indepeudant zolutions.,

yEL
C.F.of (=g ¥+ex o
Let. PI = Ay, * By = Hae®
o Fl v R

O S
MYy M Y2 ¥i¥a =0 Ye
e 1 Xz

N e ez =gy Y= o

g Iltz o2 o - i 2):2 E?'"

(Note this step)

(3

¥ F gy =t oy a8 the general solution of (2),

(1)

1 ~2x

2
(Here R =x)
-2z

1 : R 1
_‘\=J-"”;.}""d-‘f=-*3:‘ andd T“:Jé—ez“rit:—e

2
x 1 n oy
) = Pl=mems e e =
4 2 4('_2) 2 4
Using y=C.F. + 0. we have
=g, % Fe,x e Xg X
yROXTeX ety T

This is the goneral solution of the gived equation,

e




Solve the following differentinl vqualions by variation of puramelers

10.

[ EXERCISE 4

a2 2.
—z+3'=590.-‘4 2. i{-%—+9,\' = goi 3
dx ix
~—32, +n? ¥ = rosec nx 4. - z + ¥ = tan ®
dx ux”
2 p
d _ T
——-d‘g-2-=t=exsu1x 6. -.-[-'%—'.!-(—Jii-y-—-?‘
dx dx dr= dx
d%y dy p : :
2—‘2—2x ——+3y=xlogy F, -"2'""‘"5 +J-_q':1i...:-,- = ylo®
dx di v dy :
d’ . d . Yy dy o ar
—%—:» N 2y =¢' tanx i -lf—':'; -G 4y 3Oy = xS
dx dx dx~ dx
Arswers

Y=o eonx e, SID X F X SN A+ cos X leg sy

X 1
¥=c 008 Bt gy sin Sx+ s Bad ocus Sy log cos 3x
= [ .

x
YT O ORI X 0y SN AL T cOx B 3 s nlog sin oy
- n

Y= e 008 XF e, sin X —eos ¥log (seexttan g+ 7

1
y=a, e, g 3 e~ sin x

y=(r te, et ivta

Y=o Xt e, N - T ox oy OHEovlogx—ux

2
[#5+] , e
Y=e ot et -
x x

y=e' (e, cos v+ vy sin x) ~ 2 cos xlog (sec & % Lan a}

y= v, e - logy,

Linear Differential
Eqguations of the
Secand Order

NOTES
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UNIT 10 ORDINARY SIMULTANEOUS
DIFFERRNTIAL KQUATIONS

Differential Equations

NOTES

10.0. Learning Ohjectives
| 10.1.  Introduetion
10,2, Ordinary Simulinuesus Ditlerein iad Eguations
10.3. Method of Solving Simubianeeus Lineay Differcntial Equations with
Conslani Coeflictenl=

| 10.4.  Simullancous Linear Bquations Envoiving two Dependent Variables
10.5. Total Nifferveniial BEquation

10.6. Method of Solviny Simulianeons Total Differential Fquations _
10.7. Typul I
10.8. Tvpe Il
10.9. Typeill

10.10. Type IV |

[T =r R e e T

10.0. LEARNING OBJECTIVEES

After going through this unit you will be able o

o Define ordinary simulrancous defferancial equations

» Find method of solving simultancous linear defferential cquations with
constant. coefficients

o Find method of colving simuttancous (otal defferential equation

10.1. INTRODUCTION

Till now we have heen dizeussing differential equations involving only two
variables. [nt the presend chapter, we zitall consider ditfevential cquations involving
more than two variables. U there is one mdependeni variable thean the cquations are
called ordinary differential equaiions and in case there ave more than one independent
variable then the equations are ealled paciial differential equations. In the present
text, we shall consider equations involving only one bndependent. variable.
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Ovdinary Simulianeous

10.2. ORDINARY SIMULTANEOUS DIFFERENTIAL Differential Equations
EQUATIONS

NOTES

Since the number of dependen: variables is more than one, only one such
differential equadion s not suificient to fined its solucion. In the present case, we shall
require systems of simulitaneous differenuial eguations containing at least two
differential equations. We shall study the foliowing iyvpes of simultaneous differential

cquations.
1. Simuleanerus linear differential eguations with constant coeflicients.

t II. Simulianeoue iatal diffevantiai cquuations

L SIMULTANEQUS LINEAR MNEFERENTIAL EQUATIONS
WITH CONSTANT COEFFICIENTS

v R AL N AR Y e e 3 T S e

10.3. KRETHON DF SGLVING SINMULTANEOUS LINEAR
DIFFERENTIAL EQUATIONMSG WITH CONSTANT
]- CORFFICIENTS
f

The number of siisltaneous linaar differentias enquations with constant
coefficients in a given system musi, be equal to the number of dependent variables
involved in the sysiem

For iixampir

I A
i E—TE'E‘PA("-“J-—“

3
oo d iy gy = }] i
il

is a system of two equations aad che number of dependoend variables (x and 3) 15 also

two. Writingg "; n: i) thie ahove sastem con st b writton ag
cft
(D D=1+ Dy=0Q 7

EPRI £ NN e o
xA i+ 5y =9 |

the dependent variables, say x, can be elinanated, The equation resulting from the
elimination of other variahles is sobrad for this varablde © Then 4 relation between a
second dependent vartable sl the independent variable cin be deduced, either (1) by
the method of vitmynzring s Vincegraton ey loved ia the vase of the first variable 'y
or (2) by subsiatuting the value of 2" in one of the equations involving ‘&’ and the second
variable and the indepenitent vavialide

“ By using ditfeventintinn asei ol pguatiens f= obiained from which all but one of
|
|

The complale soluten enasists of as many independent relations between the
variables ss there sre dependent viniables,

Remark. When Uhe aiquations me winten i the ‘1) sotation, there is a striking similarity
between the precedurs used here avdrhe method ocsoh ing s system ol neguations is R unknowns.
This ig due (o the fact ot the eperator IF may a6 timeg be trealed as a variable.
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Differential Equations

NOTES

10.4. SIMULTANEEQU&» LENE.AF EGUATIONS INVOLVING
TWO DEPENDENT VARIABLES

Let x, ¥ be two depenudent virinbles and £ be the independentvarinble. A sysiem
of simultaneous linear equations with conslaor eoelfoents will comtain two equations,

Let the simuliancous equations i svmbolié form be

AU v g B v () (D)
FoN 2,03 v == by, ' ()
. _[AY &)
fg(})) Eg{n)
If A =0, thon the given svglem is called & dependent system,

We shall consider; oniy those systemsz for which A+ 0.
Operating (1) by g,(), we get.

D) £, ()t 4,003 £y () v = A0 fiy(h) ()
Operating (2) by &, (1), we get.
g0 £, Dhx + g,(D) g,(N y = £, (DY () ()

Subtracting (4) from (3). we ged
(2,(D) £, - 2 (DY L) 5= g, 00 £, (0 = &, (1) b,

In terms of determinanis; we have
f1{ glm; | helay gy
(D) ,(DJ| faolty  @lin]
Similarly, lor y, we nave
HD) gy _1Ad) apen
LD @Y TR ki)

The number of artaizary consiants involved i ihe genecal solution should be
equal to the degree of D A

Remark. We have g, (e, = 2,60 (1) beesmse the tinaw- difforentinl equations are
assumed Lo be with constani coslBiciculs.

Example 1. Solve the simultaneous eqoelions :
(- u+DNy=21+1/
(20 + Ty + 2Dy =1
Sol, We have O-Dr+Dr=21i )
@01 + x> 2Dy = O
Multiplying (1) by 2 naul sebivacting (.:‘] from . we got
(2D = 1) = (20 + 105 = Afow 2 !

w |

= ezl tE = y=e—f-

¥ ’( ‘i:-Jdl+t‘ '—"-{‘;-I-i- +

Y
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The general solution of the given system s

Nn-1
2N +1 2D

Since, the degree of 12in A i¢ 1. the general soluiion will have one arbilrary constanl.

Remark. Hare A= =(17- 13203 = 2D+ 1D ==3D.

Example 2. Solve the -:r'uu.-{.(mmmm cgrertions
dx

Ez-—?x Ty ={
£y -
%-—E’x —ay =0,
Sol. We have
De=Tat+y=10 )]
Dy-32x ~5Hy =1} .. (2)
{1) = W--Te+y=0 ..(3)
(2) = i+ (M -5y =10 : o (4)

Operating ore (3) by 11— & and subtraecing (4) from it we get
(D=5~ + =0 = D= 120+ 3T =0
The AE. i« IP-12D0+37=0. . D=gx]
-~ r=e8 e cox L+ e, sin §)
Tofind v, (1) = yom Ty -y
¥ =76 (e, cus £ vy sin 8 - 6 {gy cos T4 e, sin ) —e® (¢ sin 4+ ¢, cos ])
¥y = e, e eos t# (6 T o,) sin )
The general sodution of the given system is
x =e% (¢, costt o, sinth y =% {(o) - ¢y) cos L+ (¢, +c,) sin t),
Remark. For the above systom
] D— 7T
A1 _2 D3

Since, Lhe degree of (Fm A i3 2, the general solucion will hove 2 arbitrary constants.

=T o T =5+ 2= D2 - 12D + 37,

Alternative mothod
Using delerminants,

=123t l = (D= THD =5+ 2= DI 12D + 37
FOI’X _\r'—‘ln L‘} I—-{}—G?-'O

= (D 12D+ 5=

Example 3. Solt ¢ sixvultemecusly the differential equations :

S
— v =
et .

dy .
by By = o
17
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Differential Equations

NOTES

Sol. We have

Da-dr+ 3y

Ty = 2y Gy = o
(04 e Ny =2

ek (1D R iy g

n =
2 =

A
(D)
NG
)

Operating on (3) by 1)+ § auwd muiptying () by 4 ard subtracting, we get

(I AYD + dx - Be= (1 + 5 - 3

D2 GD+ Fagy == b+ 50

The AE. ix PR s M= o IY=xa2 -
CF.=¢eM+gem™

— . (32" #5854 1)
D%+ 5014

Pl =

0t

. ooy -1
5 (. 6n+D*) - 1

a * . '\
. ) i 1\
k . -.5-_ b I e e it-l- —-——-[Em
0+ + 14

oy t 5 31
= _lgt .5.-({ ——— i-r..-]._ = ___L)f }_..s{.....:..._._
g 4y 14} 14 VRN T
2=0OF + Py =ae 2 e e 1 g 4 i; L 3L
! g ] W 195
- r . - |
By = E.l_-".... -="'-—1-‘).‘- R ‘?:_.‘Z'.r‘ .L..'?,'___
() = 3y=t¢- = 43 = 't s feoe .3" b [)J
- } .
e b - 2o
1 2 8
[} ¢ ety 3 i . 2“
== 2y @8 B - g Zet --"—
1 - '! '.\ E}:}
5 L

2 ar &
D Y e e

i 4 24 o8
The general sofution ol the ween syssm iy

o o 3 0,, 5 al
X=ce gl et o
A ¥

-t = af - i b+ 2.

24 ] 85

y= -5 et dc,e
3 S

Remark. Fur the shove sysiem

e 8l + 14

iDts 3 | . .
A= =@ Y By g =0 L 00 F 1Y
I 2 TD+h ¢ X
Since, the degree of D in 212, the generad solidion witl have twe arbitary constants.

Example 4. Solve the simnltcneans egpoiions 7 Ty =aint,
)

given that x = 2and y = (chep =1,
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Sol. Given equalionz are

Dy-t+ty=wint 1)
r+BPy=cost .A2)
Operating on {1) by ID and subtracting (2) fron i, we get
Dr—-x=Dsint—cost = (DP—-1x=0
The AE sDi-{=0 . D==x]|
i r=ga + oge )
Tofindy (1) = y=sint-Dx
)

—al P —k
SIETLOE Rl P L Y

Nowx=2 y=twhen { =0

) = 2= oy
4 == O=—c t0,

Solving weger ¢, =1 ¢, = 1.
The requived solulion isx=e' + ey =sint-e* + e
Example 5. Solve the sinudianenus eguations -

¥ 2
v, . B ]
e iy rﬁ'y::;"“e_. -451?--+F:x +dy=t+1,

o
Sol. We have
{D¥ 4+ )y + By =2
B+ (DF+ Ayt |
Operating (1) by D¥* + 4 and multiplyimg (2) by 5 and suburacting, we get.
(54 2 - 2Ap = (D2 R 497 25+ 1D

(D% AR+ D= AP — 58 =14,

D
.(2)

Ordingry Simultaneons
Differential Equations

NOTES

=
The AE is (- DD¥ - W=0 - D=zl 9]
CTF =t eet+oycus 3+ sin 3t
; . 1. smaDtY'
%) F SR Y P 0 ) R ) - o -5t~
Pl gy -3 = = 5 (4¢° -5¢-3)
!( iy 1 n
=—l|1+§-l')“+i——+ ...... [{dt” -5t~ 3)
9, 9 9 }
i 5 17 » 37
=L 2 _ A .§: =~ =| 4t -5t + —
5 L(ru i=~3)+ G S_JJ 91\ 3
v=a e et b, cns 3+ c, Hin A - l(.“? -5t + -31] —..(3)
' 9 9
(Hn = sy e TE gy )
ot
M = ootz el s S F B, cos A - 1(81‘—5J
h ;7 1 { Sy R 7Y w0, LOS 9
12 _
:d; = oy ¢f+ gyet =8¢, cos 3= Yo, sin 3 - =
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Differential Equations

NOTES
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. ) 3
@ = Hy=C-e d et U cos Br O, sin Y +":"

r
: : - . T U
_;Lcl ey e by onfit-gy sm-u;’.—a.a e At

25 520 220

=B @ =g e Gy e0s 3 i . sin 3+ oy

yEer et ot e o oy W ey sin 3+ Bl 3; 4‘11
“ 4] g 81

The generad sohution of the mven systers 12

PR | 37
x=guttg et b, posdt o sun 34 - Y {-itz -6t + ?J,

V=0 eF-- ey o, eos 3L+ iy sin 3+ _;.(51.2 — 4t + 4?4}

LY

z ., £
b 5“ 4 UQL 1ln{l)-’ tap o us =+ 8D -9,

Bince, the degree of 12 in A e 1 the general sotution will have four arbit rary constants.

Remark, For the above systom A=

d
Example 6. Solve e siodtanepus equaions © —~=5y, =—=2z, —=2x

dt dt =5 et
Sol. We have fhewn 2y 4 02=0 ..
Ne+ Dy —2e=0 -2
Gy—-Ov=Tlz =0 o (3)
Bo-2 D
Using determinans, A= 9 13 -2 =N+ §

I
i2 0 -pi
The degree of D in A

The general sebusion will kave three acbitvary constants,

0 -2 0
For x Ax={0 D -9
0 0 -D

= (-TH¥+ =0
The AE. is —-I¥+23=0 ., D=2 -311 /3,
x=¢ e ot (2, gOF SiL 7o, S JIN
dx . 4 . i o
() = 2y= E? =dey e -t e, o S+ g 50 5 1)
e (- \‘":_'}h Cy 5in \;g =+ v"?j Cq COS J§ )
= 2¢, T (A *J@.C.z) cos V3 £+ ey + RE) €3} &in J3t)

H - M Y o . o
y=g e -ge ey =3 g) eos3 1+ ley + 3 ey sin V3 £

v L 1 ., - , .
(Z) = ZLdz= _(;? = ey o3 TR [, — 3 o) eon iAoyt J3e)sin 31

1
— ;;e" [~ (S e, =20 s 331+ (3 ey + 3e) cos V3 U




} *

=2 & - e, + 3 r,} €S J3 i+ {ey — ﬁcz) sin /3 1] Oﬂim1y5fmuimn?aus
i “ Differential Equations
” z=n, e é—c" [y + VB e cos JT L+ (63 3 ) sin VB 1L
,] = The general solution of the given syvarem is NOTES
I x=¢; et tet (e, cos fF Lt sin ),

; I _ — R
v=c el - 5@ "ley - JFey) cos JEt+ (e, + 3 ¢,) sin y3 ),
. 1 .
J : z=c, e :;e“ Me, + J3 el eos J3t + (e, - V3 ¢y) sin /3 t).
) - . . dx y .
Example 7. Solvethe sionsdtcneons equations L;E +y=q, | 9t +x =), given

”! that 1) =1 v-1)=2
i

f
Sol. We have ) 2y y=1 (D)
ot
VB g @
tdt T

Differentiating {13 w.rs 1, we sol

d*x  dr  dy
e b b = () -3
‘ f dts dr o dt ¢ &
Multiplying {3) by 1. we get
| edix ey dv
e 72 +1 T ri = ={ (4
i (ig.f f.’_‘.‘r
4y — () = R
) -2 = eI 0 6
{5) is a horaogenecus linear cquation.
Let z=loxt .. i=¢
o d* . d
—— N A v v = —_—
{ 7 D, ¢ i XD — . whero [} e
J‘ @ = DID—ida+DRr—x=0
¢ = ((-D+D- =0
= ("= Nx=0 .. (B}
The A E., ol (fi) is D=0 . D=1

The general solution of (6) i«
=0 v, 0
The general solution of (B} ix

Fla

¥=olE -
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Differential Equations

NOTES

or

1.
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10.

oy

r ’.:2 . C2
iy = 3-——*3:‘:-—!111 2‘-!_‘-7--'1'1)'.r—£-

The general solution of the given svstem 18

g'I£+5;a:~l~y=p", (—b—}-—.r + 3w =
di dt

(T}

-8

-{i"—'——Qx—Sy:O
ot

v=ly =0 = oy —ey=0
1
0=y - and e, = 3
The required solufon i
i, /2 1, W2
1:::—,}nu—- Jl:__ o ——
2 ¢ 2 ¢
l X - %
x-*-——(t+— t, ;-%«1—“-%‘
21 i)
EXNERCISE 1
Solve the follouing sy::!em.s of stnetianeous Tineay Jifferenlial eqiations
dx o
—— =AY, L g, e -Tx+y=0,
a - ar Y

ax d_}r ' Ax e o
2 g 4Oy =it B b A by A
dt dit Ze 4 2y = et - '
dx dy e dy
——+—~21—2co'-:-:sm- Ll e s deost—dsing
dat  dt dr A = ®
dx dy oy gy - ot
—=gx+by, ~Z=g'x+¥y Fo— b sx +3y=t" s+ 2x+Jy=e
dt Y ar T ot 4

2 dx T hE a2y
dx-fdl qr + 4, — -'—~J-=-:i-y n. fl—%‘-*y::siuf_. -—-:!,—+x=cost
a2 dt dtdt di* dt*
a2y ;2

d2 -3x-4y=0, u‘;-e—x+y=(>.

Answers

s¢ P v et y=e oo™

x=e% (¢, cos t+ oy uin ), y = o™ Tile, - s s b {o T )an g
4 ¢ 1 w. Lop T oo

x={r, +e,reli+ 55 ¢ Tmel y=- (epoe, b o™ 5% tagd




Owdinary Simultaneons

o Lo 3 i . 15,
4. x=g¢ M+ R TI dh Be, ¥ b gt e 53¢ Differential Equations

8. x=¢ e s V2t e 305 ¢ ye e ne'? s )] e 4 2sine
NOTES

Pl . ] .
6. x=c¢ ™+ e,y 71 o™ e T & (n - a),
at™, y =y

e+ + Ja ) vdah e+ b~ fla-b)% +da’b

and n=

where m =

/ 2 2
i
i ( i 31, 2090} 1 g
. ox= e . :-H‘_;_ _._.(5¢ - e |- —p
ToESe e g 7 98 ) 1m
2 m - b 8 67) 1 4
=——0ne Tt |-ttt ik
I Y=ryh : 7( 7881

- ) 1 _ay
B x=( e, e v ys (e, B D) T e iz
- 3

) £ :
] 9. x=g el depettoren b sin -d-(-sm t— cos?)

L -
y=—c & —coett e eont e an 4 T{l + 2)(sint — cost)

1 1
10 x=(, +e,Net+g+re bt p= 3 (e, eyt et R G

II. SIMULTANEOGUS TOTAL DIFFERENTIAL EQUATIONS

f 10.5. TOTAL DIFFERENTIAL EGUATION

Let P, (3, R be finetiong of three variables a. v ond z. A differentia) equation of
the form P dx + (J oly + R 222 035 called o total differential equation,

Iy ean bie proved that u toval aidfereniod squacion

Pde+Qdy+Raz=1) LD
is exact if
J qp 30 96 L L

For axiunple, ecomsider the Load differentinl cquation

(vt 3)de + v+ 2ndy + (B Peddr =0 -{2)
Here P=ytde, Q=x+22 R=du+2y
' It can be checked that
| L S
f dy X o wm az
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Differential Equations

NOTES

The equalion (£} is exaet and it can be writhen as
(v oy + vy = 200 de+ ) b B0 dz o sdy = O

= dey) + diyz) v iRBa) =0 = diy+ D+ 3 =0

Integrating, we et xv + iy~ 4+ Jav = -

This is the gererlsolbice of b rots’ onderon 1 eyaetion 12

There are othur mediod: sl for cohtrg o total differential equation of the
form (1).

Tn the preserd. chapter, wi: shail study the methud of solving a system of two
simultaneous total differentiad expuationy

n

10.6. METHOD 0OF SOLVING SIMULTANEQUS TOTAL
DIFFERENTIAL EQUATIONS

We shall conzider svatemy of 1wo smiultaneous wtal diffeventinl equations in
threc variables.

Let Podv+ (v + Rydz =10 D
Poda + Quy + Rydz=0 (D)

be a system of two simultaneous total dtierentind equations. where Py, 1, R, Py Q,,
R, are all functions of 1,y and = Solving (13 and (2) for dx, dy, dz, we get

dx _ ﬂ"y l.i?r
Q Ry - @R, RP-1hP T PGy -1y
de _dv _da
= XY TG G

where X=Q,R,~Q,R,. Y= RPy ~RyFP L A=00 ~ 70,

Thus, a svstem of twa simulegreces (olal equations (i), () can always be put.in
the form (33).

The equations (3} ave said 1o be comoletely zolved when we get zolution of the
form ny(x. 3, 2) =, and uyle. y. 2y =ry, where 1y and wy #re (W0 indegnndent solutions

iy

of the equation (3). The functinns 1, and u, are surd 10 be independent. Z is not.
merely a constant.

There ure rumber of rules of sobving differeniial equation (), depending upon
the nature of the funetions X, Y and /4

; . dx  dv  dr .
Remark [n case uny denvminator of the gquetims —- —=-=—-;-’— is zgro, then the

X 0Y

corresponding numerator is also taken vqual o saro.

For example, if X ={, thea we tale dx= 6, %7 canstaat,

10.7. TYPE )

. . . . . ) dx dy dz
In this type we shall consider the solution of systensof equations x -‘—{Ji =7

in which the equality of two fraciions of the given system gives an equation involving

182  Self-Insirucrional Material




only twovariables. This equation iz solved by usunl methods. Same method is repeated  Ondinary Simuitaneous
Differential Equations

by equating twa ather [ractions of the gwven syslemn,
U Example L. Solve the foflowing systems of simadtaneous differentiol equations :
.owde dy  de
‘} o d _dz . iy W& NOTES
J yioox2F k% y'zoo Xy
dz -
i (#ir) - & dy = () — dx —_ = &y = .‘iz_
z 0 «x ¥ = 2y xy Xz
| Sol. {iy We have
dx «y dz
S e m e D
y¥oxT xtyta
! Taking {irst wwo (ractions of (1), we gor % dv = v7 dy.
3 2 !
Integreatine, we ol %—- = yT oy o — 3 N ":‘1
Taking last. two fraciions of (1), we geu ‘13_: = —,d—z—«,—
X X"y z”
= b = iy
_ R o1
{ integrating, we goi. s b g Tt g, or P z+ 8= deg
» - ] < -

The generad sohwiion of the given system is
¥t —yi=30¢, 32 -3 =3¢, 2

(if) We have I ::;2_' (1)
Taking the first. (wao fragiions of (1), we ger.
Hdu=yhly or dy - Sy =0 A2

Integrating (2), we have xF ~y7 s ¢,
Taking the first. and list fractions of (1), we et
wiv=zxds oo 2xdv—2xd:=0 )

Integrating (3), we have ¥~z = ¢,
The general solution ol the wivon svsiem is

i I T S S
-y E otz

dx dy dr
(i) We have —;"-- %‘—z = A

Sccond fraction of {1) vnplies dy =0

- F=
Taking the firsi and third Hrachrons of {1), we got
vifle = zeds oy 2xdy —2zdz=0 (2

Integrating (2), we have x¥ — 24 = ¢,
The genvral sobution of the grran sysiem is y = ¢y x*-z'= Cs.

(1) We have --7,-»{-{?_-1-*—-'— g‘-‘»-—fi (1)
x™ + :i‘:.f2 xy a2
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Differential Equations . N . . dx ofy
Taking the first. (o fractions ¢F (D, we et — g == .
£ A2y xy

chr 222yt .ot 2
= — D == —emmme—e— I o = - ‘1_’)'
NOTES dy Xy dy ¥
LA 2] i 2
= v — 1=y
dy vy S 2
Let =2l
de 2
2 = —+ .’:,r—-} = —fy
dy ‘\ l"l
This iz a lincar differ antial vquation of order one
| =y
Fo=e” zetlemal
.:y’- = {~- :l;_uf:_‘.'? dy + ¢, ur .L‘”:.-L’ oyt gy
] o . o de .
Taking the lnse tvvo fracvions of L), we ge! =+ -— =4 (3
¥ 4
Integrating (3), w¢ gk
1 . .
logy +loza= lowe, or wm+e,
The general solution of the piven zyslem 38
Pyt ylese, v =,
10.8. TYPE lI
. . . . ) ux dy dz
in this type we shall consider the sohelion of system of equations X Ty =7

in which the equality of two fractions of the grven s2stem gives an equition involving
only two variables, This equation iz solved by usual methods. Fhe solution of this
eguation is used 1o eliminate un nndesired vaviable from thae equation obtained by
equating two other fractions of the given system. This cguaton is sislved and the first
arhitrary constant is alzo eliminated

Example 2. Solua the fotloiing svsiems of sinvuitaicons differential equations :

(F. _— -5 2T e
xy  y° alxy~0x)
(in dx _dy _ ,:.__#_‘fi"____u
1 2 Sz+ian{y-ix
. dx dy d
iy == = "*—g—,—j—";“
Yy x xytixt -yl
o —%& A &
x2(2% + xy) yzi(z" +xy) X
dyv oy [(F
Sol. () We hive ——=-"-= e e A1
(© We hax o y' 2y -2 M
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L

ar

L . . di  dy Ordinary Simultaneous
Taking first two fraciiims of (1), woe el ;}- = i Differential Equations
dx iy
= — T
roow NOTES
Integrating, we get log x =log y + log ¢,
x=uy
. . o b
Taking st (wo fractions of {1, we got ——%’Az m---j——? A2
yo o z{xy - 2x%)
We eliminate » from ()
dy _ dz
O oy v - x=03)
dz : : dz
= v = T L 2(-'12) iy =-—
N z{(’l - 26’1 ) 4
Integrating, wo get (o, — 2e, Y velog 246,
“a
x 2xt 2
=5 {‘"‘ = |y =loga+ £y, = - 2 log z + Co
Ly  x ¥
The general solution of the civen svsiem is
? '
x=¢ ¥y, x———=logzte,
() Wehave X dz (D
1 2 Hz4tan(y-2x)
Taking the firzt two fractions ol (1), wae get
ity — 2tiv =0 A2
Integrating (2), wo have ¥ — 2v = ¢ Rt ]
Taking the last two fractions of (1) and using (85), we have
ely =
R —— 4
2 Bz+tane
. . 1 1 .
Integrating (4. we have YT g § Br+iane I =¢,
3 8
fiy =2 log | Hz+ tan (y —2x) | = 10¢,
The general soluidion of the given zysiem is
y=32x=¢.by-2log | fztean {y-2x) [=10¢,.
. 5y 1z
(fir) We have Z2_ %L ——_a—f?——-T A1)
¥y ooox xyazi(t - %)
Taking the Drst two fractions of (1, we gaL
xde=yidy or 2wy - Lydy =0 . (2)
Integrating (2}, we have ¥* =y =¢, (3
Self-Instructional Material
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Differential Equations

NOTES

Taking the lasi twa Mraetions of (1) and ushig 8, we have

LA
o1z
Integrating (1), wo have 0 e a e f = 0n
2 i1
T
1!2 .
= O e

The seneral soiution ol tu; gheen system 5

4 1

T =

WeytEe,, St e T 0,
oo gx?-y™) =

. , .
, i o5 ds
(ft) We have ’f = S =

w2 +my) petea

(1)
5 dy

Taking the {irst two frackions ot (1), we ey —h—= = (D)
) X e
Integrating (2), wn have
log vt logy=loge, ov xr=r, )]

Taking the fiest snd third feactions of (1) el usting (3). we get.
.._.fff.x__.,:f‘i_‘; or Jide- (8 reade =0 NG
Zz" 1oy} 2
Integrating (4}, we have
s s ot
S

The genoral system of e given sgziom s

we, or x-ahe2uyd? e,
- ra

xy =, k' =t - Syt = e,

10.9. TYPE Ill
' dx dy dz
in this 1ype, we shall consider the sedaviun o eysem of eemations % = —Y‘,z- = A

by using the formula

de vy e Zadx v T dy+¥dz

X Y 7Z XX+ Y2 42
where X, Y, 7, oresonwe functions of x. 3 and z 1 fursome clice o XY, Z, the
sum X X + Y, Y + 7% s zevo, then wirhave b de+ ¥ oy + 72, dz =10,

We integrate this cquation to gét ona relation between v, v and z. 'The functions

X, Y, %, are called muliipliers. By using different sel of muttipliers or by using two
fractions of the given syslem, we find anothier wetependens solution of the given system,
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| Example 3. Solve the follorcing systems of simuitaneous differential equations :  Ordinary Simultaneous
4 dx dy dz Differential Equations
! G =2

mz—-ny nx-lz [yv-max

. dx cly dz
(l[) > = m L = . NOTES
xy? ~2%)  yet-xt) -7

dx dy B oz
wy? +2) —yxP e ax® -y
(i) dx  dy de

7, BT

¥yt -y -ax

(£57)

{t) . = - .
22— 2yzr—y? xvtaz ay-az

|
Ii ! dx _ oy e
1
i

(1

- .
' Sol. (/) We huve =Y dz
I mz—-ny av--iz Iy -nmux
1

Choosing 1, m, # as multiplier, each fraction of (1)

_ ldx + mdy + ndz
fimz —ny) +ming = {2) + ntly - mx)

| . sy s
0

Mx+ mdy «nidz=10
Integrating, we get lv- my + nz 7 e,
Choosing x, v, £ as multiplier, each feaction of {1
{ B sl 4yl + zdz
I_ xtimz ~ vy yinx ~ Iz} + 2(ly - max)
|

xdxy + Wiy + zdz

0

vely £ iy o+ 2z = 1)

s

7=y =2 xt4ytiis=ig,

|35

Integrating, we get 3 x 33“ +

o The general solation of tha grran system is
Iz +my + nz=c,, x* 4 ¥* + 2~ = 2¢,.

@) Wehave B8 Y il A
x(p? =2 v x?) 2 -y

L™

T

]

L -

s ntdiaprans, each fraction of (1

o)
|

i Taking

1 L 1 1 ! 1
~dfx 4y dz “de+—~dy+—de
_ x ¥ z X B z

(¥% = 22¥+ (2% = c2r 3 (% — y¥) )

1 dy -+ i iy + 1 de=1
x ¥ z
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1

Differential Equations Integrating. we getlog |+l by =iog o f=loge
or Tayz ) =q or gve=w%ke, ur x7 =g, v putting e, =+ ¢))

Taking x, y, = as multipliers, anch fraction of (1)

NOTES 3 il kel b 2dz _xdx +ydy + zde
5 =

R G R PR BT L t

xdv +ydy +zdz =0 or Lwds 4 2ydy 4 2edz =0
Intograting, we get x5+ 344 58 = ¢
The general sodhaiion of the gives system is xyz =, x* + yf + 22 = ¢,
cLy tfz

dx
{tii) We have —— e - D
xly® +z) —lxt ez 2a? ~y%)

Taking x. y, =1 as multiphers, eath Gaclion o {1)

xdx 4 vy k(- Ldz _ xdlx + ydy — dz
S Oy R e e I B SRy G
2xelx + 2ydv — 2de =1}
Integrating, we get x% + y* - 2z =¢, .(2)
N T U SR
Taking —, =, — az multiplive, each fraction of (1)
x y z
i, 1 1. L. 1 1
—~dx + =iy +-=ds Gy - dy + —-dz
L A L. LSRN AT
R R R e A
1 1 1
—dx 4 =dy+—dz =0
x ¥ z
Integraiimg, we get log tod + lep byl +log 12 =loge,
or [xyzl =e, or ayz=Fe, or 0w o (¥ pulting ¢; ==+ ¢;)
The general solution of the given cavation i 3% + y2 - 2z = ¢,/ xyZ = ¢,
. ‘ "4J- 2
(1) We have __a_,ﬁ__ Sy e e
yred o—ay -

. . . dx dz .
Taking the last two fractions of {1}, we get — —=— =1}
¥y oz

Integrating, we havelog V y | - log {2 § =1log; oy

y ¥ .
or ST o ph =g OF pEOY . € (Byputing c,=%¢))
\ Taking x, y, £ as multipliers, each fraclion of {1}
) xdx + ydv+edz  xdxd yely b 2ds

5 - ;
xy? #x2® - myp® - x2? n
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[ ————

—

————

xderydy +zda =0 or 2xdy+ 2ydy + 2zdz = Ordinary Simuitaneous
Integrating, we have y% + vé 4 2% = ¢, Differential Equations
The general sohution of the given sysiem is
yEcgn xihyitatscg NOTES
. dx dy de
(t) We luwe T e T ! D

22— 9y -yt xytaz xy-xz
Taking the last. two fracuans of {13, we get

dy dz

xly+ 2! '-xiy—;j

dy uz
= 0 g m————
Yz ¥-7z

= v~y =+ Dde
= ydy —zdz— (2 dy + yidz} =0

Integrating, we ge

TR
¥tz -
T T YREL
' g
= Pty = (Putting ¢, = 2¢,)

Choosing x, v, z as imuluiplies, each fraction of ()

xdr+ydy+rzde

x{z

3

- 2y3 »-y“]—?y(xy +x2)+z{xy—xz)

_xdxt+vdytzdz

0
vlv + ey 4 32 =0

Integrating. we gel

RN

R e S

PR T

RPN P ) _

= L S A (Putting ¢, = 2¢,)

The general aolusiun of the given system is

2t e = (¥t gt
h2aiel AR L R AR S S Sl 4 =cC;.

10.10. TYPE IV

In this type we shall considar the soluvion of systent of equations
M . 1]

p<| B
|

dy_dz
Y Z
by using the {ormula -

dx _dy _dz Xyde+Vidy+Zdz

Y 40 XN+ Y, Y+2Z.Z
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where X,, Y|, %, ure some functions of 1, v and 2 T o snme ehoice of N Y, Zy, the
sum X, dv+ Y, dy + 7, dz is the exael ditferontal of 8 tavtor of X X+ ¥ Y + 2,7, then
Xde+ Ydy+ 2, de

X X+Y,¥Y+Z,2
to get. one solution of the given eqnations, By wsing dilferent st of minliipliers or by
using two fractions of the given syuations. we find another independent solution of the
given equations.

the quotient 15 erpeated with o suifabla raclion of given equations

Example 4. Sofve the follmeing systems of sinpedloneais equations
. dx o dz
(l) = e 34 = i b
x“—yz y"-—Ix oz o-Xxy

y+2 z+x x4ty

(i) L
Veostx+y) sinfrey) 1
@) — dx S dy_ — fz .
yiryz+z 2T ratx T bayty
Sol. (i) We have od“ . -_-*_gf"z (D)

LA 24 _1.'2--::..'_. ET ey

Taking 1, 1, 1 and x, ¥, 2z &> muliipliers. vach fractiun of €1)

_ 1ede+ 1wy +3.dx ady + ydy + zdz
Eoyr ey cmmraioay ad -vyz+yt~xyz+2d —xyz
dx +dy + dz wdv ¥+ ydy + zaz
= 3 = 3 - QPR — o g 5
byttt ey —an-ny {we- gyt ¥Ryt ezt s - ex —xy)
5 o .
= (x+y+ D+ y+ 2 =5 Qudy -+ dydy + 2z
1 e ] Lo
= (vhy sz dary o - 7@y + F) =0
. 1 v e e
Integrating, we get. pA SR U I AR (Fty+try=e
or vt ov=ey

Taking 1, — 1, 0 and 9, 1, - 1 as muliiphers, cach feaction of {1)

N dr —dy + 0 ~ Oely —clz
- 2 - o g R
(x” ~y2)=(y" —zx) #1004 (5% —2x) 02" ~xy)

dx — dy _ dy —dz

= 2=yt (e~ B yre2?axiy—m
dx—dy iy — s dix—-3) diy-
= - = - Ty = - =0
(x-ydx+y+z) (yv-zdy+zax) £=3 Y-z

190 Self~-Instructional Material




B
g

Ordinary Simultaneous

Integrating. we get log ly—yi—-lngly~z|=loge,
Differential Equations
oy xy
or vz =e, o y—z =de, 0f X-y=e;(y—2).
(By putting ¢; =+ ¢,) NOTES

The gencral solution of the given system js
sy tyztux=on,x-vEedy- s,
C‘{:\: dy _ f.:’;’ (1)

() We have = =
Yiu o T+ x4y

Taking 1, =1, d,and 0. 1, -1 az multipliers, cach Draction of (1)
B ix —dy +10) a O+dy—dz 9
C{ytai-{rr)+ 0 0+{z4x)-(x+y) (2

dn—dy Ay =idn d.(:r~y)_d(y~z)_0

= ~(x~y) -ly-7) = x-y y-z

Integrating, we get. log [ v -y | —dov | y~2{ =log ¢,

x-—y -y
= vz =6 or y_z-—:ir:1 or x—y=¢,(y—2)

{By putting ¢, = £ ¢)

Taking I,~1,0 and 1, 1,1 as muhipliers, each [raction of (1)

de—-dy+0 dx + dy + dz
(v+z)~(z+23+0 {yr2+zrx)+u+y)
- dix-y) dx+y+a) pUlx—y) dlx+y+2) -0
~(x-a ey x—y r+y+z

Integrating, wegel. 2og | x—y {+loglx+y+z| =loge,
x-Wir+rydzl=c = -y +ty+2)==c,

=
(By putting ¢, =t ¢y)

= v Mty s
The general wolution of the given svsrem is
x-yEely-ah ix-Pix+yte)=c,

(i) We have er .4 . 4z A1)
cos{x+yr sinfx+y) 1
Taking 1. 1, 0and 1 =1, 0 az muitipliers cuch fraction of (1)
_ dx+ oy Q) _ dx —dy+0
o (x4 yhlginle =240 coslx+y)—sin(x+y)+0 @
.(2)
I d - -‘
(1) and (2) = ‘d’ = .df‘x 4‘-'?-.
2443 eyt r+sinly+y)
1 2zde dr ot . _
= e e — . where 1=x+y,
2 241 costrsing O sin 0+ w4
14 ; \
= L --,,ff: o t;'l'v.".-if.‘t'i o F EJJ& =1
\5: 25 +1 Vo4
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3 iy r .T J( . T[\
Integrating. we gt 7 log | #« 1 | —lerian lt + }_‘J = o e

= el

cos{x + y) - sin{x+ ¥
cos{x~ yy+ginix+ y)

Also, () = dix + ¥ A~y
cosi —gin? , .
= o8 ¢+l di — =y}~ O, where b=+

Integrating, we gel log | cos t+sin &) ~(x-—y}=log oy

= Peostdsimt o —=e,
= (cos {x + ¥} + s {y +yPer—F =4 g,
vy oy 3w . ¥ =4 s . ; =
= fens (v ) F s (v + W)t =y (By pulling g =% )

The general solation of the given system as

o Eo L (S F) TSI (X PN YT =gy

. : gk
1y Wa have o 5= 4y - ! -
P Eyo4zrT oy XU X7

()]
Taking 1, ~ 1, Gand {. 1 -1 as muibpiters, each fraction of (1}
dx ~dyv+ 0 — N+ dy--dz

Tyt ayz D)t a0 0407 rar e (P ray +y0)
dx —dy T

: B LF
yi—x® ryzeoax 2oyt oy ey
de~dy L dy-de
(y—x)x+y+2z) (z-w{z+y+x
-y dly - iy —z} a--y)
= dla—y) dly-= . iy —2)  dlx -y =0

—(x-y) —(y- o) Y-z  x-y

Integrating, we getlog | p—zf —log > | =ley e

[ -z P—5
= Ii—-—— ' = e Y22 uy M
x - Xy :
or Y=y (-3 (By pulling ¢, ==+ ¢,)

Taking 1, - 1, 0 and L. 0. ~ 1 az multipliers, eacl fractions of (1)

3 e —dy _ dx ~dz
(24w +2) =2 vaxra®) (P +yr+28 -0 +ay +¥%)

dx —ay iy~ oz

= z_ .9 =TS
yioxZagz—ax 2 -x¥ -
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dx —dy ~ dx — iz Ovrdinary Simultaneous

= = - Differential Equations
i (y-xy+x+2) (-} a+ta+y)
de~dy dv-dz dlx—2) dlx-
l = I = Hzzd) demy NOTES
~{x-35 ~{x-z} x—-z x—y
Integrating, weget bl x~z|-log | v~y l=loge,
= | i w =X =i
—ciEg, or ——- =
P i P a
or yez=e (- (By putting e, =% ¢,)
The general soluiion of the given =vstem is
) yoz=ele-g) x-z=e (v-y)
EXERCISGEK 2
Solfve the following systame of simudtuneous differential equations
de _dy _dz .
1 () =t=ll i B Ay d2
x Y z tanx tany tanz
. dx _dy dz L odx dy dz
(@) 1 1 sinx (o) @ b ¢
dx dy dr Ldx dy dz
! & Rt wh ==y
Y& xx oay x° ¥y oz
dx iz . -
(uid) b iry &L B _ 92
[ x-a y-h. z-¢ v o=xy x{z-2y) -
_dv dy dr L dx_dy _dz
I = 173 _z+cuti’y—!ix) @ 2 yz oxy
. dy .
(e} L --1-'— wm—y— df - v dr _dy | dz
i 2 Basin {y+ 220 2 -z x+y
@) . dy ds o B & -
-z y“‘ nxz xy ¥ vz - 2x
3 ty ds .
i) 2oy gt wip d2,_dy_ _ dz
rt+y Tty oz z 2 z2-|-(x+y)2
ade _  bdy iz L yeds _ zxdy  xydz
: . 0 O-clyz (c-ayx fla— By @ =z Zz-x x-%
L dx o dy | d d . dz
(uz)z_lz e (ju) - 2:: = (iy 5= T
¥ x-z y-x aly® - 2%)  —ylz® + 27y 2z + y%)
It { (5
I © x .y L d - dx g dy  _ . dz
y-z2 yr-x) sv-y) HFy-2) yHz-x) Hx-p
' {
i dx oy o2 dx dy dz
. A T —— T = =
F (vid) x—-3 x+y 2xr {raie) Hxr ) mx-y) %o y2
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1.

2.

3.

PRI "—;hy_ Dy

i+ . :f}' oz

e BE i 22 et

(4} i+y I+r 2

.. dx dy de Ldy dy dz

() 5= _ —= 372 oy SR
-y -y ey -nx 2z i ¥r Xy
dx dy s

@

x(x +y)  ylr+y)

dx dy ez

@n

T - ¥ (2x :E}:-?f

Yaty)taz yix +y)~az

2x 4y}
: ; iz
(vid) de _dy 2z (wiid) __s‘_f"f__yi. iy =
z -y 22 2ay n+ )
Aaswers

Mx=cy y=ryg

iy—y=¢.xtensn=c,
¥ 1 2
paf—vi=c, a2 =
3 1 o

iy x—a=c (v=-hy—=b=o{z-0
Dy—3v=c,x-logiztociy-d]
(f) x=c¢y. oy~ 2%~ 20,

(fiyy+2x=¢, S sinlyt2)-z=0,

o 2

oy

W xy=c,loglzl+ + =0

pifx+y=c.x—-(x+Nlogl ] =n

(1) ax® + by? + c2% = e, odd b Bl (2t

(ilx+y+tz=c,pu=c,

{ifx+ytz=qg,a"
[¢D] xtytz=caumzag,

@ity x+y—log | 2} =c, (x%+ w300
(iid) A% = y2 — 22 = Be |, Lxy — 2% = Uy
My=cz+y?+=c4
(ff)z—x+y=q, 2t~ y"= c:‘,:;g

Waxy=c, @+ ety +2z) = iy

. -1 .
(i) x=c, ™ W2 22 2=9,,

() sinx=r «in ), sin y= o, sin z

Dibv-gr=e, ov=-lbz=g¢,

) 1
‘r_':,’ e I"l. D
X 2y -
i eyl s g3z Y=y

= AT ]

Wi xsrse vty - =g

|, -2

[ ¥

=g,

R r=0 -
udx=e oy -loy

1
i st p=oay iy log (22 +ix+ NH = ¢,

Ly

() P+ ¥k 2t=mde, x =0y
PR |
4 — 4, =0

v WE =3 (A -J'

Haded |~

RO+ -l x byt 2=
(o) oy 2t = m = oy

iyx+y=gz -y -2ur=c

(WHD) e+ v =z, = e (X -y,




Hints

x ¥ K]

3. () Tryx » zand i, _i oLl multipHers,

(r#il) Ty 2 — v, -2 and ¥, x, — z as mullipliers,

4. () Try x, 3. z a8 multipliors, {f) Tey 1, 1. 0 us multipliers.
@5y Try 1. — L, 0 and x, — ¥, 0w multipliers,  (f19) Tev Ly, 1y, O as multipliers.
W Try 1, 1, 0and 1, T, | as mullipliers.

1 oy
—d -ty o
(ii) Wo have dx  O+zdy~ ydr 2 "v+[ ;;-] z diviz}
TR T A AN = Fl
x 4y {'u] 1+ (y/z)
1) =
\z7

¥
log | x| —tan™! —= log «.

(iit) Trv 1, 1, 0 and 1, = 1, 8 a: mallipliers.

(@i} Try 1,1, 0 and &, — 3, 0 as muliipliers.

Ordinary Simultaneous
Differential Equations

NOTES
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