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Geometrical Meaning of a

. UNIT 1 GEOMETRICAL MEANING  “Bifws fpas
OF A DIFFERENTIAL
EQUATION

NOTES

N '*TH!H tiite i:

TURE |

L DINEISTRG

et th B ARIEST .id

1.0. Learning (Wjectives
; 1.1.  Geometrical Meaning of o Iifferential Equation of First Order and First
Degree

1.2, Geomeirical Meaning of the General Solution of a Nifferential Kquation
of Firse Order and Firat Degree

1.8, Geomaetirer Moy omig .o adlareavat Bguason of First Order and Degree
igher iliai Yoa

[ _ . _

! 1.0. LEARNING OBJECTIVES

After going throush g palt o el be abla lo:
» Describe goomaeietca! meaning of 2 ditferential equation of first order and
first. degree
» Explain geomerrical meaning of a differential equation of first order and degree
‘ higher th:an one

1.1. GEOMETRICAL MEANING OF A DIFFERENTIAL

‘ EQUATEON GF FIRSY ORIER AND FIRST DEGREE
let % =flx. (1)
be a differential equarion of first ordey and first degree.

7
We kmow thar. 22 represerni s the vlepe of the tangent to the curve of the function
758

¥(x).
Let (1) has & sofatmn yl, passite wizeagh s point A (x,, y,) of the xy-plane.

Puiting the coordinates of the point A {x,. »,) in (1), we get the value of % at A, (x,, y,).

Let it be denoted by m1,. Thus m | is the slope of the tangent to the curve at A (x,, y)).
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Differential Equations

NOTES

Now a point which moves, subject to the ya
restriction imposed by (1), on passing throngh A (x,,
¥,) must go in the direction m . Let the painnmove A,
from A (x,, y,) in the dircction n, for an
infinitesimal small distance. (0 a1 point. Ayx,, 3,
Let the slope of the tangent at Ay{x,. y,) be my Nouw
let the point. move in the direction m,. Let the point
move through an infinitesimal small distanee in
the direction nt, and reach the position A, (x,. ¥,).
In this way, let the point go to a point A, y,)
and so on to the successive points. Himee through the point A, (x,. v,) will pass a curve.

-

by

Similarly. through every puint of the xy-plune, there passes a curve, the
coordinates of every point of which and the dircetion of the tangent there atwill satisfy
the differential equation {1}.

Hence equation (1) represents a family of enrves such tha through every point
of the xy-plane there passes one curve of the family.

1.2. GEOMETRICAL MEANING OF THE GENERAL
SOLUTION OF A DIFFERENTIAL EQUATION OF
FIRST ORDER AND FIRST DEGREE

et % = fix, 3} (D
be a dilferential equation of first order and first degrec.

Since the differential equarion (1) is of the first order, therefore its general
solution will contain one arbitrary constant. Let the general solation be

Py, )=0 -2

It.is evident that (2) represents one-parameter family of curves such that through
each point ol xy-plane, there passes one member of the lamily. 1T (x,. ¥,) be a point of
the xy-plane, then putiing x =x, and y =y, in (2), we have

oy, ¥, ) =0

This equation will give one value of ¢ say .

Thus through the point (x, 3,) in ihe plane, there will pass one member ¢(x, ¥, ¢,)
= { of the family of curves given by (2). Hence it we pui ¢ = ¢) in #). we have dp(x, », ¢,)
= () which evidenily represents a particalzr aiember of the family (2) and is a particular
solutivn of the differential equation (1),

Note. It may be noted that the general solution (2) contains one purameter ¢ for the first
arder differential equation (1). Thus the solution of a differential equation of the {irst arder will
yeprusent. infinitely many curves for difierent values of the parameter,

1.3. GEOMETRICAL MEANING OF A DIFFERENTIAL
EQUATION OF FIRST ORDER AND DEGREE HIGHER
THAN ONE

Lel f[x, ¥, :—E—] =0 (D
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be a differential equation of first order and of second degree, Let us take a
particular point. (x,. y,) in the xy-plane, then putting x =x, and y =y, in (1), there will

be two values ijx_y at this point (x,, v,}. Therefore, the moving puint can pass through
each point in Lwo directions and hence two curves of the system (which is the locus of
the general solution of (1)) pasg through each point of the xy-plane.
Let the general solution of equation (1) be
(e, y, €y =0 .2
(2) must have, cherefore, two dilferent values of ¢ for each point and hence ¢ must.
oceur in the solution (2} in che second degree. ‘

In general, if f(x, ¥, ;{—3] =1{)
¢

be a differential equation of first order and of degree n and if its general solution is
¢(x, ¥, ¢) =0, then the constant ¢ must oecur in the nth degree.
Example 1. Give gcomelrical siguificance of the solution of the differential
equalion
&y _ x
dx y
Sol. The given equation ix
dv
o
(1 = Xedv+tydy=0

z 1
< D

Integrating. we have

- 2y g2 = c
5 + 5 c; or x¥+yi=¢ .(2)
(2) represenis a lamily of concentric circles. (Putling ¢ = 2¢))
Let ¢h, &) be any point in the xy-plane.

The cirele passing through the point (h, &) is x2 + 2 = k2 + k%, which is a
particular solution.

Thus the locus of the sehttion of the differentisl equation (1) is made of all circles,
infinite in number, that have their centres at the origin,

The geometrical meaning of the solution of equation (1) is thau a point {x, ¥)
moving 5o as Lo satisly the equation, moves in a direction perpendicular (o the line
joining the point (x, ¥) to the origin, that is, ihe point. moving under the condition (1)
describes a cirele about the origin as centre.

Example 2, Give geomeirical meaning of the solution of the differential equation

d3y ;
_dx?' = (i
Sol. The differential equation is
a7y
Yoy (D
dr?
Integrating (1), we have
oy . .
— =, m bheing an arbitrary constant.
dx

Again integrating, we have y = mx +¢ 2y
where e is another arbitrary constant,

Geometrical Meaning of a
Differential Equation

NOTES
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Differential Equations

NOTES

(2} is the general solution of differential egnation (1),

Now a line through any point. (0, ¢) drawn in any direction m is the locus of a
particular integral of (1). If we give a particular value ¢, to ¢, there will be infinity of
lines corresponding to the infinity of values (hat i can hiawe, and all these lines will be
the loci of the integrals. Since to each of the infinity of values thau can be given to ¢,
there corresponds an infinity of lines Qecause of the infinity of values that can be
given to m), therefore, the genéral solution of the equation represents a doubly infinite
system of lines. In other words. the locus of the differential equation (1) consists of a
doubly infinite system of lines,

EXERCISE
(Fire geomeirical meaning of the soltition of the folloicing differential cquations :
1. ..dlz_l 2.&=m.
dx x dx
Answers

Irfinite number of hyperbolns having coordinate aves as ssymptotes.

2, Infinite number of straight lines each having slope m,
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Exact Differential

UNIT 2 EXACT DIFFERENTIAL Equations
EQUATIONS

NOTES

ik DEEL e dy
iht JCTUF
e AR AN
Learning' Olijectives

Definition

Necessary and Sulficient Conditions for the Equation Mdx + Ndy = 0 to
he Exact

2.3. TInspectinn Methnd of Splvine an Exaet Dhfforential Equation
24, Genernd M v ¢« an Bxav Difforential Equation
2.5, Intlegrating Faclor

2.6. Rulel (or Finding Intcgraling Faclor

27.  RuleII for I'irding Integeating Factor

2.8. Rule III for Finding Integrating Factor

2.9 Rule IV for Finding Integrating Factor

2.10. Rule V oy Fmds ~ I sorating Fieior
Rule V1 for Fmding iniegraung Fuclor

2.0. LEARNING OBJECTIVES

After going through this unit you will be able to:

e Define cupet difurets « gguad ong

e Find necessary and sufficient conditions for the equation Mdx + Nely =0 to he
exact necessary conditon

o Discass inspeetion method of walving exact differential equation

s Deseribe goneral suethad ol sl ing exact differential equation

s Find inlegrating fueior

2.1. DEFINITION

The differential equation Mdy + Ndy = 0, where M and N are funetions of x and
v, is called an exact ditferapiial equation i Mdy + Ndy is the differential of some
function 1 of x and ¥ i.e. if. My + Nefv = du. [n such a case, (the equation Mdx+ Ndy=10
reduces to die = 0 and so its general solution is w =cle uix, ¥ =c.

Examples of exact diffesential equations :

() The eguation edv + ydx =01z exaci: for xdy + ydx = d(xy). Its general solution is
w=c

Self-Instructional Material
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Differential Equations . . 1 ¥ ) .
(t) The equation — dy ~ -2z =0 i exnet, for
X

—dy—-u—d __xd}"—uu u'[ill.
NOTES ' R

Tts general solution is y,".t =g,

2.2. NECESSARY AND SUFFICIENT CONDITIONS FOR
THE EQUATION Mdx < Ndy = 00 TO BE EXACT

Necessary condition. Let Mdy + Ndy = 1 be an cxact differential equalion.
Mdx + Ndy is the differential of some function, suy, u of x and y.

Mds + Ndy = i}ﬁ dx+ 22y
&y
M= g n= 2
dx dy
M2 2(x) -5 L PP
Jy  oy\oxy dxldy ax " dydx  dxdy
E)M dN.
By E'R
Sufficient condition. |.ct g]ﬂ = -EIE—
dy ox

x X
lLetv= J Mdx, where _[ denotes integration w.r.l, x treating y constant.

av
M==
9 Y N % N % %
*Now —|(N-= |z —— = =
dx dy dr  odxdy  dx  dyox dxdy dyox
N UM 3NN ( %Jﬂ}
Tk & 9 Ax dy  ox

N - 9 is a function of y only.

Lot u=p+ J [N —-Qg](b'

Y,

du=‘rhx+[N—-§— f—(;udxq.@dy] (N—E}dy

=Mdx + -d—}; dy + Nefv - E}_ dy = Mdx + Ndy

Mdy + Ndy is the differential of the ftunciion w,
The equation Mdx + Nely = 0 is exact,

6 Self-lastructional Material




Exacr Differential
2.3. INSPECTION METHOD OF SOLVING AN EXACT et
| DIFFERENTIAL EQUATION
NOTES

At times an exact differential equation may be solved by inspection by regrouping
the terms of the given equation, by recognizing a certain group of terms of an exact
differential. For example ;

%4yt
2

) xdy + yedx = dixy) ({1} xdx + ydy = d(

() cos yelx — s e = A0y ces v el
Example 1, Soive yux + xay #x7de + 3in ydy = 0.
Sol. We have

Mdvtxdyt ddersinydy =0 LD

= G+ detr xtsinyY)dy=0
Here M=y+x* and N=uax+siny

o N

b nnd - =

oy o

M _ N

oy T oox

The equation (1) is exadt.

-

5 5
(H = dlxyy + xT] +dl—eos¥) =0 = d[xy + % - cos y} =0
5

L
5
The general soluuon is xy + §oUeesy =c.
} Example 2. Solie i3 o 2ey) dy + (3vfy? —x8)dy = 0,
’ Sol. We have (A% - 2y de + (At B dy =0 (D
} Here M = daBa® — 2xy and N = Jxtly? — 2
oM . N
L 120%7 —2¢ and —— = 12x%7% — 2
Yy ox
. aM
i == —J}:i—. The given equalion is exacl.
(}‘}' oy
’E () = (ax iy + 3xividy) — (Quodae + 2 %dy) = 0

= Ay - dixiy) =0 = d(xiy® —xly) =0
The general solution is ¥iyd - X%y = ¢,
Example 3. Solre{cosy tycosxjde+ siny—xsiny) dy =0,

Sol. We have tos y+ yeoc ) de + Einx—-xsimy)ydy=0 ()
}i Here M=resy+yesyand N=sinx—xsiny
oM ) ON .
Ty Sy +onax and oy S Cosx—siny
oy

= — . Thegiven eguation is exact.

o de

Seif-Instructional Material 7




Differensial Equations

NOTES

4))] = (cos yiv — v sint vefy) + (3 von xdyok sin vdy) = 0
= d(ecos ¥} + dvzin M =0 =3 dlxeosy + ysin x) =0

The general solulion is Xxcos y <~ ysin x = .

EXERCISE 1

Soluve the following differential equutions :

1. xdx+ ydy + x¥dx+ yldy=0 2, ey ok yelv + sin wdx =0
8. cos ydx = xsin ydy + 3y'dy = 4. e oy + o + 23y = 1)
. 2
5. e¥du+ 2(xe® —y)dy=0 6, Gyt - Ddv + a"zdy =0
7. GO+ xWde+ (B8 + Sy dy = 0 B (ot + Sndx + Ux+vy— Ndy =0.
Answers

2 2 4 5]
1 L+y_+£_+y_=( L X re YT

2 2 4 5
3. wosy+yi=c¢ 4, x0f = vz

2
5 w2y_y'-’=e Sye't —\:zzl.,
- 1a,12 -

7. Myl txiyd=c 8 E:‘ I-E_V -y t3xy=c

2.4. GENERAL METHND OF SOLVING AN EXACT
DIFFERENTIAL EQUATION

Let Mdx + Ndy = 0 be an exact. diflerenrial equation
Mdx + Ndy is the differential of some function, say, w of ¥ and y

Mds + Ny = 2 + 2 gy
x {}_‘J
du
M == D
du
and N= —a; (D)
™o pim) N M
Also, (1) = u= rM dx + ol3}. where 0(y} is some function of y only
it d [ oy
P N= ket = | l da | 4 ——
& = Pl I'.-l M d\.} iy
d¢ d ('x i* oM
= S =N-—|}] Mdx]=N-| =4
dy y J J J dy
= N _— —— L ] — T —
e [ dy o

= j”M dx+ | |I‘N - ' :’a:‘— dx]dy

8  Self-Instructional Material
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o ' {terms of N not Exact Differential
= "= J M de + .'. (cuntaining x )dy Equations
The general soluiion of the given exact equation is = ¢
NOTES

x
Le, J Mdx + I (termsoot" N tmt.) dy =¢, where ¢ is an arbitrary constant.
contaiving x

. ’ 4
Remark. Il exach term of N contuin x, then the general solution reduces 1o J Mdx =c.

Example 1. Show Hat the couation (1 + e} dy + e (1 - xiy) dy = 0is exact, and
hence solve it
Sol. We have (1 + e™)dx + o™ (i —xiy)dv = 0.

Here M=1+e%  and N=el(l—xiy)

. -
ﬂ_ = M _“3‘] =L gty D
dy ¥ ¥
JK 1w

and ol L] - i] 4@y [—i] =- i? eyl o {2)
ax ¥ ¥ y y
o _aN
d o

Hence the given equation’is exact and its general solution is

X
J. My + J (terms of N not. containing »dy = ¢.

= ' r (l+eDydy=¢
= x + e y = c. This ix the required solution.
Exampte 2. Sofve (x7 - 2uy? + yOdx — (252 — dxy? + sin y)dy = 0.
Sol. We have (1t — Zxy® + yHdy — @a%y — 4xy® + sin Mdy = 0. D
Comparing it with Mdy + Nely =10,
we have M=atw2g? +34 and N=—(2x2% — 407 + sin y).
_Bt%rl_ =~dxy + 4% and % = -4xy + 4y°
aM i . ..
_ET_y_ = 3" Tie sguation is exact.

The general solution is

X
-[ Melx +J (termy of N not containing xddy = ¢,

= ‘r(.a:‘1 ~2xy? o yDdx + j (—sin ydy=c¢
5

X

— —-x*yi+yix+cosy=c.
5

Self-Instructional Materiai 9




Differential Equations Example 3. Solve (ox + hy + ghix + (hx + by + fydy = 0 and show that this
differential equation represents o family of conics.

Sol. We have (ax + hy + @)dx + (- by + PHedv =0,

NOTE
S Comparing il with Mdy + Ny =0,
we get. M=agr+hv+tp and N=hyrbytf
JM AN
? =h amd -di\. =h
oM 6N

— ==—_ ., Thagiven pquation is exact,
dy x '

The general solution is

X
‘[ Mdx + ‘[ (lerms of N not vontaining xdy =e.

r {ax + hy + g@dx + |- by + Frdy=e;

;2
x by
= o0 — 4T+ gt =o—Ffy=c¢
7 & 7 ¥ 1
= ax? + hy? + 2hay + 2gx + 2fy =20, =0
= ax® + by? + 2hxy + g + 26y + ¢ = 0, where ¢ =-2¢,.

This being a second degree in x and 3 represesis a family of conics.

zdy — yvdx
Example 4. Solve xdx +ydy = o [ :: e r]

3

x_o@ tydx

Sol. We have xifx + ydy = —5 A A
Ea N A
2, 2.
' a‘x
= x+ 2“ P v+ [J’ - —2——-:;]({)-' = (}
x*+y° xE YT
Comparing it with Mdx + Ndy = (. we have
a
ay oox
M=x+ -y and N=y--5——3
+ ¥ R

M 0 [(x2 +yhat —aly. 2_‘2“] _a¥x® - yY)

dy (x* + 2y Tt e yh?
aN _ 0 [(.‘c2 +yha® —a®x 2x] _ a®(z® - )
o Gy GE ey
JdM _ oN o o

—(_-}y-— = The given cyuation is exact.

The general solution is

X
j Mdx +j (terms of N not.containing x}dy =e.

2
= J (9—' + ‘—;E—J-LQJ dx I vy =¢
PRt Y J

W Self-Instructional Material
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2
= J‘xdx+n2yf 5 dv+ 2_=¢
x“+y 2
2 2
= },,—+agtau"£+y—=c.
2 ¥y 2
Example 5. Solve (v7 + Jxv¥} ofe + 3%y + %) dy = 0.
Sol. We have 00+ 3oy de - (32 + yD dy =0

Comparing with M dy+ N oy = 0. we get
M =22+ day? and N = da¥y + 48

dM ol
by - Gxy and 5 by
M _aN : .
3y ox The given equation is exact.
X
The general soluvion is J Mdx + I (terms of N not containing x)dy =,
X
= J (x* ~ BTy + J- vy =¢
z 4
= t—+:3y"-1t-—+§:-—=r
4 2 4
= xt+exfyi+yise, (Putting ¢, = 4¢)

EXERCISE 2

Solve the following differential vquations ;
L. (@ —2xy — yDdx— (x+ yydy =
2. Qaxy+y—tanyidv+ (2 ~xtan2y+seciyh =0

3. [y [1 + l) + €08 y]dx +(x+log x—xsinydy =10
x

4. cos x {cos x—sin o sin vk + cos ¥ eos ¥ — sin ¢ sin Ady = 0,
xdy-ydx _

5. (+Dcosxdye+esinvdy=0 6 xdr+vdv+ —5—3
x4y

7. ysin 2xdxy — (2 + cost Mdv =0 8. (24 edy+ Zaydy=0
(2= 2xy + 3yT)dx + (Ay* + Bav —aDdy =0 10, (2 — ay)dx = (ax— yIdy

g

11. sec” xtan ydx+ see? y tan xdv=10 12, (F 4+ Axyddy + B3y + yNdy = 0.
Answercs
‘_3
1. a?v—aly—xyi- -“3— =
2. Sy+xy—xtany+iany=o J.yx+logxy+xcosy=rc
1 sin2x] . 1 sin 2y’
ol - &) TR =y 22V | =
4. 2( 2 .sln(£.|t|1.1ny+2[.)+ m ] c
. - o L] x
5 (@+Dsina=c¢ 6. 2+ ¥ -2 an!' —=¢
¥
3 3
7. ycoszx+13—+c=ﬂ 8.%—+.\3'3+e‘=c
x3
9. 5 — Py + By + yld =0 10. ¥ -3axy+yi=c
1l. tanxtany=2¢ 12 ¥+ 63+l = ¢

Exact Differential
Equations

NOTES

Self-Instructional Meaterial
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Differsntial Equations

NOTES

2.5. INTEGRATING FACTOR

In the foregoing section, we have saen thal the cyuation Mdx +Ndy=0 is

odN ¢
exact Lf—M = — and hence the equation g ba solved. Pvidently, ff — oM # IN the

dy ox ay ax’
equation is not exact and therefore cannol be solved. But sometimes, the equation
becomes exact if it is multiplied by some funciion vf x ami y. Such a function of xand y
is called an integrating factor.
An integrating factor of a differential equation is a function of x and y which
is such that.if the differential equation i muhiplied by it. the resuiting equation becomes
exact. An integrating factor is briefly writien as LF

We give below some rules for finding integr:ning factors.

2.6. RULE | FOR FINDING INTEGRATING FACTOR

At times an integrating Factor may be found by inspection, after regrouping the
terms of the given equation, by recognizing a certain group of terms as being a part of

- an exact differential. For this purpose, the tollowing list of axact differentials would be

found very useful.

S. f| [ i
No G:::“l:: nt:ag':r;(:ng Exact differential
___12_ ady = yda —d( )
x x"
_12_ _ yx -')xdy_ - d[“ _'c_)
y ¥ ¥
1
1. xdy — ydx E " —iii-drlog J
xdy - yda.
- 2 -
1 xd{ vy v =d[t llJ
I2 + y2 a4y ] -y X
T\x
1 -{{t + r—{-l— = of{Tog o)
Xy ¥ - X
xdy + ydx (ayy ! -1
2. xdy+ydx 1_1. ) : ‘:, = Y) = 1
(xy) (xy) y ol (n- Dxy)
1 xdx+ ydy 1 d(x +y%)
x%+y? oyt TY =4z log(x 5
1 xdytydy 1
A acdx + yvely '(_'_"_xz P (x% ¢ y2)" =5 (2 + ¥ dd + y2)
-1
hel = 4 .
L 2n - Dix? + y2)“'1]

12 Self-Instructional Material
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Example 1. Solre xdx +ydy + (2 + yihdy =0
Sol. We have xdx + vy + (W yDdyv =0
The last term suggests to have —; ! — as an LF,
"+ ¥
Dividing by % + %, we gut, E;—ﬂ;l +tdy=10
x“+y
= LI At +yY) +dy=0
xt4y? 2
= % diog (*+ 3y +dy =0
1 2, .8
= dglog(x +y)+y|=0.
The gencral solution is -21- log(x*+y9) +y=c.
Egample 2. Solve xedy — yefx -- (| = x%)edx = 0,
Sol. We have sy —-yde-(1 —-x®de=0
The last term suggests Lo have —]2 as an LI,
x
Dividing (1) by 22, we get xdy -;yd{ - (-% - 1] dv=0
x X

¥ 1
= dl =|+dix+—|=0

x x
= (!(l+.t+—]‘-)=0

x x

Loy 1 ;
The general solution is =~ +x+>=¢ or y+x2+1=cx
x g

e B

Example 8. Soll'egl =27 X
dx x +x2y + ya

dy _ y-xy" -2

1, We have &
So e have dr  x+xSy+y°

= (x + xPy -+ ¥ )dy - (p —xy* ~)de =0
= (a? + 1y = e + (P x%y+ dy =0
= (0 + xy?) da+ (7 -+ 2%y) dy + (udy - ydx) = 0
= O3 F Dl A vy + (edfy —ydy) = 0

The first term suggests to have -—E-—l——f as an LF.

x4+ Y

Cas cdy — ydx

Dividing by x% + y2 we get. vdy 4 ydy + i—%——%— =0
oty
N . xdly— ydx
o {2 /e T
¥ X
dl ——l+d =+ =
- [ 2 ) s J AN ’
14 [—]
X
v? 4 4P 1 ¥
= d + 7 —] =10
2 (y} X
P+ =
X

D

Exact Differential
Equations

NOTES
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Differential Equations

NOTES

or

5.

g, .25 ’ ,
= d(fﬁt} + d[mn“

= o
S
It
=

#

Xz -
= a{-—A——-— +tan™t i] =0
xJ
x% ¢ y? ¥
The general solution ic T snanlE =
2 s
y a ¥ _ . _
x? 4+ y? + Stan et (Putting ¢, = 2c)

EXERCISE

T

Solve the following differential equations :
1.
3.

yebv — xdy + (23 4+ ydx =0 B, 2ol ok vy +49% (3% 4+ ydy = 0

(et at+ 2222 + yiydy + ydv =0 4. @+ avi+ aty)det (% e - al)dy =0

ydx — xdy + (1 + 2Fdx + Psin ydy =0 G a7 %“ + g = lrl 2y?

xdx + ydy = m(xdy - ydx) 8, (1 + )yde—x(1 — xddy = 0,
Answers

tan™ % =x+¢ z. ‘;lﬂg FEyN e

(+ v (2x+o)=1 4 et tanTt i— =¢

-y —1=xcosy=Cx 6. sin”' ) ~logx=r¢

log (x2+ ) — 2m tan-! % = 8. lor _:T - _a._l; =0

2.7. RULE 11 FOR FINDING INTEGRATING FACTOR
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Mx + Ny

Theorem. [ in the equation Mdx + Ny =0, M and N are homogeneous functions
of the same degree in x and y, i.e., if the cquation Mdx + Ndy =0 is homogeneous then

Proof. The given different

is an tnlegraling factor,

provided My + Ny 2 0.

b equation i Mdy + Nefy = 0.

M. N are homogeneous funciions of the same degree in x and y.

1
Mdx + Ndy =

2

_1

T2

Dividing by Mx + Ny. we h
Mdx + Ndy _ 1

Mx + Ny 2

(Mx+Ny}(d' +~—]t-(\1x my){dx dy]]
y Y

(Mx + Ny) dlog x3) + (Mx — Ny} d [log i]]
¥

HVU

d(log Xy lx Ny d(}og -'F-]il
+ My ¥




—

Since M and N are homogeneous functions of the same degree in x and y,

= S ) x
Me - Ny is homogencous and is a function of > Lot this be denoted by f[;] .

Mx + Ny ¥
Mdx + Ndy _ 1 1,.x x
—— = — logx+— f|ZTd|log=1.
Mx + Ny 2'(0 ) 2f[y)‘[ogy]
Since LY = we have
v
x — i kEatvy — x L
f“; =fle ']—¢10g; . say
Mdx+ Ny _ 1 1 x x
—_—— e = — ] F + - —_— A — 1,
M+ Ny 2 dilog xy) 5 4 [log y] d (log y]
which is an exact differeniial,
Mdx + Nd.
_T{x—:—N;Z = 0is an exaet differential equation.

M N
de v
Mx + Ny Mx + Nv
is an exact differential equantion.
1

Mx + Ny

M
Remark. If Mx + Ny =0, then —=- l.
N x

dy =10
is an integrating factor of Mdx + Ndy = 0.

The given differentinl equation reduces to ydx—xdy=90. For this equation, 1 18
xy

an integrating factor.

Example 1. Solve (x%y — 2xv dx — (49 — 3xfy)dy = 0,

Sol. We have (a2y-- ZeyDefr — (% - Sah)ely = 0, AN
Here M o= a2y — 2092 and N=—1%+ 3x2y
gl oN
= xt —4xy and = =—32+
En X2 — 4y nd o 3x2 + Bxy
aM AN
v iy

Thus equation (1) is not exact,
The equation (D) is homogeneous.
F = 1 - 1 _ 1
TOMx+ Ny xPy-2x%y? -2y +3x%y% %y

Multiplving (1) by

7 W gel

Py
(1. E} - {L’z _i] dy =0 @)
vy o ox ¥y ¥

This equation is exact.
The genaoral solution js

jx[%ﬂfj de— | h% dy=c

Self-Instructional Materiol
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Differential Equations

NOTES

X
or ‘;—2]0gx+3|ogy=c
X ys
or —+log=—<5 =c¢
y 8

EXERCISE 4 J

Solve the following differential equations
1. ayde—(3+yNdy=0
3. {(t+ yNdr—xyidy=0
5, (P4 yNdx—2xydy=0

2. By — ¥y - (228 — oDdy =0
4. 57 = uadypda + oy —x5dy =0

SAnswms
a

3
x ¥
1. ———+logy=c 2 leg—+==¢
3y3 h_vg A

yi=datlogx+ ot 4087 - x) =2

Z-yr=cx

2.8. RULE 11l FOR FINDING INTEGRATING FACTOR

Theorem. If the equation Mdx + Ndy =0 is of the form f(xy) ydx + g(xy) xdy =0,
then

1 is an inlegrating fuctor provided My —-Ny 2 0.
Mx — Ny

Proof. The given differential cquation is

Mdx + Ndy =0 (1)
where M =f{vyly and N=gloyh
. 1 P . N
Now Mdyx + Ndy = < | (Mx + N)'}(-@- + d—}-J + (Mx - Ny) [—dﬁ —&]]
= L ¥ x Yy

1 -
iy {Mx + Ny) dlllog xy) + {Mx — Nyl d [log i]]
! ¥

Dividing by Mx - Ny, we have

Mdx + Ndy 1-1\&+Nyd'.lorxy)+dr'l X
Me - Ny og x; (ogy

f.(xy)yx + glavixy d{log xy) +d| log 2
| Flay)yx — gleyday 4

Mz =Ny

po s b0 0l

Flay) dlog sy) + ¢l (log -E]] ., Say

1y =", we have
F(xy) = Fle @y = v (og xy).  say

Since

16 Self-Instructional Material
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1 Exact Differential
% =3 ywiog xy) d (log xy} +d (log %]], Equations
which is an exact differeniial,
Mdx + Ndy = 1} is an exact. differential equation, NOTES
Mx — Ny
_M_ ifx + ————— dy = 0 is an exact differential eguation.
Mx-Ny Mx - Nv
1
m‘}j is an integrating lactor of Mdx + Ndy=0.
Example 1. Solre fay? + 2% dre + (Fy - xSy8) dy = 0.
Sol. We have (xv? + 203M dy + (v —x3H) dy = (. (D
Here M= xy? + 2¢%F and N=x?y —x3y?
¢ " N
%,1‘:—'[ = 2xy 4 G amdl %;‘ = 2vy — 34%y2
-il}-q- # —E- . The equation (1) 15 not. exact.
iy oy
(1) = (xy+ 20009 y dx + oy — () e dy = 0.
This equation is of the form :
flxvy y de + glay) x dy =10,
LF = 1 = 1 -
e Mx - Ny x:‘y? +2x3y3 _xzyz +x3y3 3x3y3
1.
Multiplying (1) by —5—5 . we get
2,423 2., .32
Y +3&x3 ¥ dx + X7y sxay dy=0
3x"y 3x%y
102 11
= —+—lde+ -—— | dy=
(3:{“}' 3xJ “ (31}’2 Sy] dy=0
This equation is exuaat.
The general solution is
(1 2 1
— Fl o —dy=
J [szy BxJ d.\‘+J 3y dy=e¢
2 1
or - ’o'lxyv 3 log x — 3 log v=¢
1 1 x2
or ——+2log x~logy=23c or —-—+log—=k,wherek=3c.
X Xy y
EXERCISE 5
Solve the following differential equations :
L (J+x)yde+ (I ~aadv=0
2. (¥ ay+ Dydet @y —xy - Dady=v
3% tay+ Dyde+ (Y -2 iy + D) xedy=0
4. (Mt YR+ ay) vde (vt a2 o udy = 0
5. (v sin xy + cox xv) yax + (¥ sin Ay — cos xy) ady = 0.

Self-Instructional Matevial
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Differential Equations

NOTES

Answers

1 x ! X
. -—+lg==c uoxy ==t g ==
¥ Xy ¥
g 1 _ x.zyz_-l_.-_’i' i.-(,
8. v -1 -Z2xylogy=2cxy 4. 3 i g ¥ =C

D, Xxsecxy=oy

2.9. RULE IV FOR FINDING INTEGRATING FACTOR

M _aN
de . .
Theorem. In the equation Mdy + Ndy = 0 if - & -ff-- is a funclion of x only,

say, f(x) then e FO s an integraling facior.
Proof. The given differential equation is Mdx + Ndv =0 (D
oM _aN
and ay—wfbi = f(x) ()

x| o bave

Multiplying (1) by e
Me! F0¢y gy + N {e'f““-‘*) dy=10 NG

Now (3) will be exact if

Jfixerdx
M = ,——
[Me ] dx

or if

lNem”“"‘ i

oM N (
lf(r)dx o Fiahitz o) Fixits g
'l * )

2 ([rwax)= f(x))

or

or

I8 Self-fnstructional Material

il

N
M  oN
g e F Nf{x)
aM N
c}yTBx = f{x). which is frue by (2),

e/ I dx o an integratling factor of Mdx + Ndy = 0.

Example 1. Solve (8% + ¥% + 2x) dx + Zydy = 0.

Sol. We have (x2+ 2 + 22) du + 2ydy = 0, (D
Here M=x*+32+2y uand N=2

M =y and m 0

dy i

oM IN

The given sguation is not. exact.




oM oN Exag Dl'_ﬁ’_émm.af
B e 2v -0 guations

2 N - y2y =1=1" a funciion of x only

=/ 2 NOTES

LF, = o fiords — J1de _ o

Multiplving (1) hy %, vwe get.
(e + v+ 2xeY de + 2y dy =0 (2
This equation is exagt

The general solution i
*o.2 2
_[ (x"e* + y'e* +2xe")dx =¢
or _[ (% + 20" de v 32 I edr=c or e +ylet=c¢
[ J-(ac2 +2x)at dy = j lafx )+ o (x )] e® dx = ¢(x)e”, where ¢lx) =x2]

= (x*+yH)et=c,

‘ ! EXERCISE 6
Solve the following differential equutions :
3 2
1. [y+!§-+%]dx +%(x+ xv¥)dy=0 2. (n? —e¥ ydx ~x¥ydy=0

S. (C+y¥+0)dy+taydv=0 4, (3 - 2y9dx+ Lxy dy=0
6. (x+y+ Dde+xix-2idy=0 6. 02+ + 1) dx—2xy dy=0.

Answers

-
|
o+
<~
|
™

1. Bly+xiyit+ai=¢ 3. 30+ 628  +dad = ¢

2=y + |,

-]
[
+
L]
e
L)

=c 6. x*—y¥

F oy
"
+

R l‘e:
b

]

3]
ol

"
+
Tor

I

“ 2.10. RULE V FOR FINDING INTEGRATING FACTOR

aN M

Theorem. In the equation Mdy + Ndy = 0 if _Qx__M_Oy__ is a function of y only,

jl say, f(y) then e FN oy integrading fuctor,

Proof. The given differential equation is Mdx + Ndy =0 (D
| N _aM
| and E Y - @)
! B

Self-Instructional Material 19




Differential Equations

NOTES

Multiplving (1) by ¢! F e have
M@y dy + N(d R dv =0 (3
Now (3) will be exact if

J ; d o
% M | = E;_r (N o 22 &)

. _ oM JoN d

or it elfndr + MY fiyy= ol s o e [ E; If(.)’) dy = f{y))
o
o if M onfoy =
dy
IN oM

. dx  dy _ . s ;

or if - fiv1,  which is true by (2),

ol {0 4% j5 an integrating factor of Mdx 4 Nlly = 0.
Note. Belter form of Rule Vis (he fo}lowing ;

M N
Ir—=—- 2 M is [ree [rom x and f(3) say. then L = A-ttrdy,
Example 1. Sofve (y! + Zy)ds + (o + 2y7 — dddy = 0,
Sol. We have
(3" + 2y)edx + (> F 2yt - Axddy = 0. (D
Here M=y+32y and N=xi+ilvt-dx
aM N
So= 42 and '—.--- =y -4
oM oN . N
—— The given enquation is not exacr.
dy  Ox
M _ N
oy o 4y +2—\ 4 3fv +2)_3
M A AT y (P e2) Y
a tunction of ¥ only = f{¥)  (zay)
3
1F. = ef—f(y)dy = e}_;dy = poiog o e]og}:'a :y"s = -1?
o ¥
Muliiplyving ¢1) by /3%, we get.
4 gt _
Y +32y dx + 2 2“; Ax dy=0
y i
2 { 4x ) '
= Y+—gidvty ;‘*‘V""‘“J iy =0 D)
J’ LN ¥
This equation is exaer.
The greneral solution is
2 2 .
J y+— dﬁ:+J2y:h'=c or y+_]x+y‘=c.
y2 Z
. Y
EXKRCISE 7 1
Solve the following differential equations :
1. (u¥ - Bde + @adyt + ady— x4 ydy 20 20 (%t b 2y + (2x'y? — Ddy =0

8 (o e+ 20+ x + vdv=0

20 Self-Insnuctional Material




4. Cople+2odt ydy+ P o= =33 dy =0 Exact D{ﬁ'emm'af

3y dx + {3y~ 8) dy =0 Equations
: Answers
L o Gia?y-30 3+ 182 - Gy+ D=c 2 xhi+al=cy NOTES
] x2 x
3. 3+ 60vi+ 2yi=c 4. x c-"+-j'—+—3=c
¥

B, Ayi-dvi=g,

2.11. RULE VI FOR FINDING INTEGRATING FACTOR

Theorem. If the equation Mdy+Ndv = 0 can be expressed as x™° (mydx

+nxdy) + xy4 (pydx + yxdy) = 0. where a, b, ¢. d. m, n, p, q are constants and 22 P,
nq

then x2 ¥ iy on intograting facter, where o and B are so chosen. that
~

dg+o+i O+p+1 Loeta+l d+B+1
e TR P q
Proof. The given diiferennal equation is
Xy ey + nxdy) + Sy (pyde + qedy) = 0. D

Let x*y be an integrating factor of (1).
Multiplying (1) by 2%, we get (ma®reyBub 1 ge g pyara+ 1B by
' +(paoteyBrdtl o g grrtetlybed fy) = )
This equation iz oxact,
Both parts of the [, .S, of the aquation are exact differentials.
Using M -‘-)-N—: we have
dv  ox

¢ . hy
o (mareaBrbily o et LB b
ay( ¥ ) Bx( ¥

and . %(I}:\ﬂ+c‘},ﬁ+d+l):%(q‘ru'*c-"]yﬂ-i—d)
= mi+Ho+ Dyt yfth= i+ o+ Dty lve
and PR A+ Dyt = glod o D aateyhrd
= mip+b+N=nfpw+a+1) and pR+d+D=gla+ec+ 1)
= a+a+]:h+ﬁ+1 and c+a+1=d+ﬂ+1‘
m n P q

Solving these equations, we get the values of ¢ and f and hence of the integrating
factor 2* P is known.
Example 1. Solve {2037 4+ y) dv = (Fy - 2} v,

Sol. We have  (2xly® + 3 dv + (—x%y + 82) v = 0, (1)
Here M=23+y and N=-1y+ 3

aM oN

e =y 2y 4 ] and = =3-3¢

& L 0% Y
Now QM #* IN The given equation is not exact.

dy O

Self-Instructiona! Material
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NOTES

or

or

Seif-Instructional Aarerial

We write (1) in the form

2y 2ydx — xdy) + LyC(1yde + dxdy) = 0 (D)
Comparing il with
¥yb(mydy + nedy) + x5 (pydy + gedy) = 0, we have
a=2b=1m=2n=~1L¢=0,d=0p=1¢4=3
Also E=‘i2--—-—2 and r.1 A
n -1 g 3 noq
Let LT, = x%yf
a+o+l b+f+l c+at+l d+pr1
= and = ;
m n P q
R 2+u+l 1+[+1 nd O+a+1  0+f+1
2 4 a 1 8
= —x—3=4+2p and  Bo+3=p+1
= a+28+7=0 and  du-p+2=0
Solving these equations, we have
w=-=11/7 and P =-19/7
. ILF. = x-ll!‘? .*.-I‘JJ'F )
Multiplying (1) by a7 117 37197 the aquation (1) becemes
(2.‘C3”y'5” + x—ll!’f yu-l')..f?} thy — (_Tll_:.r? l,',—i‘.z:? - I-.j_‘.»UT y—1s.-n)dy =0 {3)
This equation is exact.
The general solution iz
. )
I (2317 yo6l7 g 11T 12y o=
10¢7 -4t
0481 Ly e X =
Y Yo Zar
g 1 ,
% X107 457 < T P
Alternative method of finding L.F,
The given eguation is
A2y dy — x ) + MO Lydx + 3xdyy = 0 LD

Let 2 y# be an integrating factor of (1),
Multiplying (1) by x5 we get
LB L Dydy - xdy) + o 3 (pdx + 3x dy) = 0

> (2t 2BV gy 3BTy (B Ly BT P dy) = 0
This cquation is exact,

Both parts of the L.H.S. of the equation are exuct differentials.

Using M _&E, we have

dy dx

_a_ +2 B+ __(i_ PECR L O
ay (2-1‘1 y 2) - ax (_ X Rl )

IR PE N Aprp
and e (e yPrhy= e (Bt 1y
and @+ Dx%yP = 3(a + Dasyf
and 4t 1=3@+1)

and 3 -f+2=0

= 2 D2y = ( o+ At 2Rt
= 2B+2)=-(ut )
= a+20+7=0




Solving these equations, we gol.
«==1/7 and f=-19/7.

LB = g lUT 18T

EXERCISE 8

Solve the following differentivf cquations :
1. {2+ 2a8yide + St - dy = 0
3. (Bxy+ 2y0dx + A+ GayRedv =0
B, (2x% — yN)dr + (35 + 2nyddv =0,

2. (Gydx + Sady) + 2xy (Sydx + dvdy) = 0
Ao xCyedxe 4+ 2xedy) + y8 (Bydx + Bady) =0

Answers
1 32932 L gyl 2= o I S . OytrafyS=¢c
4. _1.4},3 + x'!yf) =c G, SR GRS o ~l00S y—l5.l'13 = .

Exact Differential
Equations

NOTES

Self-Instractional Material
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Differential Liquations

NOTES

UNIT 8 DIFSFRMNTIA] L UATIONS
OF THE FIRST ORDER AND
HIGHER DEGREE

i FL LD

STRUCTURE]

3.0.

3.1,  Introduction

learning Objeetives

3.2, Kquations Solvable fur p
3.3. Fgualions Solvable for ¥

3.4. Equations Solvable {or x

L 3.5. Clairaut’s Equation

3.0. LEARNING OBJECTIVES

[

After going through this rnit yeu u il be obie fo:
« Discuss equations selvable Yor p, y and x
# Describe clairaut’s equarion

3.1. INTRODUCTION

So far, we have discussed differential equations of the fivst order and first degree.
Now we shall study differential equations of the first order and degree higher

\ : dy
than the first. For convenience, we denote o by p.

A differential cquation of the first avdor and rmh degree is of the form
. ARTY “% ] =
pr+Pix X, S T E L +P x5 =0 (D
Since it is a differential equation of the first order, its general solution will
contain only one arbitrary constant.

In the various cases which follow, the problem is reduced to that of solving one
or more equations of the first. order and first degree.

3.2. EQUATIONS SOLVABLE FOR p

Resolving the left hand side of (1) into n linear (actors, we have

p=fG N Ip =L - =0

24 Self-Instructional Muverial




= p—fie =0 p-flx.)=0 ... and p—fx»N=0
Each of these cquations is of the fivst order and first. degree and can be solved
by the methods alveady discussed.
If the solutions of the above # component equations are
Fix,y, e)=0.Fylv,v. ) =0, and F (x,,0)=0

then the general solution of (1) is given by

Fx, y,ch Foix, ¥, 0) ... F (x,y,¢)=0.
Example 1. Soive ©* (.fdlw + Ly & oy? =0,
dx
Sol. The given equation is x2p* 4+ xyp —6y¢ =0, wherep = gz-
= Cep = 3ap =29 =10
The component equations are
= mady=0 .11 and —2y=0 o (2)
cdy dy dx
1 = X ==ty =1 = —+3—=0
oy, et Y
Integrating, logy+3logx=loge or By—c=0.
1 dx
2 = v 22 _ae=0 L W &y
i Integrating, logy-2logx=loge or ;y? =¢ or y—exi=0
. The general solution of the given equation is
(x%y - e}y - cx®) = 0.
Example 2. Solve xyp? + p3c? - 2v8)} — fixy = 0.
‘ Sol. Solving the given equation for p, we have
—(3x% - 257 £ J3x2 - 2yD)? + 242752
=
; Fwy
@yt -sxha et 2yh) 2y 3
Dy x’ ¥
24 dy 2y 2dx
Now p= = o2 dy 2dx 0
x dx x ¥ x
Integrating, logy—2logy=loge or xlz =¢ or y—ext=0,
3 d ax .
Also ,u=—-—"E = &2 or ydy+ 3xde=10
dx v
. y2 3x~
Integrating, <+ — =4k or ¥+3x¥=¢

! (Putting ¢ = 2k)
= The general solution of Lhe given egualion ts
(y-ex?}y* +35x¥-c) = 0.
Example 3. Salve p* + 2oy cot x =%,

Sol. The given equation can be writien as

Differential Equarions of
the First Ovder and
Higher Degree

NOTES

W+ yeol x) =y (L + cotf x). {Adding ¥? e0i? x 10 both sides)

Self-Instructiona! Material
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ptyecotxy =% rnser X
The component equations are
Py = cob 8+ eoses x)

P =y {-ooh x —eoges )

a = p=-v[‘".‘5’-“'i] = W oyents
' ginx ofx 2
= ﬂ =tan lxd.r
¥ 2

Integrating, log y = 2 log set % x+loge

= y=cung? 1, = A uos? le_e=o
2 2
1+ cos: dy 1
2) = p=—_~_.{—_£‘-‘-——t] = L =-ycol—x
310 d ax 2
d 1
= & _ oot = wdx
¥ 2

1
Integrating. log y=—2g sin 5 y*e

-

c - 1
= ¥= 21-—- = ysn 7;-_1:«-(::“.
sin—x
b

The general solution of the given equation is
(y cos? = r‘ (y sin® X c] =0

. I dy ‘}2 fiy 2 B
Example 4. Solve x“[aj - Zxy i + 2y —x” =0,

Sol. Solving the given equation fur EF% wr get.

_dz_ Lxy x Jﬁix?'y"g —-4x“’,(2y2 —x?)

dx Py ?
dy i \!xgyz ~2xZy? gt
= de = 2
_oxy I \i.rz —yff P t .fxi -yi
x* x
dy _ yiyx’-y"
dx x
This is a homogeneous equation.
oy
1. PN St I o e
o yEe dx dx
d iz it
(1) = verll o RN DU
dx x

(1)
.(2)

(D




qQr

tu ] dv E

= x—-—=%J1-0v° =
dx ,)] «-f_,:E x
Integrating, we get sinTle=xlogete

= sin~lyix) = log x + ¢,

sinTl(yy=—logx+e
The general solution of the given equation is
(sin”' v/x - log x ~o)sin~' y/x +logx -} =0.
Example 5. Solte p?— p{x? +xy + v Fople +y) = 0.
Sol. Wehave p3 —p( +ay+ 3% + xy(x+ =0 ...(I)
p=xisarvootof (NiIlP¥—x (¥ +xy+3 +oylx+=0
if 0 =0, which is true.
p=xisarooi of (1)
Dividing [L.ELE. of (1) by p ~ 1, we ger

P-pi+Fpr—xy -y =0 ()
—_x+ / 2 2
prepr-xy-yi=0 = p= 223 ;4"3’*43’
Looxdx+2y)
b= By =Y. —-Xx-y
2y = p=x B
n=y (4)
pP=E—X-y¥ NG
dy 2
@ = (—f-‘;-=x = y=%-+c = x2-2+2:=0
dy
4 = E'—=J’ = iy—=dx = logy=x+e¢
X ¥
= logy—x=e=10
) = LA 5
idx ) ~(6)
iz dy dy dz
Letz=x+ S N 4 &y 4z _
ey d e dy  dx 1
de dz
—_—1l=— =
6y = o Z or 12 X
= —log(l—-2aY=x+¢ = x+log{l-x—y+e=0

The general solution of (1) is
(x*-2y +2cMlogy-x-edx +log(I-x-yvy+c)=0.
Example 6. Solve p" —(x + 1 +2y) pP + (x + 2y + 2x9) p? - 2xy p = 0.
Sol. We have
pre(e+ 1) pi+ (4 2y + 20 pi - ey p = 0 (1)

8 and 1 are voots of (1),

Liifferential Equations of
the First Order and
Higher Degree

NOTES
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NOTES

Dividing L.H.&. of (1) by p{p = 1), wa get

pip = NP (e 29p 4 20 =0 (2
= pp = D=y —21=0
= p=0 .(3)
p—1=40 ()
v-x=0 ...(9)
and p=2y=0 (6
d
h = £y=0 = v=¢ = y—-c=4{.
d 13
4 = E":] = y=x+a = y-x—-c¢=0
d 1
H = Ey=x = y:fi:—H' = 2Zy-a?-2c=0
d ay
® = Ey = 2y = =il = logy=2x+ec
= logy-tx-n=10
The general solulion of (1) is
(y=c)y—-x~c)(2y-x*-2e)logy-2x-ch=10.
EXERCISE 1
Sotve the following differential equations :
F a
dy)” - 4
2 _ = “* | _i2 oy = =
1. p2-Tp+12=0 M.xytdx‘ G2y oy =0
dy Y dy .
. Ay = = &Y A
8. ypP+tix—yw—x=0 4"\{dx! + 3ay dx*z_v* 0
dy dx x ¥ 5 .
§ —=-—=—=-= Pt —2psinhx—1=
dx dy y =z 6. p psinthx—1=0
7. p+y=x@x+y) B, daZpl+ 2B+ D+ 38 =0
plaiy-3p—-y=0 16 ay® + p3a = 2y —Gay =0
N\(ay ¥ 2y dy ¥ e MY _dy, S
1. j1-y2+ L (—y) A AP 12| 1-22 -5 (——] B, o
( y+x2]dx x dr 2 Nde) 1 de o®

18, pix+ 2y + 3pPlxt y) + Qe+ p=90

Pt 2208 + yp2(1 + 2 + ¥ =0

15, pP—(a2+ xy + yOp2+ O + 5D+ op - 2= 0.

Answors

(y = Bx— )y - 4x— ) = 0
F—x—eM2+¥2-0)=0
(-l -yt~ =0

7. [y—%—(:](log Q-x-y»+uc+ag=0

9. (vtx—o)y—-cx)=0
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2 ooy -m=0
4 (ay— ey -y=0
6. (vt we)y—eT—0)=0

B (22— A+ ﬂgL F=-0=0

10 (v —e@Ed =y - =0




—_—

'2_ Z 2, .2

11. [logu-fy—c](]{)gfi__y__hy_cJ:O
¥ . ¥
H‘Q ] {2 2

12. [logiiiﬂt_y_.{_y_cllogw_}_—y-_c]:o
Y by

13. (y-oy+x—oxy+ ¥+ -0)=0 14, (y— xy — ey - D)y —ce'™ =0

15, (F-3y+ c)(e"’s"‘2 -y +ev+ 1)=0.

Differential Equations of
the First Order and
Higher Degree

NOTES

3.3. EQUATIONS SOLVABLE FOR y

If the given cguation is solvable for ¥, we can express y explicitly in terms of x

and p. Thus, the equations of this Lype can be pul as

¥y =i, ). (1)
Differentiating (1) w.r.t. x, we get.
dy oF O dp [ dp)
= opE—— = == p . BaAY
(744 P e * oo de _l P dx say
4 d #
= p= FLx. o *'E‘J . {2)
dx
Equation (2) is o differentiad equation of first order in p and x.
Suppose the solution of (2) is ofx. p, &) =10 R &)

The elimination of p from (1} and ¢3) gives the general solution of (1).

Note. [f p cannot be easily eliminated., then we solve equations (1) and (3) for x and y to get.
x=¢,0p. o). ¥y =9,{p, o).

These two relatiens together constitute the general solution of the given equation with p

as a parameter.

Example 1. Solve v +py =y'p?
Sol. We have yE-—patipt (D
Differentiating both sides w.r.t. &, we got.

dPJ ( 3. 2 4 dPJ
1= - pl-x~L [+ 4x +2x"p ——
i [ i )T p p de
dp . . ( dp]
or 2+ oy 2pta—| =
i de 7 p dx
or [2p-+ x EIY—‘g]{l —upxM =90
dx t-
Discarding the factor (1 — 2065 hecause i does not contain %, we have
g, d . dx
2;;+x‘2=0 o L rallag
dx r x
Integrating logp+ 2oz v=log e
. " c
or logpai=loge or p*=¢ or p=—.

x

¢ 4

2
. [
Putting thisvalue of pin (1), we gal y=— (—?] X+x (- "xg] or y=- E +c?,

. X"
This is the required generat solution.
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Differential Equations

NOTES

Example 2. Solre v = gpx ~p?

Sol. We have y = 2pa - pi )
Differentiating both sides w.r.L. x, we yof
p=Edpl+ 2 z-;i- —~2p % ar p+ (2v—-2p % =0
. d 2
or D E +2x-2p=0 or oo e x= 3 o A2)
dp dp p

This is a linear equation.

2
j =p
[F.=e P =gilsn=zpt
The solution of (2) is
x(ILF)= J 00F)dp+a or .\';:'ﬂ-:J 2p2dp + ¢

2
or apt= 3 pPre or x=Tprep ..(3)

Putting this value of x in (1), we have
(2 3 4
r=up o pEep Lo pt = — p?+ 2ep! (1
y=1n tb P ] peoor y=gp 2ep )
The general solution of the given guestion 15

X =

calre

P +-cp”2, ¥ = % p'3 4-2ep™!

where p is a parameter.

Example 3. Solve y =p sin.p +cos p.

Sol, We have y=psinp-toeesp
Dilferentiating w.r.t. x. we gel
dy | dp . dp . dp
—_— COS P —— 4+ 810 P —— |~ 810 P ——
dx [p P TP G P
= p=pcusp < COR pip=dx
dx

Integrating, we get sinp=x+c
x=smp—u
The general solution of the given equotion isx=sin p—-c, y=p sinp+cosp,
where p is a parameter.
Example 4. Solve p° +p ="
Sol. Wehave p3+p=o
= log P +m=loge” = log@+m=yv
= y=logp +log (J +pY
Dillerentialing w.r.L. x, we gel
dy _idp 1 dp

Ty
dx " pdx 14pt Tk

30 Self-Instructional Marevial

g




f

Integrating. we get.
—p+2tantp=ax+e
v==1llp+2Lan~' p—e.
The general solution of the given equaiion is

x=-l/p+2tan' p-c,y =logp +log (1 +p?,

where p is a parameter,
Example 5. Solve p¥ + ap? = afy + jix).
Sol. We have p? + Ap? = a(y + Ax).

3 2
2 .
- A .

17 @
Differentiating (1) w.rit. x, we ge?

dx a dx a a dx
: o d 3p% + 2p
= alp + N = CGpR+ 2ap) 22 T dp=dx
)= Gt ) ap+d) ¥
3. n A
—p -+ — dp =dx
= (ap a alp+d) #=e
Inieprating. we get
3p* A 2.
= —p+—1 +4) =x+
o ap . og(p+i) =x+e
3p° & 3P
= r=—Zpi-log(p+r)-c.
20 4a a

Putting the value of xin (1), we get

3 2 2 2 -3
P M BT Wp R

= -—1 + A+ A
Y a a 2a a s og(p+ii+e
3 2 3
;I. L]
= y=£——-—p“+&£~l—log(p+l)+cl.
¢ 2a a a
The general solution of the given equasion is
2 7
x= ?—{—L—}:p-r-—)i—log(p+l)-c,
28 a a
3 - » 2 (i ]
=B el p-Tlog(p+N) +eh,
a 2a a a
where p is 4 parametar.
Example 6. Solre x=yp+pl
x
Sol. We have x=yp+pd = y= ; -r
Differentiating w.r.t. x, we gel
dy =_1..14-..‘{_ 1\dy _dp
x p p* ) dx dx
1 x dp
LI N N e o
= b » [p2 ] dx

...(1)

dy _3pldp Bwdp ,,z[sp%zxp]d_p_x

Differential Equations af
the First Order and
Higher Degree

NOTES
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Differential Equations

= !’3—1J=—(x+p2)%{

= (p°-p) ax +x =—p2 [Note this step]
NOTES dp

- dx  _x __"P

dp pP-p pt-1

(1) is a linear equation.

1
1=
IF.=eg? ™%

Now J‘ dp =j__9'£___

P -p plp-1i{p 1)

L]

J 1 1 1
= — + — + dp
[P'\"U(l} (3w -0(2) (vl)(—-2)(p+1)]

J- 1 1 1 'l
— -t R dp
p 2(p-1 2{p+1)]

1 1
—logp+ 3 lng (p— 1)+ 5 fog (p+ 1) = log

,fpz—l
FEE

log>
e P =

IF.

The solution of (1) is

A

5 ; dp+c
P p--t p
3
x -1 .
I L PN I
P 91 cp
= ¥ = i log (P + 7 ~ 1)+ =
Ty s

Putting the value of x in the given equation, we get

y—"

J;)_*—]% (p+ p 1J+:jp_.__1—p

The general solution of the given equation is

log{p+\‘ )+,___
\|| Jp ~1
— 1 o c
y————-———[_z____log(p+ p —l}+———2 — P
JpT -1 p -1
where p is a parameter.
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Example 7. Solvey =xp - EN
b

SOl. “l"e ha\m ¥y= xpz —_ i
p
Differentiating (1} w.r.t. x, we get
dy dp | . I dp
&y _ 5,48 o 1 ap
e X 2pa'x Pl e
1 )dp
=12 o | g2
= B [xP p"de v
2:p* +1 dp
p it I il
= p=p p?  dx
n ,
= PP —pt= (2t 1) 22
dx
dr  2p¥+1 1
= — = 3 = + 3
dp pi-p 1-p p*1-p)

- &2 )
dp (p-1)" pPii-p
(2) is a linear equation.
2
IF.o=e " lgp=otlstr-n= ol p-1*

The solution of (2) is

(p-—fl2
e 2= | ———
x-(p—1y PEITI in+e
v f [ a
= xww=-D'=| |7 % + ¢
v —1) 23 pE)dpte
1 1
= r(p~Di=——mt—+¢
o 2p p
3
) na Pl
= r{p—1y= 2p2 ¢
- v 2p-1 ¢

2ptp-1? (p-1?
Putting the value of x in (1), we get
I o2p-t ¢ 1
y=p r- ] 7+ z| o
pap (p=17 {(p-1 p
2p~1 . r:p2 21
2p-1P (p-1P¢ p
The general solution of tha given equation is

2p-1 ¢
X o= et =+ >,
20t ip-1* (p-1
2p-1 c_02 1

= — -,
3 20p-1¥ (p-1% »p

where p is a parameter,

- (2)

Differential Equations of
the First Order and
Higher Degree

(D

- NOTES
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Differential Equations

NOTES

KERCISE 2

Soluve the following differential equations :
1. xp?=Zyp+ax=0 a0y —2px = tom! {xp?)
3. i+ 9piy—plx=0

_'-L-\.

v=x+Zian'p

6. y=3x+logp 6. x—yp=up?
dy\* d ~

7. .r’[zy} +2xay—y=0 8.y=L+ap?

9. xpPE-2yp-—ax=0 0 y= 2p+ Jl+ p2
1. &2+ pPe=yp ' 12. y=ptan p+lngeos p
18, y==x(1+p)+ p? Lo ¥ = 2px + ¢lap?).

Answers
a
1 Zy=ex®+ - 2. y=2fix tranle 318+ 8y -3¢ =0
—_ . - 3
4 x+c=log —tanip, y=x+ 2iant p S.y="x+log =
P+l Y= ec

]
8 x= J—;g-_=1v{c—a tog(p+p*-1)), y= Jﬁt_a:-a jog (p +yp? 1) -ap

7. y=¢249 Jox BoaM=(y-1)Mie M2oy=cdta

10. x=2logp+log(p+\ll+pz]+c V=g :q’IT;;I

1 4 2
11. x=c¢ p—gpz,y=%p3'r2-- §-p3+c? 1% c=1on p +e.v=ptan p+logcos p
18. x=2(1-p+ee?,y=2+p7+(1+)ec® l-l.,y:2Ja+Mc)

3.4. EQUATIONS SOLVABLE FOR x

If the ziven equation is sotvable for v, we can express x explicitly in terms of
1 T b

y and p. Thus, the equations of this type esn be pul as
x= /o
Differentiating (1) w.r.t. ¥, we get

de 1 % Wdp ( d
- = _=a_".+‘_f.t'."i-: F(_‘y', p‘ﬁp_], sav
4 dy |

=it
= —=1r xvp-;"_
p T dy

Equation (2)-is a differential equation of first order in p and y.
Suppose the solution of (2} is ¢(v, p. ) =)

The elimination of p from (1) and (3) gives the general solution of (1),
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Note. If p cannor be easily eliminared, Ihen we solve equations (1) and (3) for xand yto  Differential Equations of

get the First Order and
Higher Degree
x =& {p. ch ¥ = 6,(p. e}
These two relstions together constitute the general soluiion of the given equation with p
NOTES

as 8 parameter.
Example 1. Solve x=y +alogp.

Sol. We have x=y+ralogp, (D
Diff. w.r.t. ¥, we get
de _y,edp
dy p dy
1 a dp dp a
= 1= = l-p=a—-— = dy=——dp
P pdy f dy YT 1op

Integrating. weget. y=—alog(1-p) +¢
Putting the value of ¥ in (1), we get

y=—alog(1=p)+e+alogp or J:-——aloglp e,

-p

The general selution of tie given viquation s
4 &

x = ulog P +¢,v=—-alog(l-p)+c,
1-p
where p is a parameter
Example 2. Solvespd=a + bp.
Sol. We have X= —a§ + —b- .
ot p°

Diff. w.r.t. y. we get
dx [ 3a 2{:]dp

dy pt ptdy
- o X ® o g=-[32,2],
4 d 3 2
P p 4 p° p
. 3(:p"‘)‘ 2bp'1 3a 2b
Integrating. we get. y= ———o "2 . 4¢p = = —F+t—+c (1
grating. we get. y u— Y= o (1)
Using given equation and (1), the general solution of the given equation is
a b 3a 2b
X= 3+t 5. ¥y= 5+ +C

where p is a parameter,
Example 3. Solve  y = Znx +y%°
Sol. We have ¥ = 2px + ¥t (1)

Py = Ly _Yy 22
= 2py =y —adp = x=g yr (D)
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Differentiating w.r.t. y, we gel

dx 13 _ ydp 5.2 . p
== | 2yp” = 2y"p—=~
y 2 [P P dy dy
= l:—]-;—yp‘a -—[H:?«E-+ 2';) .(fﬁ
P 2p 2p° oy
P ¥ d]
2 ]
— -+ ¥p* + —-=0
Al
p( LI TR T B e o/
= Ll =z rypit| S5ty p|5-=0
yi2pt P [z;;- ]dy
= {_“E'i' + y23}I£+ d.'pJ 0
2p y ooy
= £+gl£={_} = i}'_+(_f£:0
y dy y o
c
Iniegrating logy+logp=loge or pv=¢ or p=7

Putting this value of p in (1}, we have

3
y= 2(2]3' + _VQ{E} or ¥v*=2cx 4+t
v ¥

This is the general solution of the given aguation.

Example 4. Solve = o ( - ]
Sol. We have p=rtan (1 - p_z] D
= tan~l p=x- __p_ s> x=lanTp+ P 7 - (2
+ p 1+ p
Differentiating w.r.L. y, we get
de _ 1 (ip (1+p*). 1-p. 2p dp
dy 1+ p? dy (t+p)? dy
1 {1 1-p* Ydp
= = 5+ 5
p L1+p® s p®? dy
2 d, 2
= l = 2. = dy= —-——p—g—-‘r dp
P [1+p B oy {1+ p*)y
251
Integrating, y= J (+pdeepdp+c= LE—%)— +
! 6
O o
Y 1+ p?*
Using given equation and (33, the gencral soludon nf the given equation is
x = tan” p+~—-p.,. v=ce-— 12,
1+p° 1+p

where p is a parameter.




[
JE—————

EXERCISE 3
Solve the following differential equations
1. y=3px+8ph* 2. y=2px+ply
3. pi-dxyp+8y=0 4. ylogy=xyp+p?
5. x=y+p’ 6. ypi—2xp+ty=0
7 —2xyp+4y2=0 8, 4x = py(p” — 3.
Answeors
1. y¥=3cx+86c? 2 _F="c:r+ e 3. 6dy=c(dx—c)?
logy=cx+e? dox=c-32p-Clog{p=~1),y=c—p2-2p-2log (p-1)
y=2cx—- o2 7. 2=y~ c:)“
- cp(p® - 3) ¢

= .
4(}32 _ 4)9:"10 (p2 T 1)3.“5 (p2 _ d}ﬂﬂﬂ (P2 + 1)3.!'5

3.5. CLAIRAUT’S EQUATION

An gquation of the form
y=px+fip) (D)
is known'as Clairaut's equation.

Differentiating (1) w.r.r. &, we get

|I-\.r_£_. i—
= {res ) ror E o e ron L o

dp d,
Discarding the facior [x + £ {p}] because it dl}l,‘a noi. contain Et"' we have Exg =0
Integrating p=c
Puiting p=cin (1), the required solurion is v = ex + f(c).

Thus, the solution of Clairaut’s equation is obtained by writing ¢ for p in the
equation.

Example 1. Solve (- px)ip - 1) =p.

Sol. Wehave (v—-pip—-13=p D

il =pyr+ L D
P

(2) is of the form y = px + f(p) with f(p) = _p_f_l

(2) is a Claivaut's equation.

. . . c
The general solution of the given equation is y = ex + i
c—
(By replacing p by ¢)

Example 2. Solie sin px cos y =cos px siny +p.

Differential Equations of
the First Order and
Higher Degree

NOTES

Sol. We have  sin pyvcos v-oos prsiny = p.
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NOTES

= sin(pr—y=p = pu—-y=sinlp
= y=pr—gin tp
This is a Clairaut’s equation,
its general solution is y = ¢x — sin™ c. {By replacing p by ¢)
Example 3. Solve (¥ —pxf=1+p*
Sol. We have (y—px)?=1+p-
= y-px=t+JI+ ;;'“’h = y= pxt i+ p§ LA
Taking +vesign. (1) =  y= px+Ji+ X
This is a Clairaut’s equatien and itz solutjon is ¥ = 6% + 1,J1+c‘2 . (By replacing
phye)

= ¥—cx — T+e° = G, (2}
Taking —ve sign. (1) = V= px - \fl_Jr—pj
This is a Clairaut's equation and his solution 1z 3 = cx — |f1 +e?.

= y—cx + 1+ =0, EY

Using (2) and (3). the general solution of the given equalion s

(y —ecx -\ﬁ+_c"-)(y -cx +Vﬁ*:::?) =0 or (y-cx)®=1+c%
Example 4. Solve p2x(x — £ +p(2y - 2oy —x + P+ +y = 0.
Sol. We have p2x (x — 2) + p(2y ~ 2xy —x + Y + y¥ + y=0.

—2y+2ay+x-2k By —Zay~x+ 2% —dx(x =2 (" +9)

p= 2xix ~ 2)
_—2y+2xy+:c—-2i(2y—x+2) _y ¥yl
2x(x —2) x-2" x
p= 4 = wy=py-Lp A1)
x -2
y+1
= = wvmpr~1 (2
b e M (2)
(1) is a Clairaut’s equation.
Tis solulion is y=or—:e or y—ox+2e=0

(2) is also a Clairaut’s equation.
Its solution is y=ox--1 or y—ex+1=0
The general solution of the given equation is
(v-ex +2epy~-cex +1) =4,

Note. Many differential equations can be reduerd 1o Clairaut's form by suitably changing
the variables,
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Example 5. Sofve e’ (p— 1) +e¥ p*=0.
Sol. We have - DT ePpt=0

(N

(By replacing P by ¢)

Let N=e® and ¥ = ¢2*
ax 2% Y 2y Ay 2
—_— =9 : — = PetY L QY
Ic 2e and I T P
daY_dY X _2eMp & Y
dX  dr! dx 92 G2 X
dY Y X
: Rt = — =—P
Let 3 aX P X p or p v
X 2
1y = X2 (? P“lJ +Y % P¢=0 or XP-Y+P2=0.
or Y= PX+ P2
This is a Clairaut’s equation.
- Irs solution is Y =X+
= e = e+ oF,

This is the genaral solution of rhe given equation,
Example 6. Solve (px — y)py + )= 2p.
Sol. We have =3y + 0 =2p

fet X =" and Y=yl
% =x and % = Zyp.
Let = %
= % or p= —J%: P.

o (Zp mo X 7&K =
n [ﬁ}.Jf ‘Y)(._ﬁp'ﬁ Ji] 2

2p
" - LY = “' R S
or PX-V)E+ D=2 or PX-Y% Pyl
This is a Clairaut’s equation,
2c
Bty solution is Y=¢N - i
c+1
2 . 2o
= . ¥© = eXE - ———,
c+1

This is the general solution o the given equation.

X

JY

Y

(By replacing I by ¢)

P

2p
PX - —
X P+1

A

*Why this step. [n problems invelving ¢! and e, use the substitutions ¥ = e** and y = ¥,

where & is the 11.CF. of { and m.
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Differential Equations Example 7. Solve (px? + y2) (e +y) = (p + ¥ hy using the substifutions X=x +y

artd Y =xy,
Sol. Given equation is  (pa? + 9(pa+3) = ip + 1)? el
NOTES We have N=x+y and Y =xy
ﬁ—l; "l} g_...‘[’.p-,+.
o Ly and i =y + xp
& _yrmw
dX ~ l+p
dy 2y
Let p"dX' s PE
I = (a2 + ¥+ xvp Fay —op-xy) oy )= (p+ P [Nete this step)
= [px+y» @+~ Dapi et y=@+ ¥
= (pr+ P2+ - F Dy e+ y) =+ 1)?
(pr+ v (x b3y zyipat y)
= - =
(p+1) p+l
px+yY ey
= @+ ===t —uxy ——J=1
p+¥ )} p+l
1
= XPZ_YP=]1 = YP=XP¢-] = Y=P.\'~§,
This is a Clairaut’s equaiion.
1
[ts selution is Vo= - o (By replacing P by )
1
= xy=cix +¥y)- -

i This is the general solution ol the given eyquaiion.

EXERCISE 4 ‘

Solve the following differentinl equations (Q. Nv. 1-16):

a -

L y=apts 2. y=pxt Jatp? + b R p=log (px—3)
p=sin {y= px) 5. 078 1)~ 2pav+ ¥ 100 6. e (p— 1+ p2e¥=0
2 (y - px) = yp? 8. (y+ po? =p 9.y =dpx + 6y%p?

10. p2cos?y+ psin xcos xeos y~sin yeos? =1

11. Reduce the equation 32 {y — xp) = ¥ to Clairaut's nquation by using the substitutions

1 1
x=oy=7 and hence solve the equation,
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R ——

10.

L g
=ex+ —

Y ¢
y=ex+sinle
Y=+

siny=csinx+o°

Try X =23, Y =37
Try X=1x, Y =33

Answers

2 ymest Jo%? s b?

Solv—cxf=1+2
Boay=rx—r
11 x=rcy * cfay.

Hints

3 Try¥=x Y=uxy

10 Try X =sin x. Y = sin .

3. y=ex—¢e
6. ¥ = ce* + (2

9._y3=c.t+%c:2

Differential Equations of

the First Order and
Higher Degree

NOTES
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Differential Equations

UNIT 4 SINGULAR SOLUTIONS

NOTES

Learning Objeclives
Introduction

Discriminant Relation

The p-Discriminang Relatiom
The e-Discriminant Relation

The Envelope of a Family of Curves

Singular Solution

4.0. LEARNING OBJECTIVES

After going through this unil you wili he able lo:
s Define diseriminant relation
¢ Find the singular soluticn

4.1. INTRODUCTION

We know that. an ordinary differential equation of order one admitting solution
has one arbitrary constant in ils gencral solation. We can also find its particular
solutions by giving different values to (he arhitrary constant in its general solution. If
a differential equation of order one 15 of degree greater thin one then there may exist
a solution of this equation which is neither general nor particular. Such a solution
cannot. be derived from the general solution by giving some particular value to the
arbitrary constant.

Tn the present chapter, we shall diszuss the possibility of such solutions.

4.2. DISCRIMINANT RELATION

Let fiX)=0 be an equation in the variable X. The relation obtained hy

vl
eliminating X from the equations f{(X}=10 and —(d—)'f-; =0y called the X-discriminant

relation of the equation AX) = 0. This relation gives the required condition for the
given equation f{X) = 0 to have multiple reats,
For example, let.  fiX) = X%+ bX + ¢

%:?xz}{+b.
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Singular Solutions
_{g_ = = JaX + b= ¥

dXx
. b
= N=—-
20
b NOTES
Putting N=~— inf(X)=0, we get
2

bY* b g s
aj—— | +bl-—1]+c=0 or F-2+400=0
2a e
or b —dae=10.
The X-dizeriminant relation of the eguation
aX?+bN+e=015b6"—4ac =0
~b b7~ dac
Verification: fiN)=0 = X= --}—‘—[:——
2a
If b%~4dac =10, then the equation fiX)=0has multiple roois ie., equal
b b

roots —— ., ———.
2a 2a

4.3. THE p-DISCRIMINANT RELATION

Let fix,y. =0Q LD
be a differential equaticn of order ane and degree greater than one.

By definition. p-discrinivand relaiion of (1) is obtained by eliminating p between
the equations

flv. v, =0 and -ll‘i =0
ap

Thus, the p-fiscrininant veletion represents the locus, for each point of which

fix. ¥, py =0 has equal values of p.

4.4. THE c-DISCRIMINANT RELATION

Let. A,y )= (D
be a one parameter family of curves and of o1 least second degree in ¢.
By definition, e-diseriminant peletion of (1) ic obtained by eliminating # hetween
the eguations
dr ¥, =0
W g
e
Thus, the e-diseriminant relation ropresents the locus, for each point
of which &(x, ¥, ) = 0 hivs equal vidues of ¢,

and
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4.5. THE ENVELOPE OF A FAMILY OF CURVES

Lei. 0(x. 3, ¢) = D be a cne pariengler lamily of curves and of at least second
NOTES degree in ¢. This family represenis infinitaly many 2urves of siome kind. Let the values
of ¢ be arranged in order of magnitude The sucrossive o thus Ailfering by infinitesimal
amounts. Suppose that all these curves ave drawn. Curves corresponding to two
consecutive values of ¢ ave called consceutive carves and their paint of intersection
is called an ultimate point of intersectiow, ‘Yhe limiting position of these points of
intersection includes the envelope of the grven family of curves. Since in the limit the
¢'s for two consecutive curves heeome eaual and tha e-diseriminant relation represents
the locus of points for which ae. 3, 22w i have equal values of ¢, the envelope 1s a part
of the locus of the e-diseriminant. relation. u differential ealeulus, we prove that at
any point of the envelope, ihe lawter i= touched by some curve ol the family
olv,y, =0,
At every point.of the envelope, 5.y snd p have the same value for the envelope
and the curve of the family thai touches it there.

'4.6. SINGULAR SOLUTION

Let f(x, y, p) = 0 be a differential equation of order one and of degree greater
than one.

Let &(x, ¥, ¢) = Obe the general solution ol thix differentiai equation. Lel E¢x. » =0
be the equation of the envelope of the family a(x, ¥, ¢) =0 We have seen that E(x, ) = 0
is a part of the ¢-discriminant relation of the family ¢(x, y, ) = 0. Also, al every poini.of
the envelope, ¥, y and p have the same value for the envelope and the curve of the
family ¢(x, ¥, ¢) = 0 that 1ouches it there,

The equation E(x, ¥) = 0 of the envelope represents a solution of the
differential equation f(x. y. p) = (1

This solution is called the singular solution ef (he diflerential equalion
f(x, v, p) = 0. This solution does not.coniain any arbitvary constant and is not deducible
from the general solution ¢(x, ¥, ¢} = 0 by giving a particalar value 10 the arbitrary
constant in it.

We can also show that the equation of the envelope E{x, ») = 0 i.e., the singular
solution of the equation f(x, y. #) = 0 is also a part of the p-diseriminant relation of the
equation f(x, y, p) = 0. This is because ut the ultimage points of intersection of consecutive
curves of the members of the [amily §(x. y, ) = 8, the s for the intersecting curves
become equal. Thus the locus of the poinis where o°s have equal roots will include the
envelope.

The p-discriminant relation of /Gt ¥, p) = 0 contains the equation of the
envelope ie., the singular solution of the equation fix, y.p =10
The singular solution is contained in both p und ¢ discriminant. relations.

Remark. The p and c discriminant relations may semetimes veprusent other loci beside
the envelope i.2.. they may contain other equations beside the vquation of the singular solution.
These loei are called Tae locus, Nodal locus anid Cuspidal locus. Generally the equations of
the tac Ineus, nodal locus and cuspidal locus dn net satisfy the equation of the differential

equation. This is why, these are ealled extrancous loei. The defail regarding these loci is
beyonil Lhe scope of Lhis book.
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Step 1.
Step 1I.

Step I1I.

Step IV,

Working rules for finding singular solution
Find the genoerat solution of the given differential equation.
Find ihe p-discriminant relition of the given diflerential equation
and write it in the form ET?C = 0, where E, T, C are some
expressions in x and y,
Find the e-discriminnns relation of the general solution and write
it. in the form EN?*C? = §, where N is some expression in x and ¥y
Consider the equation T = 0. If this equation satisfies the given
differential equation then this constitutes the singular solution of
the given differential enuation. T =0, N = 0 and C = 0 respeclively
grves the equacion of Tas locus, Nodal locus and Cuspidal locus.

Remarks 1. In case fix, ¥, o) = 0 is quarleatic in p then it is advisable to find its p-
diseriminant. refation by equating (ke discriminant of f(x. v, p) to zero. Similar argument slso
work for e-diseriminant relation.

2. If the p-discriminant relavon and the e-diseriminant relation are same, then Lhe
common equation gives 1 =10,

. . . . a C
Example 1. Solve the differential equotion. v = px + = and obtain its singular
Fy

solution.

Sol, Wi have yEpu+ i— (D

This is a Clairaut’s aquation.
By replacing p by ¢, its geaersl rolution is

I =
Let

¢ . .
¥y=cx+— irn cv=ox+a.
¢
py=pira = gt-ypta=0
o, y, py=x@F ~yp + ot

This is quadratic in j.

~ Dhse, = 1) =3 ¥ dax=0 2)
Let My, v, ) =cled g— oy =5 My, v, 0=xc*-yeta
This is quadratic in ¢
Dise, =0 =Y ¥ —4axr=0 )]
Using (2), the p-discriminant relation (KT#C = () ean be written as

v —Aox) 12 L =0

Using (3), the e-discriminant refation (MN?C? = 0) can be wrillen as
=4 1*. 13=0,
E=0 = ¥W—dax=0 ()
o
1 = 23'-—31 —Aa =0 = 2yp=da = p= E({
d.'C ¥
2
Also, Modar=90 = ¥= =
4a
. . X 2 y2 y . .
Putting the values of pand xin (1), woget y= =2 .2 _ 4y 4. L or ¥=y,which
¥y 4a 20
i% true.

Singular Sohitions

NOTES
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NOTES

and
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¥% —deax = 0 satisfies (he given equation,
y% - dax = 0 is the singular sefution of tiwe given equation.

Example 2. Investigate the equation y = px = 2p? for singular solution,

Sol. We have y = px — 2p? D)
This is a Clairaut's equation,
Replacing p by ¢, the general solution of (1} iz
y=ev =268 e, y-ox+ 2ef=0 (D)
. af .
Let fle.y, p)=»—px+2p% —=_x+dp
ap
flx,y. M= =2 y—pr+2pt=1) G
‘35 = = ~xt+dp =10 G )
%
4 = p=y
Putting the value of p in (3), we gat.
V- (i)\: + 2(£J- =1
’ 4 4
2.2 o = g HoBy=0 ®)
PR Ty b = = r—=8y= R
= ¥ 4 ] ¥ 3 X Y
Let o, ¥, €)= y—cx+ 2e°
ae
Eliminating ¢ between o{x, . ) =0 and -{% =g woget 2-8=0 ..
Using (5). the p-diseriminant relation (ET% C = §) van be written as
(x2—8y) 12.1=0.
Using (6). the e-diseriminan relation (EN*CF = 0} can br written as
(2 =8y 12, P=1}h
E=0 = ceBe=( (D
x? x . .
(M) = y= Y and thus p= e Puning the values of y and p in (1),

xZ x 232 .
wc get i (—-] x-2 (_] . whivh i true,

4 4
w2 —8y =0 satisfiea (he given equation,

xZ - 8y = 0 is (he singular solution of the given cguation,

Example 3. Obtain. the singular salution of the equation. p* +y? = 1, p 2 0. Also

interpret the result geometricuily.

Sol. Wehave pf+3i=1,
= p= Ji-y* (-
dy

= L S
1-y

LD
pzl




i

g .

Integrating, wa get.

sin“ly=x+te, = y=sinfy+el or y—sin(x+)=0 .2

This is the general solution.

9
| ey )= gt ¥y
Let flo,y, M =p*+y Pl
f,y, pp=0 = piPeyf-1=0 N G))
¢
and i =0 _ = 2p =10 ()
dp
Eliminating p between (3) and (), we get. 0+ 32~ 1=0 je, y2—-1=0, g
(5
. . 34
Let . Px, y. )=y —sinlv+ ). . e =—cos (x+0)
olx, y, =10 == y—sin(x+a)=0 ..-(6)
d
and a_f = = —cos(x+c)y=0 (T
We have sin?(v+ e} +cos?(e+ep=1
- BA0E=1 fe, 2-1=0 (8
Using (5}, the p-dizeriminant relarion (KT?C = 0) can be written as
2—1) 12 1=0.
Using (8). the ¢-discriminant velation (EN?C? = () can be wriilen as
GE-1)12.13=0,
f=0 = - i=0 (9

9 = y=+£1
Putting the values of y and p in {1}, we gel. 0+ 1 =1, which is true.

and thusp =40

¥4 — 1 =0 zatizfies the given equation,
y*-1=0 it the singular solution of the given equation. The equation y = sin
(x + ¢) represents the famiky of sine curves lving between y= 1 and y == 1. The equation
¥° — 1 = O represents the lines y = 1 and y =— 1. The lines ¥ = 1, ¥ = — I represent the
envelope of the family of sine curves.
Example 4. Find the general solution und singular solution of the differential
equakion 4p¥x -2 =1

Sol. We have ApHy -y =1 (D
T x =t —
= PR ATy T PT ta a2
= sz
1
and p=-g = &)

Integrating (2), we got

-
il
0
!
val
+
™

or y-Jx-2-¢=0.
¥+ Jx-2—c=0

Integrating (3). we get.

_'\'=—\ﬁ'":_2_+r: or

Singular Solutions

NOTES
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Differential Equations ». The general solution of {I) is

(y-Jr-2-y+x-2-c=0  or (v-cP-{x-21=0.

Lel flo, y r=4p2 (x =D — 1. fix, 3. p) is quandratic in p,
NOTES Dise.=0 = -4 Ax-Di=H=0 = x=2=0 .4
. Let. o,y )= y—&)f —(v=-1)
= olx, 3, ) =0t = 2ye+ (¥ ~x+ 2}

oy, ¥, €) is quadratic it ¢..
-~ Dise. =t} = dp? -4 1G5 -xv+2) =10
= x-B=0 = x-2=0 ()
Using (4). the p-discriminant relation (KTC = () can be written as
x—2).12, 1=,
Using (3). the c-diseriminant refation (FN"C3 = ()} ean be written as
(x=2) - 12 -1"=0.

E=0 = x—2=0 (3]
x=2=10 = r=2
dx 1
= — =1} = - =)
dy 2
x—2=0 = Ay-2y=-— = ApHx-H=0
"

x — 2 =0 satisfies the given equation
x - 2 =0 is the singular solution of the given eyuation.
Example 5. Find the general and singuluy solfictions of the cyuation. xp? - 2yp +

Sol. Wehave ap?—2yp +dx =1

(B

R
18
i
T
o
o
~
=
+
-

1]
——
+
te
T

!‘—n

vl

1

1]

|H
-
=

1§

e

de 2 I p? dx
_p_xdp 2 Zxdp
= p= "2dx p pr: dx
= E_E-{f_-ﬁ]‘_"f’ _, Pi-s p’-4)dp
2 p 2 p?jdx h 2p 952 |dx
= P-4 xfpf-gldp _xdp
2p  pl 2p }dx p dx
dp _ dx
= —_
P x
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Integrating. we gel.
logp=logx+loge = p=cx
Putting the value of p in (1), we get.

_cx-x &w_:“
Y= 2 cx
2
X 2
= y=£§-—+F = 2ey=c¢?+41 = Z2ey-cix?-4=0,
This represents the gene:rn-l solution of (1).
Let 3, py=xp® ~ 2yp + 4y
fix, ¥, o) is quadraiic in p.

~ Dise. =) = dvi=d4 x.4x=0 = y-4x2=0 ...(2)
Let. ofe, y.=2ry—-cfx*—4 = dx.yv.o)=—ciei+2ey—4

olx, ¥, ©) ix qualratic in ¢
- Dise. =0 = 48 =A=x) (-H=0 = y¥2~4x?=0 ..
Using (2). the p-diseriminant relatien (FT2C = 0) can be written as
(- - 12 -1=0,
Using (3), the c-discriminant relation {EN2C3 = 0) can be writlen as
(F—4x®) 1% 1320

E=0 = yi—dxi=0, R
dy dx
2y -2 —Bx =0 = =—
@ = Yooy T = p=7

Putting the value of p in (1), we goi

2
X 162 -2 A L gp=0 or 185 - 4ey? =0 or Ax(dx®-yH =0,
b

¥

which is true, because y% — 432 =),

¥ —4x? = 0 satisties the given equation.
yZ - 4x% = 0 is the singular solution of the given cquation,

Example 6. Find the singular selution of the equation xp? - (x—u)® = 0.

Sol. Wehave  xp?—(x~a)? =0, (1)
m = N B
= :? = t[ﬁ—%J
S N 2T
%=+(J"_%J = =27 e

General solution ol (1) is

o \ 2
(y_zxg +2an~cJ [.}'+':£,3—“?"1J“T_c] =0

Self-Instructional Material
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Differential Equations 2
2x31’ 2 _
= (y-c)* —[T—%v'x] =0

NOTES = (y~-c) —%(x—Sa)r’: =0
Let fx, ¥, ) = xp? = (v — )
fix, ¥, p) is quadraue in p.
Dise. =0 = F-d v —@-m?=0

= tlx—a)?=0 (D)
., 4 .
Let. b, y, o) = (p~6)E - ?;:— (v — n?
. 4-): ;:‘
= olx, ¥, o) =¥ —Zey + (J"e - ‘9_(" - 3‘“_] J
d{x, . r} is quadratic in c.
Dise. =0 = &2%-4.1, [j‘ -- -L)- {x - du‘] )
4x o "
= Xy (v~ =0 = xx-3u) =10 )]

Using (2). the p-discriminam relutiot (ET4C = 0) can be wrillen as
r{x—a@ -1 =10
Using (3), the e-diseriminant redaiion (EN*G* = 0) eun be written as
(-3¢ - 13 =1,
E=0 = x=8 (&)

+ = 0 satisfies the given equation when written in the form (-‘E] -
v) (x-a)?
x = 0 is the singular zolution of the given equation.
Remark. T=0 = x—a=0 and N=0 = x-3Jg=0,
The equstions of Tae locus and Nodal locus are sespectively x—a =10 andx-3a=0. ,
Example 7. Find the singular solution of the differentral equation
ypZ—Z2xp vy =0
Sol. We have yp2—-2ap+y=0Q.

- = _'}.ZJ__[_ -L)-}... ,”_(l)

Differentiating w.r.t. ¥, we gel

dy 1 dpty T(1 ¥ dp]
= (p 1i-y--. -t»—lj — e

1_p,ydp 1 ¥ dp
= p 2 2dy 2p 2pfdy
1 p_(y_ _» ldp _ (p 1]_3' p 1\dp
= ——— = = - S 2\ ¥ _ - [BF
2p 2 2 ogpt)dy 2 Zp) p\2 2p)dy
d o
= —ln-y——p- = ._y;_.dﬁ =1}
p dy ¥ o
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Integrating. we get. log ¥ + log p =log o

=
i

= W=t =

Putiing the value of p in (1), we get

Y . c
X = l . i + l. ..Ji = = —
2y 2 ¢ 2
This is the general solution of (1}
Let e,y p)=ap* = 2xp + .

This is quadratic in p.

Bise.=0 = -4 -y -y=0 = 2-y=0 (2
Let dx, ¥, o) =y Yoy + 2
= o, v, )= — 2w+ 32
This is quadratic in c.
Risr. =0 = dxri-4-1-32=0 = xt-y?=0 )]
Using (2), the p-diseriminant relation (KT ¢ = 0} can be written as
(239 12 1=
Using (3), the ¢-dizeriminant relation (EN2C? = 0) can be written as
(xz_yz) 12 =0
E=( = 2-y=0 4
3) = 2.r-2ygii=o = p=§.
Putting the value of p in (1), we get
= :2: \_'. };‘... '2
2y 2 x
x x2 .
or _ T= Sk, which is true. [+ *-»2=0]

1% — ¥2 = 0 satisfies the given cquation,
x%— ¥* = § is the singular solution of the given equation.

Example 8. Examine and investigate for singular solulion of the differential

equalion.
(Sp? -~ 2} v=12p% ¥,
Sol. We have (8p% - 271w = [4p?y

H = y= e = y=3 px ——p2

Q_\_’ - 2[1} 1+x @i}_?_ _];_-»:Z_t_d..g
- dx

(L‘C 3 dx 4 p2 p3
_2,,xdp 9 Ox dp
= p= 3p 3 dx 41)2 2p3 dx

o

2
+E = y—Zex+c2=0.

D
I 4]

Singular Solutions

NOTES
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B + 9 = f 3&“ + -—5
3 4p? 3 2
[1 L B DT/
3 4p?) 3 4p*)dx
dp 2dp  dx
= 2x — — T
p dx n v
Integrating, we gel
Qlogp=logr+loge = Prrex = p= Jex
Putting the value of p in (1), wegat
(8 cxvfox —2T)x = 12 exy
= 8 cxvox - 27 = 12 ¢y = 8exvexr = 12cy + 27
= B2 =(12¢y+ 272 = = 5 (dcy + 9
. 64c
o _ N6 79 ]"
= o= —— Ly+-—-
64¢” 4ic
= v = g——( +£—]E
' d¢ Y da
= W=y + et where o = T
This represents the general solutiun of the given equation,
Let flx. v, py = (8p3 — 2T)v - Pipty
a_ = 2,. Dy
i piv— 24py
.y, =0 = (8p% - 2T)x — Lip%y =0 (D
a
and —f =1) = Zdpte -2 py =0 ()
op
@ = ppx-y=0 = p=i. %
p=0in (3) = N—2Nx—-0=0 = x=0
Ea 3 . |2
p=lin (3 = i%’__gﬂx-nz —% y=0
5 e ) N
= Byf - 278~ 128 =0
= 4P+ 278 =0
and a =0is adyd +2TaH) =0
p :

The eliminant of /.
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vy, =10

=xt-g (vt ¥
01 @ +e)—e 20+a) -l

Let olx, . ¢))
.
dc,
o, 3. ¢)=0 = By +e)E=0
2 re) (e, +20)=0
and e, 0 = —{y+e)lvte +2e)=

()]




= +eplv+ ey =0 (D Singular Selutions

(M = G E—y, - =
Putting ¢, =—yin (@) = SJ+3yy-»n?=0 = B3=0
! . NOTES

: 2
and ¢, =-Lin® = .134-%(3,_%] S0 = 4742750 =0

The eliminant of #{x, y, £,) = 0 and %il =0is F 4yt + 2Ta%) =0 ...(8)
Using (5}, the p-discriminant relation (KT2C = 0) can be written as
(Av3 + 27eH) 12 x=0)
Using (8), the ¢-discriminani velation (EN?C?* = () can be written as
Myt + 27eh 1% 2 =0

E=0 = 43+ 273 =0 (D)
E 3
9 = _}'=-—-F3-.r and p=—zﬁ-§-.

Putting the values of y and p in (1), we got.

27y 1. .. 9 ( 37
[8 (— 'Z'J - 37} = 12, ;J-J( -4—1;3-).‘

= — Sk = - 81x, which is frue.

4y + 27x% = () suiisfies the given equation
4y® + 27x% = 0 is the singular svlution of the given equation.

Example 9. Ind (he goneral and singulor solutions of the differential
equation p?y? cos? o — Zpxy sin® u + y¥ — % sin? o = 0. Also inderpret the result

geometrivally.,
l Sol. We have i cos u—Zpxysinfa+ i —Beinfa=0. (D
1 T . o . D K
Dividing hy cos? o, we get p2® ~ 2pxy tan® w+ y* sec? g = x? tan® o« =0

This is quadratic in p,

2xy tan® o + \{zl-xgy"3 tan® nt—4y4 sec? a +4:c2y2 tan® o

FLS 2}’2

2oy tan u 2.1'\}::9' tan* o - y? see® o + x% tan® «
23'2

I xtan? ¢t fx¥ tan® a1+ tan? @) - yZsec o
¥

n . A
x lan” e T sec o \,9:2 tan? fx—y2

¥

o %
= ¥p == tan® ok e \.lx‘f tan? o — 52
d - ;
= ¥ d%"x tan® ot = £ gec o \J':cé tan? o, -- ¥
X

} L ydy-a tan” mdx
e} I
2 I F]
-Jx tan® o - ¥

= &ee o dy
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x tan® gdx - vy
t g = = — Reu oY
J;? tan® -y~
1 bl
=d(x? tan® i — y*}
%
Jx_‘s' tan? o - ¥°

Integrating, we got

+ fx% tan” g -y mosecuxte

Squaring. Zianf o -y =gea? X +¢? - 2exsec o

=—zee ooy

i tyl—Z2cxsecte=0.
This is the general solution of the given equation.
Let. fix. v, ) = py® cost i — Zpuy sin® o+ 3 -t e
This is gquadratic in p.

Disc.=0 = (-2xysinta)?~aytcos? a3 ~xfsina)=0

= A4y% a2 sin* ¢ - 3¢ cos? o+ ¥ sin? acos? o] =0
= 42 [¢® sin® ¢ Gin? o+ cos?u) - y¥ cosf o] = 0
= Vi sinda—vieos? =0
= Yreosta @ lan?o-yH=0
= Yadtanta -y =0
Let. oy, )= x2+ y2 - 2exsec o+ ¢?

= P, v. ) =e? - Quser @ ¢+ (7 +yH)

This 15 quadraiic in ¢,

Dise. =0 = dtzecto-—4 -1 -(2+y)=0

= Ax?(sec® a— 1) —Ay2=0 = 2ianZa-y? =0,

Using (2), the p-discriminant. refation (GUT2C = 0) can be written as
(2 tan? a—-y8 (v 1T =10,

Using (3), the e-discriminant relation (ENZCGR = () can be writien as
(Flanta—ydH 12 13=0.

E=0 =% Zemio--yi=(
. xtan® o
)y = 2vtan®a=dyp = n= -—y_

Putting the value of p in (1), we got

2. 4 2
tan an . 1 oo on
[x___a} 2 eos? o - [x—t’l»——{g xysinto+yd-xfaino=0

y2 hd J
x?sin* o 2Psinta 4
= 3 - 5 + @ an? u—x?sinfu=0
cos® o eos® 1t
= Lhinto—2vint o+ ¥ sinfu—xsinfacosfa=0
= Rainfo(sint o —2sint o+ I ~cost) =0

= 0 ={}, which is true.
22 tan? o — y? = 0 sadsfies the given equation,

A2)

@)

L AD




I - xftan®a—y?=0Iis the singular solution of the given equation. The singular Singular Solutions
solution represenis a pair of straight lines 3 ==+ xtan ¢ The general solution represents
a family of circles whose envelope is the pair of lines y == x tan o.

! Example 10. Reduce the equation xyp? - (x2 + 32— Dp +xy =0 to Clairaut's form

f by substituting x% = u and ¥% = v. Hence show: that the general solution of the equation NOTES
represents a family of conics lowching the four sides of a square.

Sol. Given equalion is xyp? - (* +33 - p+xy=0 e
We have n=x> and c=y*
di . dv . dy
=Py s T8 e L
- ik anid = 3 2yp
[ dv _dv fdu  2yp ¥

f : dn S ael T ea
iy

¥ x Nu
—_—. = A =P = —_—
i P . P oor p 5 ar p 7 P

Len P=

(ny = fszE.EP"—(;H-I~-l)-E—P+JEJ-=(}
v VU

= —‘\/E_';;—(uf""S it =P+ =0
| e
“ = af? ~(u+oe~-DP+pr=0
= uf* - —uP-1+P=0
= uP—v+ =0
' P-1
>
= vr=I et —— (2
P-1 @
This is a Clairaut’s ¢quation,
By replacing I by ¢, the general solution of (2) is v=cn+ _c_i
o—
) e
= =+ P = OP—exD)c-1)=0
= -2+ -y -c=10
This is the general solution of (1),
i This represents a family of counies, 5
i Let fix, v, py =ayp? — {2+ y5 = Dp + 1y
This is quadratic in p,
Dise. =6 = 2+ D% —4xy xy=0
= (F vl w2ty - 1+ 209 =0
= (== Dx+»?-n=0
= x—y=~Tx-y+ M+ y-Nx+y+1)=0
Let. O, 3 =~ it e- 1) - ¢
= M, 3, 6) =~ (T = Y o - yR

This is guadeatic in .
Disc. =0 = (2+y* =12 =a(—aH-yH=0
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(¥ + y? - 1) -yt = 0

2+ — 1 —2a v - L E 2y =0
((r~)¥ -1} (v + %= =0

o=y — Dy -y ety ty+r Hh=0

Ly el

Since p-diseriminant relation and ¢-diseriminant relation are same, we have
E=0 = (v—y-N{x=y+xr+y-Nx+y+1)=0 (3

) = x—-y-1=0 ) y=y+1=0 ...(D3)
x+y-1=0 LBy and x+y+1=0 AT
d
9 = uay—o ={ ) p=1i Alse, () = y=x-1

Putting the values of p and v in (1) we get
A —-D -+ - DR - (i —1)=0
= Box=2a? 4 e+t v =0, which iz true.,
S MW satisfies the given eguation.
Similarly. (5). (6), (7) satisfy the given eyquation.
The singular solution of the givon vquarion is
(x—y~ Dl —y+ NHuty= Lty D=0
This represents four lines x~y~ =0 x—y+ 1=0,v¥y—1=Gandx+y+1= 0

covering a square.

Since the singular solution is the envelope of the curves given by the general

solution, the conics given by the generat solulion are touched by (he lines given by the
singular solution.

EXERCISE L

Investigaie the following differential eqpations fuor singuler salutions and exitraneous loci

(6. No. 1-12):

1,

@ s

13.

14.

15.

Self-Instructional Material

pi+pr—y=0 g~ @3x- 102 =0

¥ =2xp - yp? 4. Bpy gy -y =0

Gy +4=0 . G oap?—2yp+ x4 2y =0
pPr-dayp+ 8y =0 gttty +at=0
2pT—2pxZ + 3xy =0 10, (2 -2+ 2ap + BE—32=0
sin px cos ¥y = cos px siny+ p 12. p=log {px—).

) 1
Reduce the equation y(y —ap) =t p7 1o Claleaut’s [oren by using the subsiitutions x=—,
q v - u

] _ .
y=73 and hence find its singular solulion and equuiions of extranecus lock.

Transform ap? - 2yp + x + 2y = 0 1o Cluiraut’s form by the teanstormations E=uy—x
= 1. [lence obtain and interpret the general solution and singular solution of the given
equation. Show that the general salulisn reprasmis a family of parabolas touching a
pair of straight lines.

o . o d
Reduce the differential ciquation x3# + ypx+ ) + ¥ =10, where p = Eil_; to Clairaut's

form by the substitutions u = y. 1= xv. Henel or otherwise solve it. Also prove that
y+ dx= 0 is singular solution of the giver equation,




16. Reduce (px—3) (x— py) = 2010 Clairaut’s forin by using the substitutions X =wmand y*= 11 Singular Solutions
and find the general solution ard its singultie solution, if any.

e —— e
R

Answers

; 1. 8.8. 277+ .4t =0 2,88 x=0,TIL3x-1=0,NLx-1=0 NOTES
! 3. S8 ix—yi=0D 4.88. 32+ 8¥*=0
: 5. Cl.»=0 i 5.5 ¥+ 2ov-y=0
7. 88 y@ly-4)=0,TL y=0 8 85 vy —4ah=0,T.L. x=0
; . _ 2 42

3 S5 0-6y=0,Cl.x=40 10. 858 ~gt+ 5 =1

: a b

— gy
11. S8 y=x2~1-gn ¥ = 12 88 x+y—xlogx=0
x

13, S8 yy+4xH)=0TL xy=0

14, G823 -2 (v—+1=0.88.y= (T +1)x.y= (-2 + 1)z
15. GS y=¢+cf
16, GSE (l-a)y?—rfl =) s+ 2c=1 88?4+ 22— aafy?=0.

Hints
6 Trru=x>mdu=v-—x
” 10. Given equation i expressitie as y= px £ \f(;)pﬁ +4°
o \ - dv
13. The reduced squation is v=Pu + P2 where P = T
4. u= de _y du
S UEX = LU AN USyey = o =p-1
dov p-1
0 = — B =93]+ T
I du e o7 P Zal
The given equation reduces 1o o= Pu + ElF
15 u = d dv 4
- = = ——— ) 1= = —_———— 2 A
hd o i ¥ x ¥ ap
du + A ¥
s P= 'C'{—'I: = _}‘_}g or p= -P_—T\.
l The givern equation reduces to &= Pu + P4,
du do
= — = y= ..'.3 —_—
| J 16. u=x = T x, =3 = de Syp
B dv ¥ x
| P= E = —r‘p oF e ‘—.P

. . : ap
The given equation reduces te 1= Pu — T
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UNIT 5 ORTHOGONAL TRAJECTORIES

TS
Mk RS
Learning Objeciives

5.1.  Orthogonal Trajectories

Working Rules (o Find vhi 5quation of Grthoguunl Trajuctories

5.0. LEARNING OBJECTIVES

After going through this unii you will b abile fo:
¢ Define orthogonal trajectortus
e Explain working rule to find the equintion of orthogounal trajeciories

5.1. ORTHOGONAL TRAJECTORIES

(i) Trajectory. A curve which cuts every member of a given family of curves
according to some definite law is called o wrajecrory of the family.
(if) Orthogonal trajectory. A curve which cuts every wember of a given family
of curves al right angle is called an orthogonal wajcctory of (he family,
(i71) Self orthogonal family, A family of curves is called u self orthogonal
family if the family of urthogonal trajectones of this family coincides with the given
family.

5.2. WORKING RULES TO FEND THE EQUATION OF
ORTHOGONAL TRAJECTORIES

(a) Let the family of cartesian curves Le f(x, v, )= 0. (1
Step 1. Dilferentiate {1} w.r.t. x,

Step I1. Eliminate the arbilrary censtant ¢ between (1} and the resulting
equation.

This gives the differential aquation of the family (1)

e it be F [x3 ¥ %J = 0 (2)

Step 111, Replace & v - 2 in {2).
dx iy
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The differcniial equation af the orthogonal trajectories s

dx
LY | =1L {3
F(t ¥ dy] G 16)]
Step IV. Sobve (3) 1o get the equation of the required erthogonal trajectories.
(b) Let the family of polar curves be f(r, 0, ¢) = 0. ..M

Step I. Differentiate (1) w.rd. 8.

Step I1. Eliminate the arbitrary constant ¢ between (1) and the resulting
equation.

This gives the differential equation of the family (1).

Cod
Let it be r (r, 0, &%1 =0 @)
Step III. Replace %‘r: by —r? % in (2),

The differentia) equation of the arthogonal trajeetories is

¥ (;-. B, -r? 59] ={. 3

oy
Step IV. Solve (3 ro get the equation of the required orthogonal trajectories.

.

Example 1. Find the equation of orthogonal trajectories of the family of
parabolas

¥ dax.
Sol. The equation of the family of pavabulas is

% = 4qx, ()
Step 1. Differentiaiing (1) with vespect to x, we got.

2y _(?._Y =4a fe ¥ EQ'_ = Y ..(2)
ax Cdx
Step L Elimivating ¢ between (1) and (2), we get
. dy dy
e A ]
3 ¥ =X or Y o 8]
. dy dx | L . .
Step IT1. Replacing -?i by - —= tu {3). the differential equation of orthogonal
s dy
trajectories is
. dx
y = ox —,
y v
= y v == Zxdx ()
Step IV. Integrating (4), we have
Jl. ydy=— L‘I Xy b, w e a2+
= Ox*+ v =L, (k=2c)

This is the equation of the arcthogonal trajeciories,

J"2

b+

2
. . . . x

Example 2. Find the erthogonal trajectories of the family of curves =5+
a

= {, where A is a parameler,
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Differential Equarions Sol. The equation of the given family i«

2 2
X ¥
— tg—T =1 .1
a® B+ )
NOTES Step L Differentiating (1) w.r b 2, we gel
2x 2y dy ¥ ¥y odv
5t o= r gt — o =0 .
a2 b+ ndx O bt a dy [ -A2)
Step IL. To eliminate the parameter &, wa aquate the vilues of B2 + X from (1)
and (2).
2 2 2z 2.2
¥ X o —-x a’y
! = L e g ; 2y =
From (D), b + 4 a” af or bIHR=Te d
«®y dy
From (2), b+ h=— ——i-‘-'--
® dx
a’y’  a’ydy oy dy 0 3
af-x*  x dx et ox? T de o

This is the differential equation of tha piven famity (1).

7
Step I11. Replacing &y by — in (), we get.
dx oy

1

B2
o _;2-“3: =g oy il — [.9-—;-{--} dr=1{. o (4)

This is the differential equation of the erthogonal (rajectories,
™ d

Step IV, Integrating (4), we get

2 2 2
d ‘ x
jy(fy_J(a —I]d.\‘=c or Yo —gtlogx+ i =c
X “F. 2

or x*+yi=2alogx+C. (C=2c)
This is the equation of the orthogonal trajectories of {1).
Example 3. Prove that the systesm of sonfocol and coaxiol parabalas y* = da
(x +u) is self orthogenai.
Sol. The equation of the given {amily of parnboias is
y2= dule + 1), D
Step 1. Differentinting (1) w.r.b o we zet

2y % =da ur ¥ -:_—i = Yo A(2)

Step IL Eliminating a betwean {1} and (2), we have

. ydyl ¥ dy] L dy Q(Eh‘ 2
!z=t1 X e . =y -4y e~
¥ "2 dxi 2 dx a4 dx ) \dx

dfy]2 dy

Copl =] 42— —y =0, .03

or 3( ; e Y G))
This is the differential equation ol the given family (1).

. dy dx. . i _ dx Y dx
Step IIL Replacing —= by —— in (3), wegety | ——| ~2xv—
dx dy N ; dy

_y=[)
ay
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Orthagonal Trajectories

R 2
or yw:ﬂxd—J —y(iﬂ‘l] =0 or y(g%] +2x§xy——y=0. ..(1

dx dx ]
This is the differential equation of the orthogonal trajectories.
Since (1) is the same as (3), the orthogonal trajectories of the given family (1) NOTES
are the curves of this [zmily i1self,
The given family of parabolas is self orthogonal.
Example 4. Prove that the system of confoeal conices
2 2

Y + E;_‘}’:T = {is sclf orthogonal.
Sol. The svstem of confocal conics is
2 c 2
C‘;-} A ¥ b"3+ I R -0
Step L. Differentiating (1) w r.i, x, we gel
Zx 2%y dy
a#2 bPeady
or I § p=0. wherep= o4 (D)
A dx

at+r BT

StepIl. (2) = H+RDr+(@®+Dap=0 or Ax+yp)=—(aZyp + b2

pm. Baprb
X+ yp
( 2 _!ﬂ}- 2 _ g2
P e e S el 00/ (3
X+yp X+ ¥p
From (I). eliminating A, weo gai
2 2
x{x+ypl  yilx+ym [ y]
: - =1 ar (xraplx-T|=a?- b2 --(1
(@®~b%)x  @® -b)wp ( » P ?

This is the differencial equation of the Gimily of curves (1),

Step HI. Replacing g by —-f-, the differential equation of the erthogonal
4
trajectories is
[x - l](’x tap)=af—hi ()
P, ’

This is the samie as (4).

Since the differenvial vquation of the family of curves (1) and that of the

orthogonal trajectories ave same. (herefore, the orthoganal trajectories of the given
family arc the curves of this family iiself

The family of curves (1) is self orthoponal.

Exampte 5. Find the equation of orthogonal trajectories of the family of cardioids

rEaff —eos O
Sol. The equation of the given family of cardioids is
vt - eos B {1
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Step L. Differentiating (1} w.r.l. 8, we gei 5«% = ¢ gin 0 2
ot
Step I1. Dividing (2) by (1) [t eliminate ], we got:
1 dr 8in 0
ol APl ..(3
r db J~cosh 3
Step HI, Replacing dr by - r¥ 4 (3 we get
do dr
1_,2 d(j) sm 6 _ !_:‘cos 8 g _dr )
r dr 1- cosil 3inf r

This is the differential equation of the prthogonal trajectories.
Step IV. Integrating (1), we get

1-cos0 rd:
2T A0 = - [ o
f sin0 Jrrdo
= _sin@ do =—logr+loghk
1+cos@
= ~log(l+cos Oy =—logr +legk = v=k{l+cosi)

This is the equation of the urt.hogmml trajectortes of {1).
Example 6. Find the equation of orthogonal irgjicciories of the system of curves

r" sin n® = o, where a i3 g purmmelar,

Sol. The given system of eurves is " sin n = a? A1
Step I. Taking ‘logs’ of both sides, we get
n log r+ log sin 10 = e low g,

Differentiating w.r.1. 0, we have

ndr ncosaf

220 sina0 0 wm fE] =1 ot nb. )]
This is the differential equation of the family {E) and it does not contain 'a’.
Step IL. Replacing j— by -~ 2 49 in (2), we got

r
. . tAtd
-7 —CE- =—reotubie, r E— = ot 1o
ar _ tan ni) 0 .3
,

Step IIL Integrating (3), we gei
J ar_ J tan nf do+ ¢
-

H
log r= o Yog sec nb + log e where ¢ = log e

or nlog r=1log sec nG-t nlogc r log r" =lig see nd + log ¢

Le.. "=t secnf) or " cosnd=c®

This is the equation of the orthogonat trajeciories of (1)

Example 7. Find the equation of orthugonal trajectories of the family
of curves r =afsec 0 +ilan 0) where a is a parameter,

Sol. Given family of curves is r= g(see 0+ tan 6),

A1
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Step 1. Differentiating (1) w.ri. 0, we ged

dr 5
— =g (sec 0 Lan 0+ sec? 6)

dn
=3 %{? = g sec & {an 8+ soc 0)
Step IL. Putting {tan 0 + sec 9) equal 1o 7, we get.
dr
—— = riaee I V4
a0 raee i {(2)
d 0 (0
Step I11. Replacing j - i i (2), we get
o (9 d
—r'—=rgec = -—coz0d0= Z
dr r

Step IV. lnlegrauing we get.
—sinf=log r+ log k

= k=t m ps L eoiind
k

This is the equation of the orthogonal teajectories of (1)

EXERCISE 1

Find the orthogonal trajectories af the following families of eurves :

Dxoy=rc - () y = ax? (i) v = axd
(iv) v = ax" () ny? =40 @) B2+ =gt
Find the orthogona) teajecrorios of the following families of curves :
Dx+qy=¢ i)t +2yt=¢ Uiy y=ce™
. ¥
I y=x-1+er” (3 3% = 25201 — ) (r) y2 = —x

(i) pa? + qy? = &, where p and g ave fixed constants.

2 2
. . L . . X .
Find the arthngonal trajectarios of the family of ellipses = + 2y y =1, where Ais a
« a‘+

parameler,
Show that. the family of parabolns 2% == da(y + a) is self-orthogonal.
Find the orthogonal trajectories of the family of curves x/% + y28 = o2,
() Find the orthogonal (rajectories of the family of civeles 32 + 33+ 2gx + =0, ¢ being a
parameter.
(1) Find the orthogonal (rajectaries of the family of circles 22 + ¥2 + 2gx + ¢ = 0, g being
O paramaeier,
Find the orthogonal trajectories of the following families of curves !
{Dr=acos® () r=afl +cos M (il r = a + sin 50
() r=all + sin 0}
Find the arthogonal trajectories of the lsmily of curves px® + 1y® = 02, where p and g are

fixed constants.

Orthogonal Trajectories

NOTES
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9. Find the orthogonal trajectories of the foliowing families of curvas:

(i) r = e

L <
{f) r- = a“cos 20 T4 oos B

(i) " = " cos Bl

2

{(iv) r=d.

10. Find the orthogonal {rajectories of the family uf curves [r + k—] csfi=a, whare ¢ is a
r

paratmneter.

Angwers

o

(@) 3%+ 2y =

() 2t 4 Gyl

1. Ma-y=k
) 2+nyi=c¢
2. (Dy—-2x=k

(vi)¥»=cx

(N v=0"

H i a® +yi=g¢

(Giny*=x+h

= R(222% + y%)

{(ftyx=y—1+ke> (0 2+ 3 log vy =0 @iy 2+ %7
(i) ¥ = ex? '
3. 24+ yz =22 ]ug xt+oe 5. '\AI.'. - M= 6. (‘f‘) xX— k_\" +4g= 4]

N2+ y2—ky—c=0 7. (i) r=iuin §
(iif) r log (sec 5O+ Lan 50) + er =25

8 y=cxd 8. (i) 15 = o gin 2B

@0 r=e(l —cos 6)
() r=efl ~ sin 8)

{17} = g" sin nl

P .
(iihr= L () r= U\;k 4 16, 72 = k% + er cosee B,
I—cosh
Hints

3
2. () yi= (‘i_-; = e-)=2 = o= v D= d

¢ x3 2 2] . 3:‘:5!.}- z yn'
= Qyy c—g - =t = Y=
¥ oy

. dx
Replucing y by — —— . we gut
dy
dx _3x%y+y dy ox
_— =TT G T e mmere—,
dy 2 dr 3xtvey®
This is a homogeneous differential equation.

5. .2 . , x+ g
6. NF+y7+2gv+e=0 = Yy +ilp=0 = y'=-
¥
s dx 'y -+
Replacing ¥ by —— , wa el - — = = Y8
dy iy ¥
dx d
=% = log(x+=logy+loghk
X+ g ¥ ’ '

M EC+y2+2x+e=0 = 2t lyy +lgs=D

Byt c-ty)ate=0 = P oateny be=0

dx g 25
Replacing ¥ by ~ 5 we pet i =22+ Zxy fd-;- +e=0 or 2 % -
SRR ¢
z=af = 2:2;{._@_ - Ef_._;z _.1... =¥,
dy dy dy y ¥

This is a linear equation.

64 Seif-Instriictional Material




Linear Differential

. UNIT 6 LINEAR DIFFERENTIAL S i
| EQUATIONS WITH
| CONSTANT COEFFICIENTS

NOTES

6.0,  Learning Ohiscsives

6.1, Introduction

6.2. Linear Differeniiai idqualion

6.3. Differential Operator

6.4. Linearly indepemdeni Funeiion-

6.5 fwer ot t o st Todbfves o fquarion with Constant

COULIGIN S alid HLUOTed pidzing Ao

6.6, Working Rules

; B.7. General Solution ol Linear Differential Equation with Constant
Cocfficienis

6.8. Method of Solving Linear Dilferential Equation with Constant Coefficients
6.9. Tasticulay Inteoral of 11w =) when €} i« in Some Standard Form

6,10, Lot kit LI 0 PP LR T L

6.1 (is of the For s ax o cos ox

6.12.  Qis of the Form x™. where m is any Positive [nteger
6.13.  Qisof ibe Form # ¥V, where V is auy Funciion of x

6.14. Qs of the Form «”, where V is any Function of x

LET A - L e ke VR R YR Tma e

6.0. LEARNIMG CBIECTIVES

} After going throvigh this unit your will be ublo to:
o Define lincar differently equation
» Describe linearly independent. funetions
¢ Explain general solution of linezr differeniinl equation with constant
coefficiants
o Beseyibe penera® wetho Vo evilue ng pariisular infegral

J 6.1. INTRODUCTION

Till now, we have been disenasing crdinary differential equations of order first.
These differentini equafions weri ol degrze one v more than one, Now, we shall consider
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the solution of differential equations of order more chan one, A differential equation of
order more than one may or may notbe linear. in the present.chapler, we shall consider
linear differential equations of order more than one and with eonstant coefficients,

*

6.2. LINEAR DIFFERENTIAL EQUATION

A differential equation in which the dependent varinble and its differential
coclficients oceur only in the first. degeee and are not multiplied together is called a
linear differential equation.

A linear differential cquation of order w is of the form

dly o dvhy o d ,
Po S+ B S+ Py Sy ot Py =Q e

where P20, P, P, ... , P, @ are funsiions of x.

For example,

d® d%y
x.z—y'i'blﬂ x-—-——+E:‘§'~*l+m-1
dx? i
is a lincar differential equaiion of order 3,
in particular, if P,. Dy, ¥, ..., T, are Al conatants then the equation (1) is

called 5 linear differential equation with constant coaffirianis.

For example,

4 1}
2—d—+.fd“; 9 Y 15y =elr
dxt da dJ.
is a linear differential equation with constant coefficients. The or:iu‘ of this differential

equation 1s°4.

6.3. DIFFERENTIAL OPERATOR

In calculus the symbols —i,f—fi, stand respectively for lirst derivaiive
dx " dx? dx®
w.r.t x, second derivative w.r.r. ¢, thirvd derivasive wort v, ... . Wea denote the symbols
(fx ;:2 ;:3 yronins respectiveiy by 10, D? TW . The symbols D, D% D3, ... are
called operators. [t may be verified that these operators satisfy the following laws
M Om+Dr=D"+ D™ (i3 Dm P =D ) = Detn
@i D@ + 1y =Du + Dy G D — DN =P =D -PD - ).

Let us verify law (1)

D =)D~ B y=D -y -y

=D - [~,~ﬂvJ=' lfg}'—b] (i’—'»s.v]

d (dy dy ity o dy
- By ey « 22 gy
dx (dx ﬂ?] ¢ dx +ufy dx? ~B dx u +
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d’y o dy
= -(;;—z—(ﬁ 1'L£]'d—x'+(£[')y
Similarly, wu can show ithat
M- - y= Cfi:- B+ ) dy +uf.
o™ dx
. (D — 3D — Py = (D - D - ady
= (B =)D - 8) = (D - B — ).

Remarks 1. W¢ have shown that (D - oXD = By = (02 = (3 + «) D + afyy.
- B-D - =2 -H+RD+ap
Thus the facters D ~ & aud D - f ean be multiplicd algebrieally,
2, In terms of operatar D, the differentinl equation (1) can be written as
WD+ P D P, DR L+ POy =Q
or as f(D)y=Qwhere AL} =P D" P D=t P, 0320 +P__f(DD)is a polynomial in D.

6.4. LINEARLY INDZEPENMDENT FUNCTIONS

A set of funations, y,, v.. . ... ¥_is 32id 10 be linearly independent if the
equalily ¢, ¥, + Cp ¥, + . ... F [ 0 holds anly when ¢,. ¢y, ..., ¢, are all zero.

Thus. if v,. y,. ¥, #relinearly independent. then any one of these functions
cannot be expressed as » linear combination of remnining functions,

For example. the funetions ¢ ¢! 5el% nre not linearly independent, because

we have
AR A R Gh A Et
whaore e, =000, = 10,0, = =2
Anecessary and sulticient. conudition for the functions y,, ¥,, ..., ¥, lobe linearly

independent is

1 Yoo e Yo

¥y e Yn'

EQ.
e e

Theorem L Ify =y, v =y, ..., ¥y, ore i linearly independent solulions of

the linear difjerential equation

Py ‘;: + B, j;_f s "‘:_‘f bt By=0
: efx
of order n, where 'y 0, I',. 1, ..., ) ?‘H are frvictions of x then y = ¢y, ey, +
e Fe,y ks bhe general solulion of thiz differendicl equation, where ey, ey, .. , 0, are
arbitrary constoanlds.
Proof. Givens equation is
P, it‘ P Py %—f}T P, 'L—zl“* ...... +Py=0. ¢
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dn d.‘l -1 ) d:’l -3 ]
Py ——+1; + P t e +P, ly=0
= O axt gy AP CEE “,’ ’
= P =P D kT 2L A Pyy=D)
= fny=0 2
where f(D) =0, D"+ P Drmt+ Plae-d +

FEYWYE Yy ¥E Y ove solotions of 2.
fO)y, =0, AN y,=0 ... By, =0
Now fiD)ey, +cpynt . +oy,
= il ev F ey, L [(The

= A by F DYy, . e DYy,

FEE T ! - Ce¥y
is also a solution of the given diffurential pgumion.
Since the functions y,, y,. . ... ¥, arezwven {obe Hueaply irdependent. no function
can be expressed as a linear combination of rempinmyg fanciions,

Noterminc,y, +¢,¥, © . 72,8, tar bo plitinate.

The solution ¥ =, ¥, F )y T . g,y SRS b atlitvacy constants ¢, €,
. HCA 2.4 3 LT -" 1"-2
,,,,,, . ¢,. Also the order of givea gifimesind vouanun 13 4 ad Lae eofalicn y=cy, +
. A i
Ca¥y T +e, ¥, conlanis o AEm iy sant.
The solution y =« ¥y ¥ ta¥y ~ e L, Pupressids duwe general solution of

the given differential equatior.

6.5. GENERAL SOLUTION OF ILINEAR DIFFERENTIAL
EQUATION WITH CONSTANT COEFFICIENTS AND
SECOND MEMBER ZERO

drl R (i‘i'l-‘],. . at 2., ]
l.et P, er rBy -_‘; + % -— : T PR,y =t (L
dx” dx" dx™”

where P, 20, P, P, ... . P are consiants b a linear differeniial equation of order n
wilh constant coeflicients and sccond member zero.

(1) can also be written as

P, D+ P D14 P D=2t Pyy=0 or fM)y=0, .2
where fOy=P, D+ P, =14 Pt b 4T A3
Lel y = ¢™ be a solution of (13,
15y
Ej‘*“:— =pfetr V¥ k=1L,23, .
x
() = Pymrems+P o L+ P,mns Temid L L P e =)
= (Pom®+Pymn= b Pyt =24 + P ) e
= Pomm+ ' -4 Pymt =24 + P, =1 .. (4)
. (e e™a)
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This is a polsnomial eyuation of degree i in m and is called the auxiliary
equation ol the differential equation (1),

On comparing (4) and [ = we sce that the roots of the equation D) = 0 will
coincide with the coots of (4}, In practice, wa call f(D) = 0 as the auxiliary equation and
solve this equation ty find the roots of the cquation (4),

Let the roots of the auxiliary equation of (D be ney, By, My, e, M,

y= €T y= o gmr, y= m ¥y = g™ arc solutions of the given

differential equation.

The general solution of the given differential equation will depend upon the
nature of the roots auy, ty, Mg, ... m,.

Case [. Roots of resl and distinct.

In this caze, the solutions

Y y=e"™ L, y=e™" are linearly independent.

The general solution of the given equation is

¥y =ce™F 40,0 pege™ 4, L e ™,

where e, ¢, 6, . ..., ¢, are n arbitrary constants.

Case I, Rools are distinet and not. all real
The cocflicienis of the auxtliary equalion are real,
The imaginary rools otcurs W conjugate patrs,
Let my =@+ i P, m,=0-iBand all sther rools be veal and distinet.

The zolutiong y=e™ yoe™® y=¢™* y=e™® are linearly

independent.
The genarat soluiion of the wiven egnation is

yrep et sy e by ™ L +e¢, e
= y= “.1 (‘,(ﬂ' + ifir + {‘2 {.l’(!-l'ﬁlr+ 2q eml"' + s + cn emnx
* = o %fe, P74 o o] oy e™ 4+, €™

= e®e, {cos v + { sin () + o, (eos Pr - sin Pa)]

¥ = e™(A cos Bx + Bsin fx) + e5 ™ +..... + e, €70,

where A=¢ +¢,, B=i(c, —¢y).
This is the gencral solution of the given equation.
Case Il1. Roots are real and distinet except two roots

Let My A, E ML LT
The equation f{1) y = Qe be writlen as
PoM—m 2l —mp .. B=m)y=0 G~ m=my

The factors on the loft side are commutative.
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The solution of each of the equationg
D=mPy=0,H-mry=0 .., D-—m)y=0

is a solution of the given equation,

We consider the solution of the equastion (0 —m Yy =0 _ AD)
H = M=-m¥D—-m)y=0
= O —mPu =10, where u={0 — )y
u u
= = -y =0 = T— =ur oy
. L
= log v=mx+ log o
u -
= —_ dn‘.l‘., — y= Clen:lx
&
wx (}y N X
M—miy=eg e =2 ey =Lt -.(6)
This is a linear differentin) eguation
= eJ—-mJl\' ot

The salution of {5} iz
y {:g‘"‘l-‘) - ‘[(cl ™M"Y de t ey

i

= ye ™ =g xte, o yE vty a”

The general solution of the given egunation is

¥ = (0K eyt ey 2™ b b, e,

Remark. If the ront. m, is repeqted 7 Wwes und oll other roste ave distinct then the
general solution takes the for.

u M i x
y=(e, B g " H b, b ) ™ F ey et L 1e, ™,
In practical problems. il is vonvement Lo write the general solution in the lorm ,
- X
Yoo, be Xt b, TN E g e o, et

Case IV, Two equal pairs of imaginary voots and all other roots are real
and distinct
Let m,=m,=u+ iBomy, =, = (- i and ali othar ryois ave real and distinet.
The general soluhon is

LY

Y=oy ) e IBG (o 4 e ) T EBE o o™ g e, @™

=@, +e, N P (o, 4 g e b L+ e,
= (e, 4 0p X} {C0s P+ P fa) + {oyp + o oHeos fe—7 sin B}
o +¢,e™*

v = e®{A + Bx) cos [ix+H(C + Dx) sin fx] +...... + c, e’

whera A, B.C D, ... , v, are arbitrary constants.
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6.6. WORKING RULES

Lel the given dilferential equation be

dny , drl-IJ, . dn—?y
Ly ey bt Py =0, o)
0 I 1 dxu-l - df“_'E
where P,z 0, P, P, ...... , P, are constants.

The auxiliary equalion is
T 33 Tyl ] =
FyLn=9, 0+ P Do 4P =0
Let the roots of this equation be m,m,, ..,
Case . Roots are real and distinct
The general solution ot (1} is
v=ece™" to, ™ 1. Lo e
Case IL. m, = a + iff, m, = «« ~ ifi and all other are real and distinct.
The general snlution i
¥ = e, cos Px + o, sin fa) Feg e™ foLL b o™,
Case 1I1. Roots are real and ma, = m, »m, #...... £m_
The general zolution is
v=ie, +o, xye E Cy e™r 4 ... +cnem“.
Case IV. m, =m, = a + ifi, m, = m, = o - if} and all other are real and
distinct.
The general sulution iy
¥ =e™ e+, 1) cos Pa (e, + ¢, x) sin fx]
+ c5 ™ 4.t 00

Example 1. Selve ({-2-3,1 + 4 LA de =0,
dx= dx
Sol. We'have Efl‘* 4 &y +3y =10 (1)
dx? dx
= (e AD+ Wy =0
The AE. i DRraD+3=0 = O+ DHD+H=0
= D=—1,-1.

The roots are real and distinet.,
The general solution of (1) is ¥ = e,e7™ + 7™,
Example 2. Solve (0¥ + 5D¥ - 36} v =0,

Sol. We have M+ 514 86 y= (L el
The AL is D4 5D -835=0

M=4,-9 . D=+2 35
The general solution of (1) is
¥ =0 e e e, eos Ay F e sin 3)

or ¥y = ¢,e +¢,e™V 4, cos 8x + ¢, sin 3x,
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¥ e 2, .
Example 3. Solve 4y s .‘{_‘_ +6 ay. 4 ar 8y = i,

dx* dx® dx? dx
Sok. The symbelic form of the given equetion is

() + 309 + D% AD — B 5= 0, e)
The AE. is DY+ 302 +607 - 4D~ 8=0 A2
Putting D = 1, we see that (2) i= satisfied.
D =} is a solution of () by insperiion.
1D — 1 is a factor of DY+ 5103 + 6D% - di) -8,
The svnthetic division hy T ~ 1 gives

1 . L B 6 -4 -8
i 6 1 3
1 6 12 8 {

Auxiliary equation (%) can bo writien as
(R (DY + GD% + 1201 + By g (10— 1D+ 2)3 _o.
Rp=1-2.-2-1 .
The general solution of (1} is
y= c]ex + f-c? +eo,x EN C‘Xz)e""‘.
Example 4. Soive %:-:%—’ +mly = (L

Sol. The symbolic form of the given mjumion is
(D1 + mhy == 0, ()
The AE. is Dt ) = (DHT4mAH2=0
Completing square by adding snd subiracting 2D%m*, we get
[ - 20e%i0% + nr? — 2?02 =0
= (¥ 4+ B2 2m2? =0
= (D2 + m¥ = vum D] {D7+ m?2 + WmDj=0.
DI+ m2—v2mD=0 or D3¥+mi+ ¥mD=0

_mi2% Jom® —am? —mT= Jom® = am?

=3 D ,
2 i
m2 2im 2 - mJ2 im J2 o om _.m mo..m
= y— —_— == T, ——Ffil—“_
2 2 N2 W 2

We have two pairs of unequal Imaginary voms.
The general solulion ol {1} is

-1

-

y= eﬁ‘ [cl 08 o= X + ¢, sin -I—!-lrx1+ e
J2 - 2 1
Example 5. Solve (D2 - 3D + 632y =0,
Sol, We have (D28 =657y = (. D
The A.E. is (D2 -8+ 6R%=0
-8+ 65=10
§+ f64 - 260

= Ti= —
2

1
g" c cosmx+c sinmx
3 = 4 =
J2 J2

=4+ T, 4T




e a;

7
The roods of the AE. ave 4+ 71,4+ 7. 4-Ti. 4-Ti. Linear Differential
. . ' Egnations with Constant
The general solution of (1) is g Coefficients

y=e' [{eg +eyx) cos Tx + (¢, + ¢,x) sin x|
Example 6. If &, &, are real and distinet-roots of the equation Mraita,=0 NOTES
and y, =™, y, = ™%, then prove that y = ¢y, + cgv, is « solution of the differential

. d? d : :
equation Eﬁ +u; (—1% +ayy=0.fs this solution general 2

Sol. A, and ), are roots of R+ kot a, =0 D
) o d*y = dy

Given squation is -&-;2 by g taoy =0,

= (P+a,Dra)y=0 {2y

Let. y = &™ bha a solution of {2).
{P+aD+a)e =0
— (m* + am+a)e™=0
= mEd g m+a,=0. N ¢:))
Comparing (13 and (3}, we see that &), b, are also roots of (3).

yr=e"*, y=e™* qre solutivus of (2.
Let y = ¢, y, + ey 3, where ¢, and ¢, are axbilrary constants.
Now D%+ oy D erg) (e ¥y 4y 0)
=, (oDt uyy, be, (D24 gD+ aydy,

A U P P 2 3
e () g Ay v agle™ 4oy (AF +ak, +ay e

= cl.{].ael"v + (:Q.O.e;'f’r =0
¥t ey, is a solution of (2).

_ e..l ¥ P
-Ale}.lx }‘Ee.ﬂ.g.!

Also,

¥y
»n oy | |
.11 1 i
- z‘ll" o | ) . |-'=f.?.0" +Ag:.t(;w — )20 (- Y )
1hy 7 T S A F A
¥, and y, are lincarly indepenilent.

y=e, ¥+, 3, i the reneral soluiion of the given differential equation.

Example 7. If &, &, are real and equal roots of the equation 12 +a )l +a, = 0,

then prove that y = (¢, + ¢, x) e s a solution of the differential equation

2
jx—‘z+a1 %4—02 y=0.
Is this solutivr genered 2
Sol. &, &, arerootsnf 1P pi+a,=(, LD
(1} iz siome s = Ay =10
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. . dly dy . y
Given equation is 3-;3 +a r tilg y = fe, MF+abDte)y=0

(1) show that the roots of D? + 41, §3 + u, = O ure alse 7.,,
Aoand DP+a D+ a, = (D~ 005
@ = O-AYy=0 = O-A)D-A)r=0
= (D-A)u=0,whereu=(--2)y

= w=n gt
kX (EJ’ o JEPES
D=-A)y=ke™ . :E—K-l.) ok, @

This is a linear diffcrential equation.
A T g
The solution of (B is  y(c™ )= J'(kl_a"-ﬁ ey +

= ye M =hix +hy or y= (yx ket
Let. by=e, lty =
¥= (o)t 6y ¥) s

% My . .
y= ¢ e feaxe™™ e g soluiion of (2).

Let. ¥ = e?.,x \ 3,2 = ye ik
| Y1 ¥e E e?,l.\’ .‘L'L’}'l'(
r £ = - N .
¥y I e {13 hgxde™
. [N | v 1
Yoei - - -
= et gt | = ot 1= 20
i

. 14
| Ay 4 +f.1x

y, and y, are iincarly independent.

_ [ I P X
¥y ey, = @7 beg aet = (e + o, x) e™

is the general solwiton of the given ditforential cquution,

EXERCISE |

Find the general solution of the following differenticl eqretions (G No. 1-3) -
d?y _dy 2 dy

1. ; 5—+6y=0 ify) e e d et vy =10
0] I P T 0 NI,
L dly  dYy dy Loty o d%y L dy
iy —5 —-—5 — 12 ~==0 gy —me = G- — Gy =0.
¢ de®  dx? dx e dx? dx

2
2. ® Zx—‘z +82y =0 G (= 2D+ 1y =0

3 .
(ii$) (D3~ D2+ 9D - Dy = 0 (i 5—j~1, ~ely=0
€
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4 4 2 Linear Differential
! @) 4y +4y =0 (ui) EL— +13 d 321 +36y =0. Equations with Constant
’ x“ drt dx Cogfficients
! dy
3. (Q = A Gy =0 G MDEHIR+ED+9Dy=0
dx NOTES
L dly o dy  dly dy
ifi) (D3—-3D2+ 3D - Dy =0 (i) —L+5—2+622 4L _gy-0
; (i) ( b i I R
() (D + 8D3 - 5D2 - 240 = 36)y = 0.
_ 'y  diy
4 D=2+ 5% y=0 Gy =T +6-L19y=0
N 3) e 72 Y=
| (i) (D — D+ 252y =0 o) (DF+ DY+ 24D+ 16)y = 0.
. 2
i! . () Solve E«— +4 9'-‘1:- +3x =0 given that for i = (), x =0 and Ex—— =12.
] art ot dt

2 13
{ir} Solve d’y +y=0 giventhat y=2forx=0and y==2forx= z .
dx? v 2

6. Show that the solution of the differential ¢ i d x d'x
@ dt

: U . . 1 .
x= oSV 8 vos ut + B osin ad), where n% = - ry &% and » is real.

7. Prove thar the general solution of (D — mP2 y = 0is ¥ = (¢, + ¢, X)¢™*, where D= I and

€, € are srbilrary constonts.

Answers
1. (L)-j'zca":r"'”’ﬁ i o) }r=E|_u‘2+J§)x+c el2- Varx
@ y=c +eyel+ oo™ (in v= c]f?'z* te et toge™
2. (Dy=c,veosbx+ogsin by () y= & (r, cos 3x ¥+ ¢; sin 3x)
() v =g gy eon By + gy sin 3o ) y=ceosaxtosinax e et e o™
(W y=e (e cosxd e, sin ) +e Hq cos X+ g, xin &)
1',' {v) y= i:l ros 2x+ oy sin 23+ ¢y cos Jx+ o, sin 3y
| 3. Dy=le,+e,0e™ (My=cre™+{c,+cg)e™
@y y = (e, * oy X+ ¢y e Gy 3= 00 F (B + Gt ¥ £ 3D

[ PALE S R . vyt
my= et e + (r.ﬁ e, X)e

4. (My=e[le, +eyx) con Lot (e, — e, %) 5in 2x]
’ (D) y=(e, ¥ o, ) eos JE {0y + ¢, ¥ sin RERS
I (i) y= c](*'z‘ + r_‘ze“z‘ + (e, *+ ¢, ) eos By + (e, + &, ) sin Sx
hy= €, GOS8 X+ g 5in X+ (e, + oy 0 vos v+ {og+ ¢ 0) sin 2x
5. (Da=—Ged + G’ (75) ¥ = 2(cos x ~ sin x).

| 6.7. GENERAL SOLUTION OF LINEAR DIFFERENTIAL
EQUATION WITH CONSTANT COEFFICIENTS

j Theorem. Ii' y = i ix any particular solition of the linecar differential equation
drry di’l’—ly dn-—‘zy .
Po (_i-;’?‘i-Pl rf_t"'_l+P2 d‘ru__21 ...... +P::3':Q
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of order n, where P, # 0. P Py .. ..., ¥, and G are-funcvions of the variable x and y =Y
is the general solution of the eguation
dn ‘:1 1'\; GJ,-H-.Q?
Py —+P =+ P, 5 +Py=0

dxn dx ) d):"""
then prove that y = Y + u is the geneval solufon of the equation

Py ::‘: + R r{"“l__“: +Pa ;: St Py =
Proof. ¥ = 1 ix a pariculin soivrion of tne egiiation
[ -l iy
P, jxf +P (:x"‘}; Py Z "*j oo d Py =Q
or P+ P D=t L+ Py =Q
or fi = 4, say.
D=1y W (D

Also. y = Y is a solution of
Dy y=0
- fINY =4 .(2)
Now JONE + )y = AN D =0+Q v Using (1) and (2)]
=)
AN +wy=Q.
y =Y +uis a solution of the equstion AN y=Q.

Since Y is the generul sulution Jf the squation [y = o, it must contain n
arbitrary constants,

The solution y = ¥ 7 1 of ing equaiion i) y = § alse coniain » arbitrary
constants.

y =Y + 1 is the general sohulion of the equation A}y = Q.

6.8. METHOD OF SOLVING LiNEAR DIFFERENTIAL
EQUATION WITH CONSTAMT COEFFICIENTS

Lt [y =0 (D)
be a linear differential equation of order n with constant cocfficients, where
Dy =Ty 4+ Dt 4 D)
and P, 0, P ..., I’ ave constants and § ix some fuction of x.

We have proved that if ¥ = Y ix the general solution of the equation f(Dyy=190
and u is any particular selution of the equation fid)y =G then y =Y + 11 is the gencral
solution of the given equation f{D)y = Q.

The function Y is called the complementary function (C.F.) of the general
solution of the equation f(D)y = Q. We have zlready studied the metlod of finding the
complementary function Y for the equation fiN)y =@, which is nathing but. the general
sotution of the equation f(DYy =0

Now we shall take up the methed of finding a particular integral (w) of the

equation Dy = Q. We define the opevator w]—» .
f(
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-i-Q is defined to Le (hat funetion of x which, when operated upon by fID),

(D)
. 1
re5 Q. Th 1|
gives Q e vperaior )

, according 1o this definition, is the inverse of the operator

fD). Tt can be shown that the operaror —(}ﬁ—j can be broken up into factors which may

be taken in any order or into partial fractions,

1

By the defindion of the operator *:(—1;—} cwe hive

ren
1
i (-~-al =q
1) 1)
Y= ‘—{‘(—1135 Q is a partiewlur integral of the cquation f(Dy = Q.
Let. the operator -l_- may be faciored as 1 1 1 , then
(1) R--m; D-m, D-m,
the particular integral may be written ax t 1 ! Q.

D-m D-m, " D-m,
On operating with the first symbolic factor, beginning at. the right. there is
1 1 1

-my D-my T D-m,
second and remaining factors in succession, taking them from right to left, the value of
the particular integral is oblained,

obtgined e JQe'”‘"‘r dx then, on operating with the

] i .. i }
Arernatively, the operator ——— may bo decomposed inco its partial fractions as

F(D)
Ny +- N» _ Frrenns +-wh—"'—v- and thew e particnlar integral will have the
D-m; D-m, D-m,
form
N;em‘xJQ ™™ dx 4+ Ny ™ I(—] Rl S S + N, e™* JQ e ™* dx

Of the above two methods, the laver is generally preferred.

Remark b. In calculsting the pariicnlar integral of the equation fil)y = Q, no arbitrary
constant is introduaed.
Remark 2. [t finding the partizular integral, we have used the result

1 J—
Dom Q= eﬂ'xJ-Q ™™ dx  Thix result is vory fmportant. For the sake of completeness. we

prove Lhis result

1

Ler = ——0Q
¢ YT D In Q
. - | . 1 1
By definition of the operaior -~ Q. wehave (D-m}| =——Q|=Q.
B-m D-m
oy
= D—ny=0Q = -TE-:-—my:Q D
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(1) is a linear differentia} equation of fivst ovder.

L= ol

The solucion ol (1} 1x

y(e‘"“) ~ [‘::\EB oly o y= p™Mx [Qe—m.r dx
Ll o

1 b %4 - — e
- Qe ™ dx,
D—mQ '[

6.9. PARTICULAR INTEGRAL DOF H{Dly » QA MHEN QIS
IN SOME STANDARD F0RM

Fra g enwraLad

When Q is in one of the followmy standard forms, theu the particular integral of
the equation AD)y = @ can be ubiained by using shorter methods than by using the
general methods given above. We shall discuss the following standurd forms of the
function Q of the equation i) y=Q

(i) e™, where a is nny covifong

(i) sin ax. cos ax, where o is any consran
(iif) x™, where m is any positive in{ogex
(f1) eV, where V is ainy function of ©

() ¥V, where V is any funcrion of 5.

6.10. Q1S OF THE FORM e, WHERE = IS ANY CONSTANT

Let the linear differential equation be f(D)y = ). where f(ID} s 2 polynomial in D
with constant coefficients und Q = ¢*
}' ny
Pl.= 'JF‘.TT)‘E - (D
Successive differcntiation givas e = gf g,
Since, fD) is a pohynomial in U with constant cocfficients, we huve
D) e = f(a3)

Qperating on both sides with ?F]-ﬁ-) we gt ?{lﬂ—)fﬂ))eux = f_(lfﬁ Fla)e™

Since and fiD) ave inverse aperidors and fu) is an algebraic multiplier,

1
D}
we get.

NPT 1 1 .
e = fla) ——-e"% o ———e™= foe
D) ) -

This method {ails if f{m) = (L
Let filmy=0. .. aisarcotof D) =10
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|
;'l Case 1. a is a non-repeated root of f{(D) = 0. Linear Differential
| D i« 0 Factor of A3 Equations with Constant
! - —a i o factor of f(1D}. Coefficients
: Let =D —ayoD) and o) =0
]
fl " ! (!u:‘ = 1 . 1 gm" = __1 . 1 eax NOTES
i f{IH PD-a (I} D-a ¢ia)

1 —ax xe™

= e™ |l ——e®™ [e™™ dy =
‘ j ( oa) ] dla)’
Also, ) =1 o)+ D --a o'(1)

[ (@) = ole) + {a - a) $'(a} = ().

1 ~_ xe™

Case I1. a is a repeated root of D) =0

Let r is a twice repeated roos of D) =0

(D —a)? is a factor of i1,

Let fD)y={ -ty and wln) =0
S S P G
fim (D—-a)2 wi{In (D~g)® wia)

| RS S U SIS SENE SR
D1 le(u) yia) D-a
2 2 ax
S - J(Jf e gy = L g E _E €
wla) yia) 2 2yl
! Also £1D) = 20D = ) Wiy + (1 = 0)® w'(D)
t and £ =2uD) + 2D - a) y'(D) - 2D - o) y' (D) + (D — )2 yw’'(D).
7 = 2ula.
1 eax - x:te:w '
(D) £7{u)
Similarly., if o is a root repeated r times, then
\I-'“l ~ xr “ux
_ fA) 7 )
, d’y iy oy
Example 1. Sofve 4 =% +4 =2 _ gy = o2
. xample 1. Salte o okl
Sol. We have
dty v .
48T gy =
1 o + e v = (1)
. = (D24 4D — B)y = ¥
li s The AE.is M+ 4D -3 =0,
pe-4%y16+48 -4+64 -438 1 3
| 8 8 8 2’ 2
CF. za &'+ g, a2
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2x

21"

L]

2x 1 2
PO
S EP L

X

P] = -——--——-__.- ]

AN% 44D -4
The general solutivn of (3} sy = GF

-~ 512

‘; - —_—

21

¥EL e+

Example 2. Solve
i:g + 2%—} +y = 2 grven that x =0, when y = 0.
Sol. The equation in ithe svmbolic Torm is
D2+ 21 + Dy = 2%
The AE. is
NZ+20+ 1=
ST
C.F = e, + o2
I = M—L—-L’.e"h =2 -_-——-}H—~e
(0 +1)°
The general solutive of (1) is y = CF

(N 1FE=0

Le,,

¥ = (e, + egaderts = o

1t is given that ¥ =14 when =1

This is the regquired solution.
2

. d°y .y
L Soli __.'5'()‘?“'!'25,."
Example 3. Solie e e v

Sol. We have

1042 or (1% + 6D + 25)y = 104 &,

d y+6d + 20y =
de?  dx

The AE.is D%+ 6D+ 25 =0.

. -6 "ib 11
N= "——'**—‘]-“—‘"H* =ik

C.R = ¢35, cos 44 gy 51 Ax)

ix

L 104%™ =104 —

1
Pl = 5
DE+6D+ 15 B +8DD+25

3% = pgix

. —
('3} +603) + 26

Hence the general sodutien of {1} i3
y = e e, cos 4x + e,y sin 4x) £ 2pt

- ESNE
® o

anell simh = —

E

x
* 4
Remark. cosh x= £ 29

L1

(D




Example 4, Solve (I - 3D + 2} y =eosh. x
Sol. We have (D2 -3D+ 2y y=censh & (D
The AE, is B-sh+2=0 - D=1,z
CF. =eef+ 0%

! 1 e*+e*
Pl =~ “ensh v = .
D?-3D+2 103—3D+2){ 2 ]

1 1 1 1 .
E —*E"“T‘-——-‘—e Ll e —
2{1-aN4+2 2 _D -3D+2

(case of {ailure)

CHNENPS LY I S
(20 Bner 22 -3-1+2

(Case of failure)

'+, =e
2 26 2 12

v e et +e,ett lxe’ +—e %,

EXERCISE 2

Solve the folloiving differential vquations (G Mo, 1-15}:

1.

11.

13.

15.

16.

d%y dy d%y
LY 5% sgy=en 2, —-3—= dy + 2y =¥
dx® dx For ot T dx yEe
Ly ok L s gy hn 4. (D3 - 3D2+ )y =¥
el de TEy=et ks D= y =
. R &y -
(D? + 207 + D)y = * b.?a+y=3+ae'
(
3y
:xg+2 v—i-(pz-l gy = 0" 3. -Cé;-+v_.3+e—l+5e2*
D2+ D+ Yy =¥ — g 10. M — gy = & + o
By d%y dy dJ‘ dy
SR L 14, +4— + 4y = 2 sinh :
PR Sl ® ¥ o T 4y =2 sinh x
2 L dYy d
i—‘;—v—(cbhr 1-?.“"‘:‘+4d_§+41’=°51nh21
" w
3 2
3&:—%’_ % j—z--q‘)‘-—f"“ cosh x,

x . .. . dx
If —z+>@w—a) = 0w band g being pasitive numbers and x = @ and P 0 when

{=0: show thut x=a ¢ (" —a) cos (J'-:E :].
»
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11.

13.

15.

Auswers
. 1
y= c,e"" + cﬁea’ + .%94" Loyvmer+ cgezr + -I"Z &%
: a, 1 3
y=(c, + e0ek at 4o v= e T (o, o) €+ = 25F
1 2 (1_ k)2 I a ¥ 4
1 o
y=e bl te e+ =e
: 18
ne b} .
3 . N 5
=g e+ e'2] g cas J—-ri.-uns:n ‘i r!+3+_:-“r
¥ ] Z H i
2 = } 2
y=e? (g, cos gx+ g, sin gy + —— 5y &
(a+ p)+q°
’ .rq -
- 12 (.’ . N \ [ 5 2y
vz et e cpo08 —xtepsin-—-af+3trx——+—¢
b 1 ( - 2 2 2" 3 o
2x 2 L IX
e x 3 Xe 1 nx
={c, + ey b — — — ¢ L0 y= ¢, 0 e t—g— &
y=legtey iv 2 o ® ¢ n®-a?
- . 1 x et
y={e, + o)t o .31. P 12 v m (g +ege) o 4 3 Al
L . - 1 1 -
y=c, e +e, "+ — sinh v 14, y=fo) gy e +— e 2 g
= 2 =~ 16
X ox 1
¥l toyn)etteo @ DY 2 Y
8 g

6.11. Q IS OF THE FORM SiN ax OR €GOS ax

82  Self-Instructional Material

Let the linear differential equation he ADW =4, where A1)} is a polynomial in

D) with constant coefficienis and @ = sin oz, \
]
Fi = ——-sittax (1
7D ®

Successive differentiation ol sin o gwes
Dsinox=¢cos ax. D smoax =—u? sin ax
D3 gin ax = ~a% eoz ax, M sin g = af sin ey = —07)? sin ax
In general, (D9* sin ax = (~¢%* 2in ox
f(1)y may or may not be a funcunn of 1%,
Let fiD) be a function of D2 and  f([}) = $(DT, say.
Since, ¢(DY is a polynomial in D¥ with constant coeflicients. we have

oD% sin gy = i— a?) sin ax and (has lo ()% sin ax
o1
i C 4
= -¢TD—2-; OG- 17) AN oy
. iy 1 .
= sin ax = 0(—? ——-- sin ax
G




e e

1 .
X = —— sin ax.

—lz—sina —
a(I*}) o{—a“})

or
Similarly, if Q is of (he form cos ax. then
———T €O0S ax = ————— CO0S aX.
o) {—ua*)
These results fad il §—aDH =0
Let. ol-ah=0
We have 019 = pog uy 1 sin ax
' 5 ‘.+'~.' ‘-___'b_:r'ﬂ.t‘
o (D%) {cos ax + 7 sin o) 509 ¢
Now D=iv = oM =d((ia)) =p—a? =0
ey — (0 (D?
75 (p (DN
1 . .
= X ~3—-——-—{cosax + i sin ax)
= (4(D?)
D (a(D*)
Equatiryz real and imaginary parts we get
1 i
Wcosaxzx 3 ——-:—cosax
—— (D)
D (D)
1 . .
and T sinax =X - sin ax.
(0™ 2 (o(D?)
an -
If by using thase rules, tha denominalor again vanishes, we repeat the rule once
again,

Now we consider the poszibilivy that f(I?) is nat afunction of D2 In this ease, D?
. . 1 . .
is replaced by — g2 every where in T sinazx.. In lhe next step, the operator is
)

rationalised and again D% is put equal to = o2 This is simplified (o get the required

. . . . . . 1
particular integral. Same procedare is slso foHowed in case of D) €oS ax .

Remark. The following results of Trigoitomatyy are very useful in solving problems :

N sin?x= -l-: cos 2{- (1) con® = .1_ +.c225_ 2x

@i 2sin Aecor B=gin (A+ B) +uin (A~ TR
@)2eos Asin B=sin (A+ B)—sin (A -B)
(1) 2 eos deos B=ros (A +B) +uos (A~ B
() 2 sin A sin B = cos (A — By — vos (A + 5).
1, 2y oy
Example 1. Solve %;- ‘(Ihg -“a—i~ — ¥ =08 2X
Sol. Given equation in the symbolic form is
(P + D21 Py = eos 2n. LD

The AE. is H+2-D-1=0

Linear Differential
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= DEM+ D=+ 1)=0 = (DY DO+ 1) =0
k N=1 -1 -1

Gl =c et {ytrgde”
1 ] 1

= pm———— 05 21 = - - c0s 2x
DP+D¥-D-1 PD?2+D?-D-1

P1

= 1 ~n0s 2x = -——l—- cus 2x
Di—4)+({—-4)-D-1 -5D -5
== 1 oS8 Sx= —_._%._{1);1.}.._ o8 2x
5D+ 5D+ 13(H-1
= —r——:-—-{hu Deozly=- - I)AL 21 ¢os 2.1:]
D" -1} 5] De-1

Iw-n (1 cos 2v]
5 Tao e
D=1 eos 2y = -255- (13 os 2y —cos 2x)
= i (= 2 sin 20 —cos )=~ —-1‘- (2 sin 2y + cos 2a7,
25 25
The general xolutien ef () is y = CF. + .1

1 ) .
y=cettc,+ cxye™ — —— (2 sin 2x tcos 2x).

25
d2

Example 2. Solre &2 - [y = +sin 2
mz

Sol. Given equation in the symbolin form is
(D2 — 4)v = ¥+ sin 2x
D7t =0 D=+t%

C.F. =c,c® +op

The AE. is

Pl

o1 = e o sin 2 = | et ||
dEpr g TImen LDu—z; ) p?

(1)

sin 2x]

3
= ——1——3‘] + ,( b gingel=- Lo _ lsin 2x
) 4 3° 78

L4~
The general solution of (1} is y =G + P.I.

. i, 1.
yor ¢ et + g, - —e¥ — - sin 2X,
! ! 3 8

Example 3. Sofve (ID* - {14 Dy = win Bveos
Sol. Given equation is  (D?— 40+ 3y =0,
The A E. is B2 4D+ =0
CF = f_:ie'3I + ey,

=31

1 1 1 .
Pl= B _aba [sin 2% cos ¥] = == — I:- {2 sin 2x cos x)

D2 4D +3 D* —4D+312
|
=—,-2~—~1—P (sin Bx +sin .\:)J
D -4D+312

(D



BS ) 02| e

( Linear Differential
1 1 1 . . o
—5———=— 8in 3x + g SiR x Equations with Constant
D*-4D+3 D°-4D+3 Coefficients

i

1 1 .
— GinBxt s
ECETTT Ra ke, e '“] NOTES

-

- sin dx + 1 sin x.1
|=6—4D~ " T2-4D T 7|

H

., 1 .
- 2(—3;—‘ 20) SR 3x + il ~om Sin x]
.72 2]“-—-‘) sindx + +-—-—-——1 +2D sin x
L (3+2DK5-2D) T (1-2DX1+2D)

[=3+2D cinge o 12D }

#

9 [)2 81N &Y +--]“__i-j_— sin x
—_ — ]

[ —3+2D 3 (Uz]))amx]

1]
rF\EH -h||-.- Wl ol Pt
11

o T P Ty
T(-8+2D) (h AR
] ax +

Jsint"
voa i

1 (—3¢in3x + 2D =R 3v) + 1 sin x + 2 D (sin x)
45 ! 5

it

I

il

—1-— {(~3sin3x+ 6 cos3x) + X gin x + -2- Cos X
45 5

L

N L
i 1T

1 .. 2 . 1. 2
- —sindx+ <= cosdx+— sinx +—cosx
15 156 O b
= — |-sin 3x+ 2008 Ju+ 3 sin v+ Geos x
60
The general solution of (1) isy=CF. + P,

y=ce*t+ees+ -,;-[«— sin 3x + % cos 3x + 3 sin x + 6 cos x].
60

Example 4. Solve <o a? ” + . fy ="+ gin Sy,
Sol. Given equation is
dzy — X o ). P —_ Iy Fae
- tdy=e +ain 2y or D+ Ayy=o+in 2u (1
'i ~ The AE. is NF+4=1 - D=zx¥
C.F. = 0% (e, cos 2x-t ¢, sin 20) = ¢, cos 2x + ¢, sin 2
1 1 .
Pl === {¢"+sin Zp) = e* sin 2x
Disq ¢ O T Tprea”
=_1 e +x ! sin 2x [case of failure]
; b+4 _q?_(”-.a*@
I agb
-'—'lr"' b X == zin = it x. 1 D sin 2x
! 5 [ on?
Z%e" iED(—l?—.,iu 2x)=le"+xD[——sm2xJ
5. 2 AD 5° 2
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.t
= _.___D (sin 2x) = g = 2 oos Py = E.,_i‘('.os 2x.
t.} 8 J 3 5 4
The general solution of (1) is y=C0.F 2L
1 X
NOTES y =c, cos 2x + ¢, 3ia 2x + T e¥ - cos 2x.
3 4
dly dly
Example 5. Solt e £ - Y, op? et ty =ppama.
dx ola®
Sol. The given equation in symbaolie Jorm is
(D + 202 D+ 1?) v = o s (D)
The AE. iz 1+ 202D+ 0 =
= . M+ uhP=0 = D=sg en
C.F. = e ((r, + e, x)c0s nx > (rg + c,x) =0 ny)
= (¢, T e cos nx b (e o)) S0
) 1 1 cos mx
Pl = g COSMX ey F COSMX = —5 57
(D* +n?)® ({-m?y+n? It {(m*—-n®)
The general golution of (1) is y = C.F + 'L
€os mx

y={c; +e,x) cosmxy £ {¢, + ¢ ,x} 5in mx +

|[ EXERCISE, 3

Solve the following differential equations (GG No. f—~14):

2

15. Solve d’s + b2 = cos b, given thut 5= 0, ds . Owhent=10
di? dt

16.  Solve (D* = m™) ¥y = sin ma.

B6  Self-Instructional Material

(mt-n®?

3 2 .
1. dy+y—cos) 2.-4-%—1591 + 5y =-sin dx
a3 ™ dx
d%y dy ) .
;. 22 42, y= acos 2x £ (-1 y=-=sin iy
de*  Cdx )
d
5 (NZ2-3D+ ) y=6(e ™+ gin Bx . g—‘-r-——d &y Av=gin Jroos 2x
ofe” ity
7. {(D?+ 1) y=sinxsin 2x 8. -{-—;L + ety = gin ax
dx
d%y dy . -
9, dx2+3x-+y25in 2y 16, (¥~ 4D+ y=e"+ 5o08 3x
a .
1. 3‘;+2&j§+a‘)’ b vos px 12.g—%—11%+3‘}'=sin?x—~ﬁa‘
X X
d3y x &y Ty dy -
13. —% + y=sin 3x —cos® = 14--—3—-1-6-“—-2--!-1]-—"-"'53':251“-"
- 2 dx oy dx




Answers
: 3 3 .
1. y=¢ ¥+ el {cz OS5 — X +p CO8 —Jz‘-:.r + —1«_ {cos 2o — 8 sin 2X)

4 65

2. y=e{e, cos dx+ ¢, sin 2] + 2—16— |3 ens v — 2 sin 3y]
n ~ 43 it . : ,
3. y=e¥ [cl eV 4 co e "3’] oy I8 sin 2x + 3 cos 2]
x - ; LI ax
4. y=(c,e" tee™ + o, cos xt o sin X} 15 sin 2x
5. y=cEe ot 2 a3y L {3 cos 2x ~ sin 2x|
- 10
T

6. y=eet+ e+ 1 110 vos 5y — 11 sin Hx| + 1 Isin x+ 2 cos x]
= 884 20

7. y=c,co8 x+ o, sinx L sin v+ 1 o3 3x
N 4 16

B. y=c, cosav+,sin v - X8
2o
ra 3 . e 1 o
9. y=e 2 (el cos? X+ cy sm—‘-{: xJ~~1—,]- & eos Bx + 3 sin 2x)
10. y={e, +c,x)e™+ L AL A {12 «in Yu + 5 eos 80
vE 36 159
11, y=(r + e, 0™+ — [Zap sin px+ (0 = p vos pa]

(a2 + !‘2)..

1 1 "y
12, y=ee+ .';ge“h + -é + -{TD- {vos v+ B sin 23) - %x o3

] 3 3
13, y=ce*tel 1-{.-2 oS -E'- X+ sin —'{:— .‘I."I v

1 .. - 1 1 -
sm3x+ 27 eps Jx]— = - — —sin :
730 |=am 3x + £7 cos 3x] 574 {cos x—sin x)

. 1
14. y¥= il +-cge"" +eo, et Z pnga
- 5

I

15. s= sin bt
2b

. ) .
16. y=ce™+ ™+, e08 mx + e sin ma P chs my,
o e

6.12. QIS OF THE FORM x™; WHERE M IS ANY
POSITIVE INTEGER

Lel the linear differential equation be fif) y = Q, where f{1)} is a pelynomial in
D with constant coofficieniz and {3 = y™.
p‘.]‘ = '}T%f{x’"
o
In the first yrap, valie cat the bewesg desroe =eon from A1), so that it is reduced
to the form (1 £ ¢/ where 1 e be 1, 2, ... . In the sccond step. we take it to the
numerator and gel (14 (10~ Nine we expanid thix by using Binomial theorem, namely

nip 1) o

[+ ¥)"=1+pyrt ———x 4 ... .
i ST
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If @ = ¥ or a polsynomial of degree a1, then the terms of the expansion beyvond
D™ need not be writien beciuse the result of their aperation on 0" would be zero,

. dly L dy |
Example 1. Solve —‘-;- 38 By o=y,
d;( (JJ‘.

Sol. The equation in the symbolic form is
(D =5Dt Sy = (1)
The AE is 1D?-2D+2=0 . D=12

C.F =c¢e+ o™

1
Pl= . ¥ = - x
T D?-3D+2 [ 3D D"’}
1 P
2 2
P 2 -1
Jifyoap DI, _Afy (80 DR
2 p i .::L 2 2 J
=14y 3D D%} e = esBne Lpoes ]
2 2 ) 1> 20 2 2
= 1 1~ 1 :ll— -;___]--i.j_?.
2[:c+ -0+ _! 2F.v. 2! sty
The general solution of (1} is y = C.IF + .1
y =c,e* + e’ ¥ Xy 3
- s 4

a., g2
i_“‘_._ﬁ..;_y_ - E{"i =1 +.\.'2.
dx’  dx? dx
Sol. The symbolic form of the given cquation i
(D% —D2—6D) p= 1 + 42 D
The AE. is D3-D2-6D =(.

DRE-D=)=0 or DHI=HBD+2)=0

Example 2. Solve

D=0 3 -2
CF = ".l “fj_\' +4- (32 b.ii.r 4 o, e—,‘%:: = “.1 ™ e, ef‘lx + C:']. e—-E.r
1 .
P.I.=—~3——12—-- (1+2a%) =- 5T (129
D® -D* -6D enli D D
’ é
- " -1
S Y VO3
6D B 3
r ’ 2
1 D D* D Df
= ——| | = e i+ 2
6D (6 eJ G G}T }“ )
v 0 +9t=1l—x+22- ]
3 2 4
=*i 1—]—3—+—l}m+D—+ ..... (1 + %)
6D_ 6 6 36

{ReLaining terms only upto D)




1. n p*
—_— 1l ——F ... i+ a2
6D 6 a6 ](‘ ¥
Lpnx — T+ -7—D2(1+x V¥
6D | 36
1 “1+x ——(0+2a,)+~z~(0+2}+0+ ]
il 35 0+ D0+
L 1+3:2--?':+-1»]=_-_L PR 25}
6b1 3 18 6D 318

:-é“x dx-——ﬂj::,dx—r——jdt—l

]
1[x* x* 25

—————— —_—+—x =———~1:-— [6x% — 32 + 25y

6| 3 H 18 148
The general solution of (¥ is y = C.F. +P.L

1
+ X 4 e I N P R 2 .
y = e, et bege 108 [6x*-- 3x 5x]

P
Example 3. Sofie i-ﬁ'—_‘; dy o dy = x2 L e¥ + cos v

dx dx

Sol. Writing the given equation in the symbolic form, we have

(D2~ A = d)y =% 4 "+ cos 2x

The A K. is 1¥e-dgD A=y o =22

Pl =

CF =g + rx)e™

——"-*-(\?"'t“i(()'\..d:) — (x* + ¢ + cos 2v)

D% 4D +4 (D-2)
= —x? +— 1__ — et s — 1‘ 5 cos 2x
(1 ~2} (L-2) (H-2)
! oy 1 g ] cos 2x

= z x4 P 3
4(1-D/D) -2y D -4+ 4

1 o2, e* 1
—| === x"[+ e ; cos 2x
4 ( 2J (1-2% (2 --4D+¢

- - . .
1 1+ 2[13) —‘ L}l "9' +... 24— L cos 2x
4 2 2 41D
1 1+D+—-i)2-4-...-‘.r:2 + _Lsin2x
4t 4 1 PR
1 x2+2r+—3—‘2~‘+e‘—5m{£=l ;’c2+2x+E +e‘—lsin2x.
41 4 ! 3 4 2 8

The general solution of (1} iz v=GF. + DL
¢
_ won i g 3 « 1 ..
v = (c, t ¢,x)e? .P 4 L.'K + Ux +-—2~] +e*— g sin 2x,

(1)
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Solve the following differential coquedions

2 2
1. d—;——‘iy—-ij:x 2.£—%+-ﬂ{l—f,iy:_1'+k
dx* dx dx*  dx
3 2 3 2
3 .d_y+3§_y+2_c£\_,=x2 4, g._:’_ _J_'.{;-?_J+d3—t.~?-r+\2+t
dx® dx? dx x> dx?  dx
2
o
5. g—% + ay - Zy=x-+siny 6, {1 — DHD = 1)* y = 3in? % +ef+x
7. (M-aghy=217+sinhx 8. j}+4y«%rﬂ+am Bx+ Al
x
Avswera

2 y=c!cz”+r(““”-ﬁ{xh‘{+%‘}
I | A e o3
3. y=eptopt e +—~ -I-;--—-E ¥ ?J
3
1 g X Ax?
4., r=e v, rodett ——e B .
€ 18 3 2

. 1 i 1. .
5. y= c]e‘z‘ + cee”-— -§ [3 T -~J - T(-.“ fo0s 00T s )

2, 1t
I 1 ‘.?r.‘
6. y=(c, Fomet (gt e+ o i 2 - 3 et KT l'—-8—~
. 1 24 sin kx
7. ¥t Goosart ooEn AN ,(::4 ¥ -i‘“ + '5‘3-——._-{
27 at) d-e
. 3 1 1
8 y=e cos2y+ysHindyt it 2 sin 34— < -1
a 5 9 8

6.13. QIS OF THE FORM e** V, WHERE V IS ANY
FUNCTION OF x

Let the linear differentia} equation be DY y= Q. where /(D) is a polynomial in
D with constant coelficienis and Q =™V

For any function U of x, we have
Dexl] = g2 I +ae™  U=e™ () + il
N2 J = g2, DD+ n)U + e D+ MU= (D + u)2 ]
In general DF o™ U = e (D + o} LJ
Since T is a polynomial in 7Y with congiani. coulficients, we have

fDYye U=+ ) UL D
. 1
=V 1e = eV
Lot M+oU=V je, U Fbro
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Linear Differential

(I = HD e™ -—“}—-—" Vo =agw ¥ Equations with Constant
f(D+al Coefficients
, , . 1 |
Operating with weget g™ eV = ——e
perding Wit Fmy N # FD+a) . D) NOTES
1
__}._ e™ Y = e

f(»

Example 1. Solve (D2 - 4D +.4) y =% cos® x.
Sol. We have (N — 40 + Ny = o™ opu? x, ‘ LD

The AE is D2—43+4=0

CF =, +ey0) 0

Pl = R S, cos” &
(D-2)°

e 1 (1 + cus 2x
= —_— =
D? 2

ax 2 P
€ x 1 . el
= ———[—+ .- COS z::j’: '['_8_.[‘_,1‘52 — cos 2x]

L)
2

2 -2y

=8

(D +a}

D=2 2

. ]'-—,7 cos? x
(D 2-2)

2¢ [
e 1 1
p |.'I'-')',Z—(1)'|-I—)'2—COS2$]

The general solution of (1} s y=G.F. + P.L.
2%

s e .
y#={c, g, x)e’ " ¥ 2x? - cos 2x].

d¥y . dy

Example 2. Solre “—- - 325 4 29 = ¢t
dx? tx
Sol. The given equation in the sviiholic form is
(D3 = 3D+ ) y = 1%t (1)
The AEE, is i3+ 2=0 or D-DD2+D-2=0
M-~DOH+2H--1=0 =31 -2
CF.=(cp+epx) o 4 02
1 1 2
[ S P " - X
R e a7y WIS TC YT S AP
D? +3D? +3D+1-3D-3+2
A e Tl S S R
DY 4+ 30 512 {1 FE:I
t 3
X -3} ¥ 2
Rl I
L (ST | PR ) O I
D 3 DY 8 \3
(Retaininyg terms only upto D?)
e* 1 2 1 9 ) uoa
= ——Dx® [ + 04+ ...
3 D2 ( 3 * J
e’ 1 i u 2x 2 Lt 1 { 2 2
= — =t S = dr—= | xdx += | dx
3 DEL 9] 3 D(jx -3 ] sj

Self-Instructional Material Y1




Differential Equations

NOTES
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e 123 ¥ o2 | e[
3 D[S 39 r-il_.{:a“ I5 ¥
X 4 3 ES e*
=& X X X |= _‘L_(J.,% 43+ A = _(w Ax + 4)
312 9 9 108 108

The general solution of (i} 'i.‘sj =G+ P
1
2X i wwcee gl .
y=(c, tc,x) ety = e ¥ a¥3x% - Ax + 4),

d%y \
Example 3. Solie —% + Sy = 3% 0% 4+ 2% nos Da
dxi
Sol. The cquation in the symbolic form s
(D2 + 2y po= 4% @ + o7 00z 25 (D

The A.E. is DE+2=0, - D=4

C.F. =¢* (g, cos J2x+ e, sin J2x5 =6, cos JOx+ ¢, sin Sy
1 o : 2

PIL= D72 (x? ¢ 4 e eds 2

=97, 2&‘263"4' Do et ens 2
= 3% e ¥ g — s

D ee D+ +2 oA

1 1

= PN ——— T cos 2y

¢ DZ+6D+0+2 piian+g
= glx 1 """" ok at -—~—-—J—--+---- cord 2%

11+ SD+D“ o 2P+ 5
1 1
e Cos ax =—-—2 Q0s ax
[(D%) f-a®)
hes 1 s i +

mgiv L[, 804D T, @Dy

2l ) et oS Zy
11{ 1 T ED- 02D+ 1)
[ . 4 20y o 2 . X g
. G+ D7 LA L B ,rz+M cos 2x
11 11 31 4% -1
1 % q o' (L
= 1 1- °D_"‘_I_)__.+ LG,_D?’- 1x2 + e (2D+1) cos Ay
11 [ 12, 4(-—4)-1

(Retaining terms only upte D?)
_6D  25D* |

= —i1-—=+ 7 @D+ Deos 2y
1| 11 o121 J
3 P rr..t Gx
= L - -é— De? + = D“):c" + — (21) cos 2x + cos 2x)
11{ i1 12]. _' —17
1 _’x .
=edr, i[xﬂ A2 T+ 86 {—L sin 2%+ cos 25
111 117 121 17
= -lesJr x? - 12x —+ —r)—q— - .f“ — (= sin 24+ cos 2w,
11 1 1217 17




The gencral solution of (1) is y=C.[F. + P.L.

Linear Differential
Equations with Constant

f ¥=e cos J2 xFe,sin J2x Coefficients
{ e , 12x 50
t + x2S -———[ 4 sin 2x + cos 2x].
i | 11 i1 121 17 NOTES
1 .
EXERCISE 5
Solve the following differential cquations
2 2,
1. il-?-gz—-ﬁ-_y:r’-’e’" 2.-(—;—‘2-+y=.teg-"
! dx® dx dx?
a’ dy _dy dgy dy
3. —T—=—ty=¢®{1+x do =5 -2+ |ly=e'cos x
ad  dx ) ds* dx 0 F
4y 2
a. i-;——y—p opE X 8. d g 4-d—y+3y=e’|~.052x+msﬂx
dx dx dx
7. Y 4 2y =e'y + ¢ sin x 8 4 —l—,, dy + Oy = 144 xe— 2
dx dx~ dx
5 M+ Dy=ecosy 10, T¥ - D =97 + 9y = £5(* + cas 2x)
2., _
j 11. D¢ dD+ D rv=ecos x lZ.d—§-+2—dl+y=e’sin2x+x2
dx dx
2 .
13. d :3".. -9 ii:l_ tdy=e‘cosxt X
dx? dx
3 2 .
| 14. % j Z g-‘-}- —2y= ¢ cos v+ k&, where I is a constant.
I x X
“ Aunswers
; 1 3 . 1 4
1. y=(yte; e+ — y i*‘[1:2—"23:+-2-J z.__\'=cio.usx+czsmx+gez‘[x-—gJ
—_ a3 — 1 oy . 17
3. y—cle”‘=+(.3|_-‘+f“ﬂ-~*--l-‘-;-a [‘H'lz.'
. i
4 y=e (¢ vy JIx+ ¢y sin J3o+ Ee‘ oS
; 8. y=eg e+ et cosnt e, sin _r—}-f.*"ccs_r
- K
“ : &t , ! .
6. y=c et t e~ E—(c- w 2+ sin 24) - 7 feos Aa+ 2 sin 8x)
a¥ 4 23 ".’.x
7. y=c¢ cos \?l+€ #in \r"xv:?[" "3 +H!+ —— [5 sin x — 4 cos x|
4
8' ¥= (c] + C-J I) l,_,‘-3.'rf.. +6t3 —-3s/2
) . —
!{ 9. y=g¢ e'f+e“'f’tc2 msd—;-xi-o_; sin‘—:ixJ*'g’—e” & 8in v —cos x)
; i
A 2t ftad
10, y=ce+ et t oo [-—-— = 4= [ — == (3 sin Bx + cos 2x)
. g{s3 4 8, 8
] 11. y={c, +cn) e+ 1 02 (247 cor 20
12, y={c,* ¢) ¢ = — &% gos Bt P —da 4 B

93

Self-Instructional Material




Differential Equutions

NOTES

. 1 %
13. y=&* (clcos\fgx+c'2 sin J-, xh+ - Aosrt S e

s A

923. b
14, y=¢ e+ ¢, co5 X+ €, i1t & — e {OORN — I X -

6.14. Q1S OF THE FORM X*, WHERE V¥V 1S ANY
FUNCTION OF X

Let the linear differentiad aquation be fB) =}, where f(I)) is a polynomial in DD
with constant coefficients and €} = 2V

Pl =

1 .
o
For any function U of x, we have
DaU=xDU+Y
D2 xU = (v 22U + DU + DU =2 121 + 250

D* |U
dD
Since f(D) is a polvnaomial in 1 with canstant ¢oeXicients, we have

FO) 2T = o fONU + f7(E)HU. ..
Let.

Ingeneral. D¥xU=gDPUAD-LY or DaU=x DU +( d

WU =V g, U= eV
I Ve )
1 .
e Ve ¥V 5 S e
M = Oz V=V
Operating with —(:L- . wie gt
i 1 1 1
2y il rp y
o T T P
1 1 1 i
—_— = W - ']‘.
- TR TR W=y Y

1 { ) R T
Lo slke s ra | — v
TR S ) ¢ J

D)
1 H 1
Corollary. We have ) x \J~ f{D)f )J D)
1 1 ;i)
e V — "-""'"_” xr_-_—-_ \!
= D T ERDY Ty

1 i I d (i
= X = @ o (EU-)HV

In practical problems, it is advisatie to use this form.
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¥

Example 1. Selce %— +.ly =xsinx
X

Sel. The equation in the symbolic form is

The AE. is

(M4 NHy=xsinur ..M
DE+4=0 [}=% 24
G.F. =" (o) vos 20+ ¢, 5in 25) = ¢; cos 2% + ¢, sin 2x

S } t«—lmql x+ < ! sin x
T DTaq GSONTILY dD\D+4a

eAD) '=1n X

-3
=y ———sginx + [—-—-
~1+4 (D dy )
xginx 2D xsin x xsinx _
= - :-'1'1\=~—-—-— Dsiny="——-—cos &
3 (~ 1+ 4)* 3 9
The general solution of (1) iz v= GV + P
xsipx 2
y=¢, cosIx +¢,sindx +— -~ — CUS X,
3 9
2. ,
Example 2, Solve ‘_f___;_ +3 4 . 2y =xnetriny,
dx dx
Sol, The equation in the symbolic form is
(MP+3D+Dy=xesing. L AD
The AL is D743+ 2=, 1) =1, -2
CTF.=¢ e 4o,
1 .
PIL= W (ve” sin a)
e ! i . (¢ )
=e : ieiny¥=¢ —5———— (xsin X
D8 -2 YT BT 5Dre

e [xw—

| (-1 sinx

d 1 .
= 8510 — s x
D% +5D~3 [d;i)z+)[}+b} ]

“1eD+3) x]

(D® +BD + b]‘
2D+ 5 .
3 SN X
(—145D+6)
o +5 ]
— — Sinx
5+ 5017

X o Si0L X+
~-1+a8D+6

X sin
51+

JV -
A1+ DY)

1 1

x- ! = (L=~ D}sinx -~ 2D '3—'}-# sin x
|7 5(1-D%) 25(0 + 1)
. N

I—-——l——(l D sinx -———n——D—+~5w— gin x

s+ 1) oD+ 2D+ 1)
X o, . 1
1_0 {sin x - Dsina}-- -;}-ﬁj_-;.éb—-T) (2D +5) sin x]

[
X (cmx—mn.)—-—]-—-(2-‘ ]—;—]sm t]

| 10 0

Linear Differential
Equations with Constant
Coefficients

NOTES
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Differential Eqm.ri;ms x o 11
= | = (sin x ~ cos x) = — - 8in 2~ -~ —zin x}
10 ) A0 10D
| .
= ot [i(sin x—esxi— -}f; 8N 1 + —- £0S x}
10 25 10
NOTES » The general solution of (I} sy=0.1 +P L
X 1 1
=ee~+eete |~ (Binx-cusx)--—sSin R+ —cosX|.
¥=5 2 [m 25 10 ]
EXERCISE 6 |
Solve the following differentiol equatiovne ;
2 2. .
1. jx—32'+4y=.\:cnsx 2. 5‘}4;;-—2%‘;—-1‘3'=x5inx
ux X
2 >3
3. % -2 % + ¥ = 0" sin X 4, E’% - Ay =lvcus 2
AN
2 2.,
l 5. jx_g —y=xsin x+ e (LF 3% 6. %—‘, + 3 % + By = xnptuin x
! X J
t
t d%y dy . L dy .
| 7. F 2 + ¥ = xef sin 2y 8. ?‘2— A4y = e ens 2x
X
Auswers

. i P
1. y=g¢, cos 2x+ ;810 Dyt — xppsat - =0 Y
3 2
X 1 .
2. y=(c,+cy)e + 3 cos X+ 7 {ins X - 3in 1)

3 y=l te)e—-e(x sin x.+ % ens i)

. x -} .
4, y=e¢ M+, e~ = cos v+ —— sin Ly
! - 13 169

1 . 1 .
6. ¥y=c,e'toe™- 5 (xain v+ ees Al - T ot (U= By +

) Ao : 1. 1 B
6. y= c e+ g e het 1-—_-— {sin & — 0§ &) ~ —=&in ¥ + — 08 x1
= L0 HE I 10 |

-

lx . Y
7. y=letox)e— f;r (v sin 2o + oo 20

T 50

6.15. GENERAL METHOD OF EVALUATING
PARTICULAR INTEGRAI

In case any of the shorter method is not applicable, then we evaluate the
particular integral by using the general method. Fox, this purpose the following formula
is used very frequently :

1 o -4 .
*i')—:‘{;Q:e '[Qe udk.
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and

Example 1. Solve the differenticl equation
(D2 3D+ 2 y=sine*

Sol. We have (D7 - 30 + 21y = sin e™
The AE i« D*~3D+ 2=,

CF. =¢ e +ege®

Pl = S S gineg™® = —————zine " = —-1—-{
D?-8De2 (D-2D-1 D-2{D-
- 1
=1 rcz“' [ sin(e™)e™* d:.:) - D-a
D-2\" - Here =1, Q=sine™*
Lel ¢ =4, —etde=df or ot JeEa~dt
PI = D.;z(e'“ I—sinfdt)=—ﬁ}_—§e" cost = D12 & cos e

n — s )
= g* J e*cose ™ e dy

" _ .
= g™ J e~ cose " dx =¥ J- ~vostdt, where t=¢>
= sin { = — e sin e
The general solution of (Y sy = C.F. +P.L

y=e et +e, et — e sin e,
“ xii -+
Remark. We know thale'= | +x+ E—T + Pl + 3 s

gor | o® | ot

H g L - ; X
Putting x=1:0, %=1 +iy+ Y 31 A T
2 3 ) 5
5 ) H .
= glnv_-l'{-;'(j.-g_..-'e .i_....._.a-;..e_

{ = :
aroo3r 4t g!

= e®=cos 0+ gin 1.

co= 0 ie Real it of @9 and brisfly writtén as RP. of &®

sin Bis Tmaginary part of @ and brielly written as LP. of of%,

Changing { to — 7 in equation (1), we get e~ = vos 8§ - I sin 6.

Lo dly df .
Example 2. Solve g-“:— + 2 ff_»‘i +y =27 sy
¥ ]

dx?
Sol. We have
(D' 20%+ Dy=xisinx
DE 42024 1 =0 e (e 1)E=0,

D=xs. =i

The AL 15

C.F =™ ((e, + e,0) cos La+ (g + ¢y ¥} sin 1x)
GF =ir e} ros v+ (o, + r1.x) £in

PLeysroney

4 _
=LP of ——n—— i -
o T i

*giny

sin @ is I.P. of ]

Linear Differential
Equations with Consitani
‘vefficients

(1)
NOTES

[Here a = 2]

(1)

LD
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Differential Equations i
=1P of === 2 e = LP of o ——— ¥
o (D “ T CPeTC
=[P of e* 3 ! 7 & b i2=-1
T DT arwn - te '
NOTES L
_IP f _.! =[P of pe 2
oo Gh e o g
4i“D"[1+ “—.J
20
=P of Zev 1 {4 r.rﬂ Iz
DiL %
3 v 34
=IPof—¢“-5‘,_—{1--?(-9-“:(-[4} ]‘\2
@i af
\’ B S t
jo D¥R:?=0,D%2=0,..]
“1 .01 1 2t ‘ 1
=1 —_— e - x Vo= =—-1
P of 2 ¢ i - fLJL ;
1 (o w0 3 ,)
=1T. uf'—:{- (Cos x4 £ sin x) l*l—; +--‘z__;-—’—¥.r J
_ 18 x TP
=-= € gin x
41 3 12 4 i
The general solution of (1) iz = C.F. + L

y={c, te,x)eosxt e, *o, %) sia X
i

98 Self-Instructional Material

lix x4 3 5.
— ] = cosx+—sinx-—x“sinx|-
40 3 12 4
Example 3. Solre L a’y = sec ax.
Sol. We have (D2 + o) v = sec ax. ()
The AE is D¥+a =1 N=%f
C.k =g o, toi ux oy sin ) = o eosax t oy sin ax
Pl = D2 G ng SEC O — ‘Bﬁ*:; }—} Bt eax
1 sec o ! X
= e SHU (N = e 22U K
D? - tia)? (D - fedlD F i) :
1 D+ia)=(D-im X
“%ia D-iD+ia "
or L3 L 00«
= = A0 GX
%ia{D-ie D+ia
1 1
Pl =— — SO GX ~ ——=— SEC QL {2
21,0[]:)—1{1 I D+ia } @
1
1 e ; Q=e‘“er““dx
Now secax =™ | secaxe™ dx D-o
D-ia - Herea=ia



; cosSax — 1 Sin ax ; . .
= glar | LOSGXTIOIIE gy (- e®=cosP-isinB
Cas ix

= gt J {1-itan ax) dx

1

.. £ log seeax
{fcos gy + 7 s o) | x - ——m——
a
1

D-ia

i . 1.
§eC X = X cos ax— — cos ak log sec ax + ix sin ax+ = sin ax log sec ax
a a
(3

Changing i to — in (3}, we ge,

i . 1 .
— 800 (X = X C0s aX + — 0% X Iog sec ox —ix sin ax + = sin ox log sec ax
D +ia o a
-4

1 1 .
BH-— = -— 580 X — —— 5e¢ @x = — ~ ¢0s ax log sec ax + 2ix sin ax
D-ie D+ e u

Putting this value in (), we get
) 1 .. 1 .
Pl =—2i| -~ cosaxlog secax + xsin ax
2ia «
1 x .
= e — cos ax 10w sed x + - s8I0 g
a? - t
The gencral solution of (3} is ¥=C.F. + P.L

. 1 x
¥ = ¢, cos ax + ¢, sin ax - —z cos ax log sec ax + a2 sim ax.
a

-

EXERCISE 7

Soluve the following differential equulions :

£
D*-3D+Dy=vos e 2, j i ~y=x7cosx
2
2 2.,
ﬂ + 18y = e dx 4. 4y + ¥ =cosec X
dx® dx?
2 4
&y + av = cnsec ax & 4y —y=xsinx
dx” dx*
Answers

y=re et e, o - g oy ot

1., ., .
y=coatto, - 5— (x*—1yeosx+ sy

. 1 x
y=e¢ eosdxd oy sin dx - Ty oo Ax log sec 4x + 7 o dx

¥y =g, cos X+ ey, sin v+ sinxlog sin X~ aeas a

1 ®
¥y=¢, cos X 9 o, sin ax + —5 8inar log sin v — — cos ax
! 2 (;2 i &a

=2

. 1 .
y=ecosx+isinxtcyet e, ot ~8— X Cng X - -g A SN XL

Linear Differential

Equations with Constant

Coefficients

NOTES
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Differential Equations MISCELLANECGUS QUESTIONS

Solve the follming differentiol eneitions

d? _ _ _
NOTES L Er—yé- —y=( 4+ e 2, (0 + 6D%+ 11D2 + 8Dy = 20 &2 sin x
3 (DP+HDE+D+HLy=2e*rat 4, (1 - 257+ 1yy = 10 cosh x
? d
5. 11_32' 4%, 4y =352 0¥ gip 2y 6. (0% + Liy=3cos? v+ 2sind x
dx dx :
d*y s
7. d_2 +y=secx # (UF—dD+3) y =€’ cns 2x + cos 3x.
x
Answers
1 Zo, e e, €t e e (2 B G
Lo ¥Eg et e 12 Xt (2xs- 3+ )
2. y=o to et B 2 (s x - 8 s x)
3. y=cEerteooosxt siyy o b -
4 v=(e, reyet (gt o) e Bad cosh

5. y={;+cx) a> + % e (3 sin 2x ---dx pos 2x—22° sin 2%)

6 =¢ cosx+c,sinv+t 13— -l L 2y i:r cusx-l---i'— sin 3z
. ¥Y=C, C0s8] pSin A+ 7 2= 15 dn s

2

7. ¥=ccosxte Sin K —vos .1‘]_0,.;_ gor X+ Esin .

X
. 1 .
8. y=c¢et (:.Je"“' - % {sin 2x + cos 2x) — -%-12 gin A3x + cos 3x},
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